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PREFACE. 



In preparing a translation of Boucharlat's Elements of 
Mechanics, it has been the principal object of the translator to 
supply a suitable text-book for the use of the Cadets of the 
United States' Military Acadeiay^ Tq accomplish this object, 
more effectually, it has been deemed necessary to introduce 
several subjects which are not noticed in the original, and to 
extend or modify others, where the methods of investigation 
adopted by the Author appeared incomplete or obscure. It 
.was also judged proper to omit one or two subjects, the dis- 
cussion of which is usually reserved for Avorks of a less 
elemsntary character. 

These alterations were adopted with less hesitation as the 
work was principally designed for a special purpose ; but it 
is believed that they will render the work more generally 
useful, by facilitating the comprehension of many of the more 
difficult investigations, and by affording mucji valuable in- 
formation in relation to those subjects which Avere not dis 
cussed in the original, but which are generally admitted to 
form an essential part of an elementary course of Mechanics. 

In supplying the deficiencies of the original, reference has 
been had most frequently to the works of Poisson, FrancoDur, 
Navier, Persy, Genieys, and Gregory ; and in some few in- 
stances, the methods of investigation pursued by those authors 
have been adopted Avith but slight alterations. 

The works of Boucharlat have long enjoyed an unusual 

share of public favour ; and the hope is therefore entertained 
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4 PREFACE. 

that the treatise now presented, in our own language, will 
prove a useful introduction to the study of the higher 
branches of Mechanics, and that it will be received with in- 
dulgence by all those who are disposed to cuhivate a taste for 
the most interesting application of Mathematical Science. 

As the entire work may be found to constitute too exten- 
sive a course for those students who can devote but a limited 
time to the study of Mechanics, it \^as thought expedient to 
indicate such of the more difficult subjects as might be 
omitted. These subjects are designated in the table of con- 
tents by being printed in italics ; and they will be found to 
be unnecessary in enabling the student to comprehend thoso 
which follow. 
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STATICS. 

INTRODUCTORY REMARKS AND DEFINITIONS. 

1. Mechanics is the science which, treats of the laws of 
equilibrium and motion. Wiien applied to solid bodies it is 
divided into Statics and Dynamics ; the former discussing 
the conditions of their equilibrium, and the latter those of 
their motion. In the application of Mechanics to the consid* 
eration of fluid substances a similar division is likewise made, 
viz. Hydrostatics, which treats of the equilibrium of fluids, 
and Hydrodynamics, which investigates the circumstances 
resulting from their motions. 

2. The object proposed in Statics being the determination 
of the laws of equilibrium, this state of equilibrium may 
always be regarded as resulting from the mutual destruction 
of several forces. 

3. The term force or power is applied to every cause which 
impresses on a body or a material point a motion or tendency 
to motion. 

4. A force may act on a material point either by drawing 
the point towards it, or by pushing the point in advance of 
it. The first hypothesis will always be adopted, unless the 
contrary is expressly indicated. 

5. A material point being solicited by a single force will 
naturally move in a right line, since there can be no reason 
why it should deviate to the right rather than to the left of 
this line. 
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6. The rlglit line along which a force acts is called the line 
of direction. 

7. The effect of a force depends, V. On its intensity ; 2?. 
On its point of application ; 3^. On its line of direction ; and 
4°. On its pushing or pulling along this line. 

8. By the intensity of a force, we understand its greater or 
less capacity to produce motion. 

9. If two forces directly opposed to each other sustain in 
equilibrio a material point or an inflexible right line, the in- 
tensity of either one of these forces may be assumed arbitra- 
rily, provided we assign an equal intensity to the second force. 
A similar remark is equally applicable to a system composed 
of any number of forces ; and hence it appears that the con- 
ditions of equilibrium will depend simply on the ratios of the 
forces, and not on their absolute intensities. 

10. Havmg assumed one force as a unit of measure, we 
say that a second force is equal to it, when, if directly op- 
posed to it,an equilibrium would ensue. 

Two equal forces applied to a material point, acting along 
the same right line, and in the same direction, constitute a 
double force : in like manner a triple force may be regarded 
as resulting from the union of three equal forces, &c. ; so that 
the number of these equal forces will constantly be propor- 
tional to their joint intensity. It may hence be inferred that 
if several forces solicit the point M {Pig. 1) in the same line 
of direction from M towards B, we can add into one sum all 
these forces, since their joint effect will be precisely the same 
as that of a single force equal to their sura. For the same 
reason we should subtract from this sum, or we should regard 
as negative all the forces which tend to solicit the point from 
M towards A. 

11. The unit of force being arbitrary, it may be repre- 
fsented by any portion of its line of direction. 

12. When a force is applied to any point of a body whose 
several parts are firmly connected together, this point cannot 
be put in motion without communicating the motion to the 
other parts of the body ; if, therefore, a force be applied to any 
point A {Fig. 1), it will have the same effect as though it 
were applied to any other point M, assumed on the line of 
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direction AB, Moreover, if we drop the consideration of a 
body, we may still regard llie points in space situated on the 
liiie of djreclioii as mathemalieal points, no one of which can 
be moved withont imparling its motion tn all the others. 

13. U appears from An. 12, that by iuterposing a fixed 
obsiflcle on the line of direction of a force, its effect will be 
entirely overcome. 

14. Two equal forces P and Q, applied to the points A and 
B of an inflexible right line (I'^igs. 2 and 3), and acting along 
tins line, but in contrary directions, will sustain each other ia 
eqtiilibrio : for if the force P tends to draw the point A from 
A towards a, the point B, which is firmly connected with A 
by means of the intermediate points, will have a tendency to 
describe the space Bi, equal to An ; but by hyjiotlicsis, the 
force ft lends to move the point B over a space Bb' equal 
to Ao ; and since B cannot yield to one of these infiuencen 
rather than to the oilier, il must remain immoveable, and an 
equilibrium will necessarily ensue /Art. 13). In like manner, 
if the forces P and Q had been supposed to exert a tendency 
to push A and B, the same consequences might have been 
deduced. 

15. When the right line AB is reduced to a point, the two 
equal forces, being directly opposed, are still in eqnilibrio; but 
if the forces are unequal, the point M (f^g- ') will be moved 
in the direction of the greater, by a force equal to the differ- 
ence of tho two unequal forces. 



L 0/ the Corn-position and Decomposition of Forces applied 
(o a Point. 

^■16. When two forces act upon a moveable point in direc- 
|D8 forming with each other an ane;le whose summit is the 
int of application, the state of equilibrium cannot subsist. 
)r, if we suppose l!ie two forces P and Q, {f'ig. 4) to be 
quilibrio, we may introduce a third force P' equal and 
fectly opposed to the force P. The forces P and Q. being 
^iposed to destroy each other, the force P' must produce its 
iire effect, and must consequently move tho point M in a 
Bction from M towards P". But P and F, being equal and 



12 8TATIC8. 

directly opposite, must likewise destroy each other, and the 
force a will therefore act as though it were alone, soliciting 
the point M in a direction from M towards Q ; and since it 
is impossible for the point M to move in two directions at 
the same time, we cannot suppose that P and Q are in equi- 
librio without involving an absurdity. 

17. Since an equilibrium cannot subsist between two forces 
whose lines of direction are not coincident, the point M will 
tend to move in a certain direction MR, as though it were 
solicited by a single force R. This force is called the result- 
ant of the two others, and the original forces are called com- 
ponents* 

It may be observed that two forces which have a resultant 
do not always intersect. For example, if two parallel forces 
P and Q be supposed to act on a body, and if a third force R 
be found which shall produce the same effect, R will be the 
resultant of the forces P and Q. 

18. Having examined the conditions of equilibrium of two 
equal forces acting on a point, the most simple case which 
next presents itself is that of three equal forces applied to the 
same point. Let P, Q, and R represent these forces ; if they 
produce an equilibrium, their directions will divide the cir- 
cumference of a circle whose centre coincides with the point 
of application, into three equal parts {Fig- 5) : for since the 
same reasons may be adduced to prove that the point should 
tend to move in the direction of each of these forces, it fol- 
lows that it cannot yield to the influence of either in prefer- 
ence, and must consequently remain at rest. 

19. The equal angles PMQ, PMR, and QMR {Fig. 5), 
being measured by one-third of the entire circumference, each 
of them is equal to ^ of a right angle, or 120^. Hence, if one 
of the three lines PM, QM, or RM be prolonged through M, it 
will bisect the angle formed by the other two. If MS, for ex- 
ample, be the prolongation of the line RM, the angles PMS, 
QMS will be equal, being supplements of the equal angles 
PMR and QMR ; whence it appears that MS bisects the angle 
PMQ. 

20. Let us next suppose the two equal forces P and Q 
{Fig. 6) to be applied perpendicularly to the extremities A 
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end B of a right line AB; the resultant of these forces will 

pass through the point O, the middle of the line AR, a»d will 

be eqiiaj in intensity to the sum of the i til entities nf the two 

irces P and Q.. For, draw liirough the points A and B the 

ir right lines AC, AD, BC, BD, each roriniug with AB an 

Hi^e equal to i of a right angle : the triaiigles ACB, ADB 

will be isosceles, and will have the aides AG, GB, AD, DB 

iquai to (?ach other. _ 

The right lines AB, CD will intersect each other at right 

:!es, and the ii£tire ACBD will be a rhombus : the sides 

this rhombus and their prolongations determine by their 

iraectifins llie four obtuse angles ACB, ADB, P'AC, Q'BG, 

of which is equal to < of a right angle ; for, the angle 

being by construction equal to | of a rijht angle, its 

ilement P'AC must be equal to J- of a right angle ; and 

ice the opposite sides of the rhombus are parallel, the angle 

iCB is equal to P'AC, and is consequently equal to ^ of a 

ill angle. The same may bo proved of the angles CBQ,' 

ADB. Moreover, since the line CD bisects the angle 

■B, which was proved equal to i of a right angle, it follows 

19) that the three angles ACB, AGS, and BCS are equal 

each other. In like manner it may be shown that there 

three equal anjles at each of the points A, B, and D. 
21, We will now apply at the points A, B, C, D, which are 
supposed firmly connected together, twelve equal forces, dis- 
tributed as follows: 

At the point A three equal forces P, F, P", 
At the point B three equal forces 0,, Q,', Q.", 
At the point C three equal forces S, S', S", 
At the point D three equal forces V, V, V" ; 
ling with each other antics equal to J of a right angle : 

twelve forces will sustain each other in cquilibno. 
lut the forces P' and V", Q' and V, being equal, and 
;tly opposed, will destroy each other, as also will tlie (brcos 
and S', Q," and S". if, therefore, an equilibrnim is main- 
led in the system, it must subsist between the four forces 
Q, S, and V. The two last, acting in the same direction 
the line DC, are equivalent to a single force equal to 
Bum, which may be applied atO, a point in their line of 
2 
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direction. Thus, an equilibrium will take place between the 
forces P and Q, and a force R whose line of direction passes 
through ihe middle of the line AB, and whose intensity is 
equal to the sum of the intensities of P and Q. 

If we suppress P and Q, the equilibrium will be destroyed, 
but it may again be established by applying at O a single 
force R' equal and directly opposed to the force R. The force 
R' must therefore produce au effect precisely equal to the joint 
effect of P and Q, and will consequently be their resultant* 
We hence infer that the resultant of txco equal and parallel 
forces is equal to their sum, is parallel to them, and divides 
equally/ the line AB, which is drawn perpendicular to the 
common direction of those forces. 

22. To determine the resultant of two unequal parallel 
forces P and d applied to the extremities A and B of a right 
line AB [Pig- 7), we will suppose pXo represent the unit of 
force, and make mp=P, np^Q,. The ratio of m:n will be 
the same as that of the forces P and Q. Let the right line 
AB be also divided in the same ratio at the point D, Jind we 
shall have the proportion 

P:a:: AD:DB (a). 

On the prolongations of AB, take AA'=AD, and BB'=BD ; 
we shall then have, since A'D and DB' are double AD and DB, 

P : a : : A'D : DB' : : m : n. 
If then we divide A'D into m equal parts, DB' will contain n 
such parts, and A'B' will contain one of these parts as many 
times as p is contained in P+Q. And since any two of the 
points of division a', a", a'", &c. separate three equal parts, while 
three points separate four parts, (kc.,the number of equal parts 
in the line A'B' will exceed by unity the number of points of 
division. A force being applied at each point of division, 
there will remain one of the number m+w, of which one half 
may be applied at A', and the other at B' ; the several partial 
forces will thus be distributed throughout the line A'B'. But 
the points A' and D being equally distant from the point A, 
the force ^p applied at A' may be combined with one half of 
the force p applied at D, and their resultant, which is equal to 
their sum, will pass through A. The same remarks will 
apply to the forces p and p applied at a' and a^ to the forces 
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puid -p applied at «" and a„, &c. ; ihus, the total resultant 
of the partial forces distributed along A'D.wiU be equal to 
their sum P, and \vi\l pass through the point A. In like 

» manner it may be shown that the forces applied to DB' may 
be replaced by Q. ; and the entire system of partial forces may 
therefore be replaced by the two forces P and li applied at 
the points A and B. 

But these parallel forces may be olhorwise compounded, 
by combining them in pairs taken at equal distances from the 
middle point O of the line A'B'; and it may thus be easily 
ihowc that the resultant of the whole system will pass 
through the point O, and will be equal to P+Q. 
The position of the point must now be determined. For 
lis purpose, it may be remarked that A'O ( Fig. 7), being one- 
Blf of A'B', is equal to AB ; and by substituting this value 
Ithe equation 

AO=A'0— A'A, 

hich results immediately from an inspection of the figure, 

e shall obtain AO=AB— AA', or AO=AB— AD = DB, In 

ft similar nianner it maybe shown that OB— AD ; and by 

Ubstitutijig these values of DB and AD in the proportion (a), 

there will result 

a:P:: AO:OB (6). 

If P and Q, are incommensurable for tho unit p, this pro- 
^rtion which results from the division of A'B' into m+fi 
equal parts, might seem to fail : but by diminishing iiideS- 
lutely the value of the imit p, and increasing in the same 
roportion the number of these divisions, the demonstration 
s applicable to all cases, since the equal parts An', a'a", 
I. being indefinitely small, the points of division will then 
become continuous. 

23. This proposition is equally true when the two parallel 
brces P and Q. are applied to the extremities of an oblique 
le CD {Pi^. 8). For, by drawing AB at right angles to 
e common directfon of the two forces, and transferring the 
loints of application to the points A and B in iheir lines of 
Sirection, the proponion (i) wiil evidently subsist ; but the 
milar triangles ACO, BDO, give AO : OB :: OC : OD; 
Vhence we obtain 
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Q : P : : 00 : OD : 

and we therefore infer that when two parallel and unequal 
forces P and Q, are applied to the extremities of a right 
line OD, their resultant will divide this line in the inverse 
ratio of the intensities of the forces. 

24. By the aid of this theorem we can readily demonstrate 
that of the parallelogram of forces, which may be enun- 
ciated as follows : — If any two forces P and Q, applied to a 
point A {Pig' 9) he represented in direction and intensity by 
the lines AB and AO, their restdtant will he represented in 
direction and intensity hy the diagonal of the parallelogram 
constructed upon the lines AB and AO. 

It is immediately obvious that the resuhant will pass 
"hrough the point of application of the forces ; since the 
orces conspire to solicit this point, and their resultant, which 
may replace them, must therefore contain it. 

26. The resultant of the two forces P and Q, will likewise 
be contained in the plane of those forces. For, if it be situ- 
ated above this plane, a position in all respects similar can be 
selected below the plane : the same arguments may then be 
advanced to prove that its direction coincides with either of 
these lines ; and since the resultant cannot have two direc- 
tions, we infer that it coincides with neither. 

26. It may also be proved that the resultant of two equal 
forces {Figs. 10, 11, 12) will bisect the angle included between 
them. 

For, if we suppose Am to represent the resultant of the two 
forces P and ft, and draw AD bisecting the angle PAd, a 
line An may always be found, whose position with respect to 
AD, AQ, and AP shall be precisely similar to that of An% 
with respect to AD, AP, and AQ, ; hence, the same reasons 
which would prove Am to be the resultant, become equally 
applicable to An, and it might thence be inferred that there 
are two resultants : this being impossible, we conclude thiat 
the resultant coincides with AD. 

27. Let the two unequal forces P and Q, be now supposed to 
act upon the point A {Fig. 13), and let the parallelogram ABDO 
be constructed, whose sides AB and AO are taken on the lines 
of direction of those forces, and are proportional to their 



^^tensilies. It has already been shown that the resultant will ^^^ 

pass through A, and it remains to be proved that it will also 
pass through D, the estromity of ilie diagonal AD. Having 
taken DE=AB=P,* draw EF parallel to AB, and apply at 
E and P, in contrary directions, the two forces Q'j Q,", each 
equal lo Q,. Since these forces will destroy each other, we 
caa substitute for P and Q. the four forces P, Q, ti', and Q". 
But by regarding P and Q,' as two parallel forces applied to 
the extremities of an Lnflexibie line BE, and having obtained 
by coQstructiou the proportion 

P : a' : : I>E : BD, 
it follows immediately from the preceding theorem, that the 
resultant R of P and Q,' will pass through the point D. 
Again, if we transfer the force Q, and apply it at F, in its line 
of direction, the two equal forces Q, and Q." will have a re- 
sultant S, which, bisecting the angle QFQ", will pass through 
D, the opposite angle of tlie rhombus CDEF. We thus ob- 
tain two forces R and S which are equivalent to the original 
forces P and Q, ; and since ihe forces R and S pass through 
ihe point D, Ihe resultant of P and Q will likewise pass 
through the same point. 

28. It will now be proved that if the intensities of the forces 
be represented by AB and AC, the diagonal AD will repre- 
sent tlie iutensity of the resultant {Fig: 14). 

If at the point A (Pi^- 14), and in Ihe direction AD of the 
diagonal of the parallelogram ccnstnicted on the sides AR=P, 
AC=Q, there be applied a force X equal and directly op- 
posed to the resultant of P and Q, an equilibrium will take 
place between the forces P, (i, and X. But we may regard 
<i as equal and directly opposed to the resultant of the forces 
P and X ; hence it follows, that if through the extremity B 
of the line AB a line be drawn parallel to X, intersecting at 

* II ahouM be rgmailced IhU Ihe eiprr^tion AB=P U Tnen]j intendrd ai 
an ibrUgi J method of Mating thai the line AB repTMcnts thx retnlive intensity 
•r Uie force P> when compued with the unit o( force nhoae inteiuiij is likewUe 
lepreunled by b line. In like mnnncr, we tpeak of Ibe •' rocce AB," dennling 
Swreby that the line AB rcproents the line af direction and retatiie intenaitT 
|f tlM fbrce. These abbnviationi h*v« been eBnctioned !ij utigs. 
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E the prolongation of the line AC, which, as has been already 
shown, coincides in direction with the diagonal of the paral- 
lelogram constructed on P and X, the line BEi, being a side of 
this parallelogram^ will be equal to the opposite side, which 
must represent X : but BE, being also the side of the paral- 
lelogram ED, is equal to the opposite side AD, which repi^ 
sents the diagonal of the parallelogram constructed upon P 
and Q, ; whence X= AD, and the intensity of the resultant is 
likewise measured by the length of the diagonal. 

29. One of the simplest corollaries which may be deduced 
from the foregoing proposition is the trigonometrical relation 
existing between the components P and Q, and their resultant 
R {Fig. 15). To obtain this relation, we will assume on 
the directions of these forces the parts AB and AC propor- 
tional to their intensities, and constructing the parallelogram 
ABDC, we shall have the proportion 

P : a : R : : AB : AC : AD. 
And from the equality of the sides BD and AC, we shall have 
in the triangle ABD, 

P : a : R : : AB : BD : AD. 
But the proportionality of the sides of the triangle to the sines 
of the opposite angles gives 

AB : BD : AD : : sIaBDA : sin BAD : sin ABD. 
Hence we deduce 

P ;a :R :: sinBDA : sin BAD : sm ABD. 
The determination of the relations between P, Q, and R is 
thus reduced to the solution of a case in plane trigonometry. 
30. If there be given, for example, the two cooiponents 
AB and AC, and the angle BAC contained between them, 
and it be required from these to determine the resultant, we 
shall have, in the triangle ABD, the sides AB, BD, and the 
angle B equal to the supplement of BAC. With these data we 
readily obtain the value of the side AD=R, by means of the 
formula 

R« =P« +a« -2PQ cos B. '. 
If in this formula we wish to introduce the angle included 
between the two forces, since the angle B is the supplement 
of the angle BAD, we shall have the rdation cos Bs— coe Aj 
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! by substitution the following equation is obtained 
between the resultant, llie two components, and the angle 
included between them, 

R» ^p. +0,' +2Pa cos A (1). 

31. When the angle A becomes equal to 90°, the parallelo- 
gram ABDO (Pig. 16) becomes a rectangle, and cos A=0. 
The general relation between the resultant and its two com- 
'poneDls is then reduced lo 

R'=P'+tl». 
The solution of the converse problem, or the resolution of 
E:le force R into two components P and Q., having given 
iireciions, is readily effected by constructing a parallelogram 
on the Ime representing the given force as a diagonal, the 
a of the parallelogram having the directions of the re- 
ared components. 

32. When there are several forces lying in different planes, 
!nit all meeting in a single point, the resultant of the system 
Ean always be determined ; for, by combining these forces in 
pairs, and substituting each resultant for its two components, 

ijihe number of forces will be successively reduced, and we 
:ahall finally obtain but a single resultant. 

33. The method of compounding any number of forces 
which has just been explained gives rise to a remarkable 
.grapliic construction. Thus, let P, P', P", P'", &c. represent 
■any forces whose directions intersect at the point A (Fig- 
.17), and whose intensities are expressed by the lines Ap, Ap', 
skp", Ap'", ifec. assumed on the respective lines of direction ; 
'through the point p draw the line pr parallel and equal to 
the line Ap', and complete the parallelogram Aprp' ; the di- 
igotial Ar=R will be the resultant of the forces P and P* : 

'in hke meinner, by drawing ir' parallel and equal to Ap", and 
forming the parallelogram Arr'p", the diagonal Ar" will be the 
resultant of R and P", and therefore the resultant of th^ three 
ferces P, P, and P". By continuing this process, a polygon 
Aprr'r" would be formed, having its sides parallel to the 
directions of the forces, and their lengths representing the 
ifltensilies of (hose forces. The distances from the point A 
to the angles of this polygon will be 
B2 
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Arsthe resultant of P and F, 
Ar'ss^the resultant of P, F, and P", 
Ar"=the resultant of P, F, F', and F". 
And by repeating the coa^tr action for any nufnber of forces, 
the distance from the point A to the extremity r^^ of the last 
side of the polygon will be equal to the resultsLUt of the en- 
tire system. 

Of Forces sUucUed in the same Plane^ and applied to 

a single Point. 

34 L^ P, P', F', <fca {Fig. 18) represent several forces 
situated in the same {dane, their directions mtersecting at 
the point A ; through this point let there be drawn the rec- 
tangular axes Ax and At/ ; then, denoting the respectrve 
intensities of these forces by AP, AP', AP", &c., let each be 
decomposed into two components, whose directions shall 
coincide with the rectangular axes. 

For this purpose we will represent by n, « , m", &c. the 
angles included between the forces and the axis of x, and by 
/9, /3', jS'', &c. the angles which they form with the axis of y. 

In the right-angled triangle ABC {FHg. 19), the side AC 
being expressed by AB cos A, and the side BC by AB sin A, 
the components of the forces P, F, P", &c. in the directions 
of the two axes are readily obtained : for the force P repre- 
sented by AB, forming an angle » with the axis of x, and an 
angle fi with the axis of y, will have for its components along 
these axes, 

AC=P cos a, BC=P cos fi. 
In like manner, the forces F, F', P'", &c. will have for their 
components in the direction of At, 

F cos •', F' cos •", F" cos «"', &c, 
and in the direction of the axis Ay, 

Foos /a', P" cos /a", F" cos /J'", &c. 

If the sum of the components acting in the direction of :r be 

taken, as also the sum of those acting in the direction of y, 

we shall have, denoting these sums by X and Y fespectively, 

P cos .-f F cos i^+F' cos •"+&c.»X; 

P cos /s+F cos /s'+F' cos /s"-f &c.= Y; 
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mi the enure system will liiua be reduced (Art. 10) to two 
forces, of which one X is directed along tbe liae Ar, the other 
Y acting along the line Ay. CalliagKthe resuUanl of these 
tvo forces, its value oiay be determiued from the equation 

36. For the purpose of rendering the preceding determi- 
lation of the value of the resiiilaiit general, we have atuit>- 
uwd the positive sign to ail the cosines which enter into the 
expressions for X and Y ; but it will be necessary in practice 
10 regard the essential signs with which these quantities are 
severally affected. The following considerations will serve 
to explain tJie necessity of this dlstinciion- Let a point M 
{Pig. 20) be solicited by a force represented in intensity by 
the line MP. By decomposing this force into two others 
whose directions shall coincide with the rectangular axes 
Mx and My, and calling « the angle which the direction of 
the force makes with the axis Mx, its two components will 
endenlty become 

MC=MP sin •, MD=MP cos „. 
The forces wliich are directed in iJie tine Mj.-, being regarded 
as positive when they act from M towards x, the component 
MD will obviously be positive. If the force MP should as- 
sume tlie position MP', the angle a would be increased, and 
its cosine diminished ; and if the angle becomes greater 
than 90^, the direction of the force will tall in the second 
quadrant. In this case it will assume the position MP', and 
the cosine of tlie angle will change its sign. But it is evident 
that the component MD" of the force MP" becomes also nega- 
tive, sijice it solicits the point M in a direcUon opposite to 
that in which it was urged by the component MD. Tbli9 
it appears that the signs of these two components result from 
the signs of the cosine of", and hence the forces MP, MP, 
dtc, which solicit a point, may be always regarded as essen- 
tially positive, provided we attribute the appropriate signs to 
the cosines of llie angles which they form with the axes. 

36. If the force under consideration tail below AB, as in 
[he position MP"', the angle « being measured by the arc 
ALBP", wUibe greater tlioit two right angles. To avoid 
thb inconvenience, it has been agreed to reckon the angles • 
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and /9 indiscriminately on each side of their respective axes. 
Thns when the force Ms beneath AB, the angle a will be 
measured, not by the arc ALBF'', but by the arc AF", which 
has the same cosine. By this arrangement all the arcs em- 
ployed are less than 180^. It is true that when the angle ^is 
alone given, the direction of Uie force would appear inde- 
terminate, since this angle may be coimted either from A to 
P, or from A to F'^ ; but diis ambiguity will immediately dis- 
appear by considering the value of the angle /9, which is evi- 
dently acute for the force MP, but obtuse for the force MF''. 
'^^ 87. Whatever may be the direction of the given force, 
since it must necessarily lie in one of the four right angles 
formed by the axes around the point M, its position must 
correspond to some one of those given in JF^^. 21, 22, 23, 24. 

Inthefintqiiadnnt,«aiid/3beiiiff acategtreoosMpoaitiTe, cot/3poritiT<B, 

In the aecond, m obtuse and^ acute gi^e costfnegatiTe, cos fi negatiTe, 

In the thirdi «6btuae and /3 obtuse give coscnegatiTei cos /3 negative, 

In the fourth, vacate and fi obtuse give cos« positive, cos ^ negative. 

Each of these angles will be less than 180°. 

38. It may be observed that the signs of these cosines are 
similar to those of the co-ordinates x and y of the point B* 
For example, if the point be situated within the angle x'Ay 
{Piff* 22), X will be negative and y positive, while at the same 
time we shall have cos u negative and cos /s positive. 

39. For the purpose of making an application of the pre- 
ceding principles, let us determine the resultant of the five 
forces P, F, F', F", F% which are situated as represented 
in Pig. 26, and solicit the point A. By attributing to the 
components of the forces the positive or negative signs cor* 
responding to Uie angles whidi are acute or obtuse, the com- 
ponents of 

P ^ f +P cos «, +P cos/9, 

F +F cos •', -F cos II', 

F' I will be j +F'cos«", -F' cos/5", 
p'/ — F" cos •%— F"cos /9'", 

V* — F^coe«'',+F^cos/a'^. 

Having taken ttie sum of the components which act in one 
direction, we subtract from it the remaining components 
which act in an opposite direction, and we thus obtain 



APPLIED TO I 



PCOS «+P<:08 •' + P"COS a' — V" COS «'" 



r=x, 



Pcos^+P" COS^"— P'COSIS'— P"C0S 3"— P"'C03^"'=Y. 
40. If we defer the detemiinalion of ihe signs of the cosinea 
until wfl wish to make an application of the preceding equa- 
tions, the several terms may be written with the positive sign, 
and tlie generaJ form of the equations will then become 

P cos -+P' cos ■'+?■' cos <."+&c.=X (2), 

P cos p+P" cos p'+P" cos ^"+&c.=Y (3). 

The resultant being represented by the diagonal of a 
igle, the lengths of whose sides are denoted by X and Y, 
its value will be determined by the equation 

R=v/(X.+V) (4). 

The position of the resultant remains to be determined. If 
we denote by a and b the angles which the resultant forms 
with the coordinate axes, we shall have 

X=Rcos(i,Y=Rcos4i 



^^Sctani 



■■tienf 



.(6). 



X Y 

cos 1=-o, COS ft=-K- 

The positions and intensities of the forces being ^ven, the 
values of X and Y may be immediately deduced from the 
equations (2) and (3). These values being substituted in the 
equation (4), make known the value of the intensity of the 
resultant, and its position may be determined from the equa- 
tions (5). 

42. Its line of direction passing through the origin K{Fig. 
26), will have for its equation 



y=a;tanga, orj/=a:^^g-^i 

by sabstituting cos h for sin a, since a and b are com- 
lents of each other, the equation becomes 



I 



and by substituting in this equation the values of a 
s b given in equations (5), we have 
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When an equilibrium lakes place, the intensity of the 
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resultant becomes equal to zero ; and the formula (4) then 
assumes the form 

^(X«+Y»)=0, or X«+Y»=0. 
But since every square is essentially positive, the preceding 
equation cannot be true, unless each of its tierms is separately 
equal to zero ; hence 

X=0, Y=0. 
Such are the equations which express the conditions of equi- 
librium of any number of forces situated in the same plane, 
fmd acting on a point. 

44 If X alone were equal to zero, we should have 
R^s Y, cos a=0, cos 6= ± 1. 
Theste equations prove that the resultant is equal to the com^ 
ponent Y, and is directed along the axis of y. 

In like manner it might be shown that if Y were equal to 
zero, the resultant would be equal to the component X, and 
would be directed along the axis of x. 

Oeneral Remarks on Porces situated in any manner 

in Space. 

45. If three forces solicit a point, their directions not being 
confined to a single plane, a theorem analogous to that of the 
parallelogram of forces will $till serve to determine their re- 
sultant. Thus, let any three forces P, F, and P" be applied 
at the ))oint A [Fig- 27), and let their intensities be repre- 
sented by the lines AB, AC, and AD. If a parallelopiped be 
constructed upon these three lines, the diagonal AE, of the 
base of this parallelopiped, will evidently represent the re- 
sultant of the forces AB and AC ; and by substitutii^ the 
force AE for its two components, the resultant sought will 
be that of the forces AE and AD ; it will therefore be termi- 
nated at the extremity F of the line EF drawn parallel and 
iequal to the. line AD ; hence it will be tjbie diagonal of the 
parallelopiped DE. 

46. If the three forces are rectangular, the angle ABE will 
he a right angle, and hence we obtain 

AB^=sAB^+BE*; 



t 
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bat the ttitngle AEF being also right-angled, ve have 

AF'=AE'+EF'. 
And by substituting for AE' its value given above, we deduce 

AF'=AB»+BE^+EP». 
Or by replacing BE and EF by their equals AC and AD, we 
finally obtain 

AP= v'(AB» + AC + AD" ), 



R=v/(P' + P"+F"), 
resnitant of the three forces being denoted by R, 

47. It has been shown that any number of forces lying in 
the same plane may always be referred to two rectaogiilat 
axes : in like manner, we may refer to three rectangular axe* 
those forces which are situated in different planes. Thus, 
having assumed three co-ordinate axes passing through any 
point O (Fig". 28), we draw through A, the point of applica- 
tion of a force P, the three rectangular axes Ar, Ay, and Aar, 
parallel respectively to the axes of co-ordinates ; and denoting 
by •, ft y the angles formed by AD, the direction of the force 
P, with the three lines Ajt, Ay, Az, the direction of the force 
vitL be determined when these angles become known. 

48. The values of these angles may also be employed lo 
:rmine the oomponents of the force P, which act in direc- 

ms parallel to the tliree co-ordinate axes. For, DC being 
idiculai to the plane ^Az-, the angle DCA will be a right 
;le, and the triangle ADC, having the angle D=y, will give 

DC=AD cos y (6)r 

like mannor, the components parallel to Ax and Ay will 

by 

AB=AD cos «, BC=AD cos ^s (7). 

replacing the lino AD by the force P which it repre- 
we obtain for the three rectangular components of P, 

P cos «, P cos JS, P COB y. 

It is important to observe that the values of two of th« 
les •, A, and y will serve to determine that of the third. 
the square of the diagonal AD is equal to the sum 
le sqnares of the three edges, we have 

AB'+BC'^-DC'=AD'; 
substituting in this equation the values obtained from the 
3 



and since these Munpoiienls have been represented by the 
quantities X, Y, and Z, we shall have 

X=Rcosa, Y=Rcos6, Z=Rcosci 
whence, 

X 

If the forces P, P', P", Slc., and the angles ■, 0, y, «', fl', r', &©. 
are known, the values of X, Y, and Z will result from the 
equations (9), (10), and (U). These values being substituted 
in formula (12), the intensity of the resultant will be deter- 
mined, and its position will become known from the equa- 
tions (13). 

64. If an equilibrium subsists, the resultant becomes equal 
to zero, and the equation (12) then assumes the form 

X'-t-Y»+z»=a 

And since this equation cannot be true unless the terms are 
separately equal to zero, we have 

X=0, Y=0, Z=0. 
These values reduce the equations (9), (10)j (II) to 
Pcos«+Fcos«'+P'cos«" + itc.=0 1 

Pcos^+P'cosp'+P'cos3'+<kc.=0 y (14). 

P cosy-t-F coay'4-P"co3-/'+(kc.=0 j 
Such are the conditions of equilibrium of a system of forces 
situated in any manner in space, and applied to a poini. 

55. If we determine the resultant of ail the forces in the 
system except one, the remaining force will be found equal 
and directly opposed to this resultant. For, let R' represent 
the resultant of all the forces except P; X', Y', and Z' its 
three components, and d, b\ and c the angles which its direc- 
tion forms with the co-ordinate axes ; we shall have 
X=F cos *+F' COS -"-t-F" cos -"+S:c., 
Y'=P' cos ;8'+P' cos 3"+F ■ cos ^ '■+<kc., 

Z' = P cos y'-l-P" cos y-+P-COS y H&C. , 

and by means of these values the equations (14) may be w- 

P cos •-|-X=0, 
PcQsfl-|-Y'=;0, 
Pco«y-f-Z=Oj 
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■nd eluaLnaimg X', Y', Z', by the equationi 

X=R'cosa, Y=Rcos6', ZsRcose", 
IheTe results 

P cos •= — R' cos a i 

Pco3^=-Rcosi' \ (15). 

P cos v= — R' cos c' 7 
.l^tng the sum of the squares oi these three eqaations, we 
jibtain 

P»(cos'«+cos'^-f-cos*y)=R'*(co8'o-fco8'6'+cos'c'); 
ud since the second factor in each meoiber is equal ro unity, 
this equation reduces to 

P»=R'',orP=R. 
T^e force P is regarded as essentially positive, its position 
'liein^ delermined by the rule explained iu Art. 35, tJcc 

If tlte value of P be substituted in equations (15), the factor 
R' being suppressed, those equations will become 

cos«= — cos a' (16), 

cos ^= —cos i' (17), 

cos v= —COS c' (18). 

The relation belween the values of cos • and cos a' indicates 
dial a and • are supplements of each other. For, if cos tf 
l)e represented by AC [Fig- 30), cos a will be represented by 
AC=AC; whence a'=DAC, and «=D' AC. 

But these two angles are supplements of each other ; for, 
AC being equal to AC, gives the angle DAC=D'ACr; whence, 
\ij substituting this value in ihe equation 

D'AC+D'AC'=2 right angles, 
we get 

D AC+DAC=2 right angles, 
V llie angles a and » are supplements of each other. 
In the same manner may it be proved by the equations 
1(17) and (19), that the angles b' and |S arc supplements of 
Iftch other, as also are the angles c and y. 

It results from what precedes that the forces P and R' are 

directly opposed ; lor, if R' be supposed situated above the 

) of Xi y, having the co-ordinates x and y botli positive. 
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P will be situated below this plane, and will have the oo-ordi 
nates x and y both negative. 

66. After reducing all the forces to three rectangular com 
ponents X, Y, Z, it was shown that the resultant R wouk 
be represented by the diagonal of a parallelopiped, whosi 
contiguous edges were respectively equal to X, Y, and 2 
{Fig* 27). The equation of this resultant, which is repre 
sented by AF, will therefore be that of a right line passiuj 
through A, the origin of co-ordinates, and through the poin 
F, whose co-ordinates are equal to X, Y, and Z. 

67. The case may be rendered yet more general by sup 
posing that the point of application of the forces has th 
three co-ordinates x^ y\ and z \ the co-ordinates of the poin 
F will then become (jF^. 31) 

ar'+X, y'+Y, 2!^7u 

And the equations of the resultant, being that of a right lin 
in space, will be of the form 

z=<Mr+6, z^dy-^-V (19) : 

substituting in these equations the co-ordinates of the poin 
F, in place of the quantities or, y, and z, we find 

jg'+Z=a2r'-l-aX+6, z'+Z=ay-l-aT-l-6' (20); 

but the co-ordinates of the point A should also satisfy th 
equations (19), and therefore we obtain 

2?'=aa? +6, zl^dy'^-V (21). 

Subtracting these last from equations (20), we have 

Z=aX, Z=a'Y; 
whence, 

Z , Z 

Again, by eliminating h and V between the equations (1{ 
and (21), we find 

a?— jc'=a(:F— 2?'), z—z^zdiy—yy. 

and by substituting the values of a and d previously o1 
tained, the equations of the resultant finally become 

Z Z 
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Oj Ifie Conditions of Equilibrium of a Point acted upon 
by several Forces, and subjected to Hie Condition of re- 
ntaining upon a Given Surface. 

58. The material point to which the forces P, P, P", &c. 
were applied, has been supposed hitherto to submit freely to 
[he action which those forces exerl ; but if, on the contrary, 
ihe point were required to remain constantly on a given aur- 
face, tlie equalious (14) would no longer be applicable, and 
ihe condition of the resultant being equal to zero, which was 
then necessary, would, under this supposition, be replaced by 
the coudiiion that the resultant must be normal to the given 
surface. For, if the direction of the resultant be oblique 
to the surface, it can be decomposed into two forces, of which 
otje shall coincide with the direction of the tangent, and tha 
other with the normal i the first would cause the material 
point to slide along the surface, while the second would be 
overcome by the reaction of the surface. Hence, it follows 
that the resultant of all the forces must act ou the point in 
the direction of the normal to the surface, and since the re- 
sultant is destroyed by tlie resistance of the surface, we may 
regard this resistance as a force directly opposed to tlie nor- 
mal force, and denote its intensity by a quantity N. 

If the intensity of the force N and the angles t, i, *", which 
it forms with the co-ordinate axes, were known, it would be 
sufficient to add to the equations of equilibrium the compo- 
nents N cos *, N cos *', N cos *" of tlie force N ; we should thus 
obtain the equations of equilibrium ,ju 

NC03 4-|-PCOS t-l-P'cOSa' + P" COS «"-|-&C.=0, 

N cos »'-|-P cos )9-|-P cos fl -i-P' COS r +&c.=0 

N cos < -l-P cos -/-HP COS y -1-P cos y ■-f&c,=0. 

69. These equations may be simplified by representing, as 

in Art. 52, by X, Y, and Z, the sums of the components par- 

Ktfel to the three axes ; the e<]uations will thus become 

^Kcos*-f-X=0, Ncos*'-|-Y-0, Ncos*"-|-Z=0....(22). 

||.60. To determine the values of the unknown quantities cos 

s I', cos i\ and N, we will suppose L =0 to be the equation 

Itbe given Burf&ce, and s, y', and z tba co-ordinates of the 
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materia] point to whicti the forces are applied, oiid wliich by 
hypothesis is required to remain on this surface. The nor- 
mal being a right h*ne passing through the point whose co- 
ordinates are x', i/, z", its equations will be of the form 

s~:,:'=a(z~z), y-y=b{z~z') (23). 

The differences x—x\ y—y', «— 2, which enter into these 
equations, represent the projections of the right line on the 
axes of co-ordinates. To determine the relations existing 
between these projections and the angles t, f, t'\ let MN {Fig. 
32) represent the right line in space referred to the co-ordi- 
uate axes whose origin is at the point O, and denote by x, y, 
z, X, y', z', the co-ordinates of the points N and M : if a plana 
DF be passed through the co-ordinates MD=2r' and 80=^, 
and a second plane EG through KE=3 and EC=y, these 
two planes will be parallel to that of y, z, and the distance 
between them will be measured by the part iiC=x—x' inter- 
cepted on the axis of x : but since every parallel to this axis 
is likewise perpendicular to the two planes, it follows that by 
drawing through the point M, the e.ttremily of the co-ordi- 
nate z', the parallel MP to the axis of t, this parallel will be 
perpendicular to the plane EG, and will intersect it at a dis- 
tance MP=x—x'. 

But, by connecting the point P with N, the point at which 
the right line MN intersects the plane EG, a triangle will be 
formed right-angled at P, since MP is perpendicular to the 
plane EG. Hence, 

MP=MN cos M, 
or, 

i-jf^MN cos ( i 
but MN being a right line passing through the two points 
whose co-ordinates are x, y, z, x', y", V, its length will be ex- 
pressed by 

^[{x-x-y +{p~yr +{^-^ri 

Substituting this value in the preceding equation, we deduce 




^[(x-xy+iy-py+i^-^r-Y 

In like maimer, by drawing planes through the co-ordinates 
y , 2^, and X, z, parallel to the plane of x, s, and throtigh x', y, 
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and Xf y, parallel to the plane of x, y, we shall find 6xt€OB§i 
and COS 1^^ the similar expressions 

y— y 

"^ ''" v^[(^-*r +(y-!f'y +{^-^yy 

"" •[('-*? +(3f-y)' +iz-zrf 

bjr eliminating the values of x — x,y — y, by means of equa- 
tions (23), and suppressing the common factor z — z) we obtain 
_ a . b ^ 

61. These values, which serve to determine the direction 
of the normal, contain the quantities a and 6, which are yet 
unknown. The values of these quantities will now be de- 
termined. Let L=0 be the equation of the surface which 
passes through the point or', ^,z ] if we draw through this 
point a plane tangent to the surface, the equation of this 
plane will be of the form 

Aa:+By+C2r+D=0; 

and since it must be satisfied by the co-ordinates Xj y', z\ we 
shall have 

A2:'+By+Cz'+D=0. 

Eliminating D between these two equations, die eqoation ef 

the tangent plane to the surface becomes 

A(z-i:)+B(y-yO+C(2^-^')=0 ; 
and dividing by C, it may be put under the form 

^(2:-x')+?-(y-y')+(^-^')=0 (26). 

But if the plane be tangent to the surface whose equation is 

L=0, the values of -rp and 1-7 deduced from that equation, 
will be expressed as follows : 

And from the known principles of analytical geometry, when 
a plane whose equation is Air+By+C2;+D=0 is perpen- 
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dicular to aright line represented by the equations x=az+mj 
y=zbz+fi, the following relations between the constants 

exist: 

A B 

the equations (26) will therefore reduce to 

62; The values of these coefficients must now be deter- 
mined from the equation of the surface. We obtain by dif- 
ferentiating, 

dx ay az 
whence we infer that 

dL dL 

dL dL ^' 
dz dz 
and by applying this equation to the point of tangency, for 
which the co-ordinates are x^j j/^ z\ we find 

dL_ dL 

dz' db/ dz' dy' 

daf djJ dy'^ d^ 
dzf dz 

substituting these^values in the equations (27), they become 

dL dL 

^T dL 

dz dz 

Replacing a and h in equations (24), by their values found 
above, we obtain, after reduction, 

dL 
daf 



OO0l=:± 



^)(S)-+(S)'+(§)-i' 



dL 
fMtt^± ^^V 



^Ki)"+0"+(S)'(' 



i\ 



I 
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" v/!(S)'+(^r-©T . 

The double sign is here pre&xed to the values of cos t, cos *', 
Me f, for the purpose of indicating that the resistance op- 
posed by the surface may be exerted either in the direction of 
the nortnal or along its prolongation, according as the body is 
jlaced on the concave or convex side of the surface. The 
1 of these equations being inconvenient for the purposes 
Rt calculation, they may be simplified by making 



^)(S)' 



-m 



(S)- 



•(28); 



Ihich reduces them to 

cos.=T^, co».=T^, a>s<-=V^; 
dx ^d^ rfz" 

fabstituting the^e values of the cosines in equations (22), we 



di 



=0, NT^,+Y=0, 1 
dy 



.(29). 



63. The value of N retnains to be determined- If we 
uispose X) Y, and Z in the equations (29), and take the 
nm of the squares of the three e(|uations, we shall obtain 

>- 1 (S)'-(S-)"+(S)- 1 =-■+-+-. 

1 reducing by means of equation (28) there results 
N'=X"+Y'+Z', 

N-^(X'+Y'+Z') (30). 

s value of N is precisely the same as that of the resultant 

e entire system ; but its components should be afl'ected 

1 signs contrary to those of the components of the result- 

, since its action is exerted in an opposite direction. 

Iras, having determined the resultant of all the forces P, P, 

', &c., the reaction of the surface will be equal to this re- 

kittltant, but will be exerted in an opposite direction. 

ca 
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pear in the elimination : or, to simplify the case, we may 
regard MU and NV as the unknown quantities, which, being 
elinunated between the three preceding equations, will give 
an equation of condition including one or more of the three 
variables. This resulting equation being combined with 
those of the surfaces, viz. L=0, K=0, will determine the co- 
ordinates x\ j/j z'j of the point sought. 

It may be proper to remark that the radicals, which would 
serve to complicate the expressions, disappear at the same 
time as the quantities U and T. 

67. When the point is subjected to the condition of re- 
maining on a curve of double curvature, such curve may be 
r^^ded as being formed by the intersection of two curved 
surj&ces. The equations of these surfaces being represented 
as above by L=0 and K=0, the co-ordinates of the points in 
which they intersect will necessarily appertain to both sur- 
£sLces, and the quantities x', t/, and z" may therefore be re- 
garded as having the same values in each of these equations ; 
but we have also the equation of condition referred to in 
Art 66 ; thus by eliminating the values of two of the co- 
ordinates, the third will be expressed in functions of known 
quantities : denoting by A, B, and C the values of the func- 
tions corresponding to each of the co-ordinates a:', y', and z", 
we shall have 

«'=A, y'=B, 2?'=a 

68. It may occur that the equation resulting from the elim- 
ination of M and N will not contain either of the variables. 
This case presents itself when the surfaces become planes ; 
their equations L=0 and K=0 may then be put under the 
form Ax+By+Cz+D=0, and the differential coefficients are 
then constant. Under such circumstances the values of the 
intensities M and N determined by the equations (32) become 
independent cf the co-ordinates x, y, and z ; and smce these 
co-ordinates still apply to any points common to the two planes, 
it follows that the conditions of equilibrium will be fulfilled, 
if the forces be applied to any point Whatever in the conunon 
intersection of the two jdb&nes. A similar remark is appli- 
catde to Art 66. 
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the second tangent to the same surface^ would move the body 
along the surface. 

Let N and M represent the reactions of the two sur&ceS| 
and i, i\ i'\ n, 9', 9 ' the angles formed by their normals with 
three rectangular axes drawn through the point to which the 
forces are appUed : by adopting the same course of reasoning 
as in Art. 59, we shall obtain 

N cos I +M COS* +X=0 i 

N cos #' +M cos 9 +Y=0 > (31). 

N cos r+M cos f"+Z=0 5 

The equations of the surfaces L=0 and K=0 being differ- 
entiated, make known, as in Art. 62, the values of the quan- 
tities cos I, cos ^, cos I", cos 91, cos 9', cos u", and by adopting 
abbreviations similar to those of Art. 62, making 

1 



and 






=U, 



we shall find 



cos l=V 



dL 
dx 



/) 



cos 9 



dx'' 



cos $'=zT-r-, , 

ay 
rdL 



cos «'=U 



dK 

dy" 

cos#"=V^, cosi,"=U^: 
dz dz^ 



which values, being substituted in the equations(31), give 



dx dx' 

dy dy' 

dz dz 



(32). 



Prom these three equations the unknown quantities M and 

N may be readily eliminated ; and since U and Venter into 

them in the same manner as M and N, they will also disap* 

4 
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equal respectively to P and d, and having the common direc- 
tion of the line CO. The resultant of these two forces must 
evidently be equal to their sum ; and if it be denoted by R, 
we shall have the relation 

R=P+a: 

but since the resultant may be applied at any point in its line 
of direction, we will consider it as acting at O, the point in 
which it intersects the line AB ; the position of this point 
may be determined thus : the two similar triangles CAO, 
CEL give the proportion 

CO:AO::CL:EL, 

and the triangles COB, CKF give 

BO:CO::KP:CK; 

whence, by multiplication, suppressing the conmion &ctor 
CO, we have 

BO : AO : : CLxKF : ELxCK. 

But EF and EL, being equal to BN and AM, which by hy- 
pothesis are equal to each other, the proportion reduces to 

BO : AO : : CL : CK : 

and since CL and CK are equivalent to the lines AP and Bd, 
which represent the intensities of the given forces, the pro- 
portion may be written 

BO : AO : : P : a (33). 

Hence we conclude that the point of application O of the two 
parallel forces P and Q, divides the line AB into two parts, 
reciprocally proportional to the intensities of those forces. 
7L From the above proportion we obtain {Fig. 34) 

BO+AO : AO : : P+ft : CI, 
or, 

AB: A0::R:(1 (34). 

And firom the equations (33) and (34) combined, we find 

P : a : R : : BO : AO : AB ; 

from which we derive the following rule : The parts AO, 
BO, and AB comprised between any two of the forces P, d, 
and R, will be constantly proportional to the third force. The 
term B, for example, in the above proportion, corresponds to 
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! portion AB, which is included between the forces P 

koda 

' "2. If from the known values of P, Q, and AO, it were 

Bquiied to determine tliat of BO, the proportion would give 

a : P : : AO : BO i 

I'Vhence, 

t n. Reciprocally, if there were given the force R applied at 
^and we wished to resolve il into Iwo parallel components 
iose points of application should be A and B ; by denoting 
e Dnknown componenis by P and Q., the value of the first 
vould result from llie proportion 

AB :B0 :: R:P; 
that of the second would in like manner be obtained by 
of the proportion 

AB : AO : : R : a. 
pm these two proportions we deduce 
RxBO RxAO 

^~AB~' AB~' 

In the preceding demonstration, the forces P and Q, have 
been supposed perpendicularto the line AB ; but if ihey were 
oblique to the direction of this Hne, we might draw through 
O, the point of application of the resultant (/'"V^. 35), the right 
line CD, perpendicular to the direction of the given forces, 
and the force P applied at A would have the same effect as 
though it were apphed at the point C In like manner, the 
point of application of the force Q may be transferred from 
B to D : and since we have the proportion 

P : a : : OD : OC, 
v<: shall likewise obtain Irom the similarity of the triangles 
BD, AOC, 

P:a::BO: AO. -f 

b4. When the forces P and Q act in opposite directions, the 
mltant is equal to the dilTerence of these forces. For, let 
((fyff- 36} be the resultant of the forces P and R, which are 
1 to act in the same diiecliou, we shall then have 
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- ■ • 

S=P+R (35); 

and if we replace S by a force Q equal in intensity, and 
directly opposed to it, an equilibrium will subsist between the 
three forces P, R, and Q : we may therefore regard R as 
being equal and directly opposite to the resultant of the forces 
P and Q, and the equation (35) will give for the intensity of 
this resultant 

R=S-P; 

but S and Q being equal in intensity, we have, by substi- 
tuting the value of S, 

R=a-p. 

The point O at which the resultant is applied, may be 
found by the proportion 

AB : BO : : R : a, 

whence we obtain • 

B0=:^^; 

or, replacing R by its equal Q— P, we have 

B0=^2iAB. 

a-p 

From this value of the distance BO, we infer that the point 
O will be farther removed from B in proportion to the dimi- 
nution of the quantity d— P ; if therefore Q and P become 
equal, BO becomes infinite, and R becomes equal to zero : 
hence, if two parallel and equal forces act in contrary direc- 
tions, but are not directly opposed, the equilibrium cannot be 
established except by the application of an infinitely small 
force at a point whose distance is infinite ; it is therefore im- 
possible in such cases to find a single finite force which shall 
sustain in equilibrio the two forces P and Q ; or, in other 
words, the two forces P and Q cannot be replaced by a single 
resultant. The effect of these forces will be simply to turn 
the line AB about its middle point C. 

75. These pairs of parallel and equal forces, acting in con- 
trary directions, but not directly opposed, are called eotiples. 

76. The results obtained in the preceding articles may be 
applied to any number of forces. Thus, let P, F, P", F", F% 
(Fig. 37) represent parallel forces applied to the points A, B^ 
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C, D, E, which are connected together by inflexible right 
lines ; the point of application and tlie intensity of the result- 
ant may be readily found. For, the forces J? and P' being 
compounded, their resultant will be applied at a point M, 
whose position may be determined by the following proportion, 

AB: AM::P+P:P; 
Thenee, 

^ ABxF . 
' P+P-' 

the line MC being then drawn, we can determine the point 
of application N of the resnltanl of the forces P+P' applied 
it M, and of the force P" applied at C ; for we have 

MC:MN::P+P'+F':P;^ 
ftom which the value of MN results, 
MCxP" 



AM=^ 



AL\= 



k""' P+F+P"" 
ly connecting the points N and D, the point of application 
of the four forces P, P', P", P", may be found in a manner 
cisely similar, and lastly, by joining the points O and E, 
shall determine the point K at which the resultant of the 
mlire system must be applied. 

77. When some of the forces of which the system is com- 
posed exert their efforts in a contrary direction, we reduce the 
components P, P', P', &c., which are supposed to act in the 
same direction, to a single resultant equal to their sum, and 
tihewise tlie components d, Q,', Q,", (fcc, which are supposed 
to act in a contrary direction, to a second resultant equivalent 
to their sum ; then, having determined the points of applica- 
tion K and L {Pig- 38) of these two resultants, the system' 
u-ill be reduced to two parallel forces, the one applied at 
K, and equal to P-j-P+F' ikc, the other at L, and equal 
d-j-ti'-l-Cl" dec. : the resultant of these two forces may then 
be determined by the method explained in Art. 74. 

79. If the forces P, P', F', F", &,c. {Pig. 39), retaining 
their points of application, and continuing parallel, assume 
the positions AQ, BQ', CQ", DQ",' &.c., the resultant will be 
parallel lo the new directions of tlie forces, but its intensity 
and point of appUcatioo will remain unchanged ; for, the 
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construction employed to determine this resultant, being 
dependent only on the intensities of the forces and their 
points of application, the data of the problem will remain the 
same. 

79. If, for example, the forces P and P should assimie the 
positions represented by the parallels AQ and BQ,' ; there 
would be given P, P', and the line AB, to determine the posi- 
tion of the point M ; and this would be determined from the 
same proportion as when the forces were directed along the 
lines AP and BP. 

The point through which the resultant of a system of par- 
allel forces constantly passes, whatever may be the direction 
of those forces, is called the centre of parallel forces, 

80. To determine the co-ordinates of the centre of parallel 
forces, let P, F, P", &c. represent the intensities of the several 
forces, and denote by 

ar, y, z^ the co-ordinates of the point of application M of 
the force P, 

a/, y', 2' thoise of M', 

ar",y",z" those of M'^ 

jTi, yi, zi, those of the centre of parallel forces. 

If we represent by N {Fig- 40) the point of application of 
the resultant of the two forces P and F, we shall have 

MM'iMTIirP-fFrP; 

and by drawing the line MXi' parallel to HH', the projection 
of MM' on the plane of x, y, the similar triangles ML'M', 
NLM' will give 

MM':M'N::ML':NLj 

whence, by combining the two proportions, 

ML':NL::P+F:Pj 
from which results the equation 

(P+F)NL=PxML': 
adding to each member the product (P+F)LK, we have 

(P+FXNL+LK^=HML'+LK)+FxLK : 
and since 

NL+LK»NK, 
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ML'+LK=MH, 
LK=M'H', 
the pieceding equation may be reduced to 

(P+F)NK=PxMH+-P'xM'H'. 
If we denote by Q. llie resultant of the two forces P and P', 
anihy Z ifae co^irdinatc of its point of application, this 
elation may be written under the form 

QZ=Pz+P'z-; 
in like manner, representing by Q,' (he resultant of the paral- 
lel forces Q. and P ", and by Z' the co-ordinate of the point at 
wfiich it is applied, we obtaiu 

a'Z'=Q,Z+FV'i 
and thence, by substitution, 

q:z'='Pz+Vz'+p"z". 

^m If the resultant of the entire system be represented by R, 
^ftlKJ the co-ordinate of its point of application, parallel to the 
^KQS of z, by z„ wc shall obtain, by continuing the same pro- 
^ns, the general relation 

■ Ri,=P3-f-PV-t.FV'+iStc (36> 

SI. 7^ moment of a force mtk reference to a plane 
ii the product of the intensity of this force by the distance 
of its point of application from the plane. The preceding 
equation therefore expresses that the moment of the resultant 
of the pnrallel forces P, P, P", ^'c, taken with reference to 
the plane of x, y, is equal to the sum of the moments of the 
several forces taken leith reference to the same plane. 

The moments being taken with reference to the other two 
co-ordinate planes, we have 

k%,=Py-|-Py-fPy+&c (37). 
Rr,=Pj'-l-PV-FF'j:"+&c (38). 
82. When the co-ordinates jt, y, z, x, y, z, ice. of the points 
of application, and the intensities P, P', P', 6ic. of the forces, 
are given, tho intensity of the resultant will become known, 
ing equal to the algebraic sum of the several intensities ; 
' the values of the co-ordinates r,, y„ and Zi, of the centre 
allel forces, will be found from tha equations (36), (37), 
(38). 
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83. The forces are affected with the positive or negative 
sign according to the directions in which they act ; and since 
the signs of the co-ordinates are likewise determined by their 
positions with respect to the origin of co-ordinates, the mo- 
ments of the forces must be regarded as positive, when the 
forces and co-ordinates have the same sign, but negative 
when the two have contrary signs. 

84. If the several points of application M, M', M", &c. were 
situated in the same plane MM" {F^g* 41), the plane of x, y 
might then be assumed parallel to that in which the forces 
are applied, and the co-ordinates z, z', %", &c., being com- 
prised between two parallel planes, we should have 

z=z'=2"=&c. : 

hence, if %^ represent the co-ordinate of the cetitre of parallel 
forces, its value will also be equal to z ; for, its extremity 
must be found in the plane MM", being determined by a con- 
struction similar to that in Art. 76. Thus the quantity z 
becomes a common factor in the equation (36) which then 
reduces to 

R=P+F+P"-f-&c. 

85. If the points of application were situated on the right 
line AB {Fig» 42), which we will suppose parallel to the axis 
of j:, we should have at the same time 

2=2'=2"=&c., and y=y'=y"=(fcc. ; 

the equations (36) and (37) would then reduce to 

R=P+F-f-P"+&c (39), 

and there would remain but the single equation 

Rr,=Pa;+PV4.FV4.&c (40). 

In this case, we may dispense with the consideration of the 
' three axes, it being only necessary to estimate the co-ordinates 
x, x\ x'\ (fcc. along the line AB, to which the forces are 
applied. 

For example, if we had 

x=9, x=:3, a;"=:-3, ar"=— 4. 

F=-iP, F'=-fP, F''=2P; 

by substituting these values in the equations (39) and (40) 
we should deduce 
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R=P_ jp_ 5P+2P=2P, 

9xP— 3xjP+3x|P— 4x2P=lx2P; 



86. For the purpose of delermming the conditions of equi- 
libnutQ of parallel forces, we shall adopt as most convenient 
that position of the axes in which one of the co-ordtnale 
planes is perpendicular to tlie direction of the forces : let this 
be the plane of x, y. Having reduced all the forces which 
act in the same direction to a single resultant R, {Pig- 43), 
and those which act in a contrary direction to a second re- 
sultant R„,an equilibrium will take place in the system when 
the two resultants are equal and directly opposed. 

The latter condition will be fulfilled when the distance 
CC" is djual to zero, which requires that the co-ordinates x, 
and y, of the point C should be respectively equal to i„ and 
ji„ those of the point C". 
Hence, we obtain 

x=x^„ y,=y„- 
The condition of equality between the two resultants will be 
tuisfied when we have 

R,^-R„ (41); 

and we obtain by multiplication 

R^,= -R,A, (42), 

R,y,=-R„y., («)■ 

If we denote by P, F, P", (kc. the components of R„ and 
by F", P", itc. the components of R,„ the property of the 

moments will give the two equations 

R^, = Px -f Far- + P"J:" + &c., 

R,^„=F"jT"' + P'a:"+P'3:' + A,c. ; 

Gild substituting these values in equation (42), it reduces lo 

I'j-t-Pi'+F'a:" + FV"+P'-c"-l-Fj;'-|-&c.=0 (44). 

By the same coarse of reasoning, the equation (43) may be 
reduced lo 
Py + Py'+P"y" + P"y"+P"y" +Fy'-f-d«:.=0 (45). 
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And finally, the values of R^ and R^^ being substituted m 
equation (41), give 

P+P+F'+P'"+P^+P+&c.=0 (46). 

87. If the equations (44), (45), and (46) are satisfied, the sys- 
tem of forces will be in equilibrio. The conditions expressed 
by these equations may be enunciated as follows : An equi- 
librium will subsist in a system of parallel forcesj if the sum 
of the moments taken vnth reference to each of two rectangur 
lar planes parallel to the common direction of the forces j is 
equal to zero ; the sum of the forces being at the same time 
equal to zero. 

88. An equilibrium will also take place if the resultant of 
the system be supposed to pass through a fixed point, since 
the effect of this resultant will then be destroyed by the re- 
sistance opposed by the fixed point 

Of Forces situated in the same Plane, and applied to Points 
connected together in an invariable manner. 

89. Let P, F, P", F", &c. {Fig. 44) represent several forces 
situated in the same plane, and applied to the points A, B, C, 
D, &c., which are supposed to be connected in an invariable 
manner. If the system admits of a single resultant, its po- 
sition and intensity may be readily obtained by means of the 
following graphic construction : — Having assumed the por- 
tions Aa, Bkj Cc, and T>d proportional to the intensities of 
the respective forces, prolong the lines Aa and B6 until they 
mtersect at the point G, and apply the forces P and F at 
this point. Construct the parallelogram GG', having its 
sides respectively equal to Aa and B6, and its diagonal GG' 
will represent in direction and intensity the resultant of the 
two forces P and P' ; again, by prolonging GG' and Cc until 
they intersect, and constructing the parallelogram HH', whose 
sides shall represent the forces GG' and Cc, the diagonal HH' 
will represent the resultant of these forces, and will therefore 
be the resultant of the three forces P, F, and F'. Lastly, by 
findiag the interseclioDi of HH' and Dd, and forming a third 
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IMialletosna, its diagooal IT will r^mseut the resultant of 
the entire system. 

90. Ifbyttusooastnictian we should find one or moKitairs 
of paniief toroes, the resultant may be determined by tlie 
methods explained in Arts. (71 1. (72), and (74), and its tuteosity 
will be equal to the sum or difference of the forces. If the 
sysiem contain (wo parallel and equal forces, acting in coD- 
truy directions, but not directly opposed, we may combine 
one of them with the other forces, and the construction of 
An. (S9) mar then be continued ; but if the entire system 
can be reduced lo two equal resuttaiits acting in parallel 
and contrary directions, but not directly opposed, we con- 
clude, as in Art. 74, that a single resultant cannot be obtained. 

91. If the construction should ^ve a resultant o^nal to 
lero, an equilibrium would subsist tlu'oughout the s}'^lem. 

93. The preceding construclion is equivalent lo supposing 
ihe forces applied at the point I, in lines parallel to ihetr primi- 
live directions, and then compounding (hem into a single rpsull- 
anl. For, by considering the forces P, Q, and S {fH^. 45), 
ihe resultant DC of the forces P and Q, being applied at the 
point D' in its hne of direction, may there be decomposed into 
the two components D'F and D'Q', parallel and equal to 
PandQ. 

93, To determine the analytical conditions of equilibrium 
in a system offerees disposed like the preceding, we will first 
consider the case of three forces P, P', and P', applied to 
points which are connecled in an invariable manner ; and 
we shall then find it necessary that the directions of the forces 
should intersect in a single point. For, since the forces 
P and P [Fi-?- 46) are supposed lo be sustained in equilibrlo 
by the tliird force P", il is necessary thai this third force 
should be equal and directly opposed to the resultant of the 
Iwo forces P and P. But P and P' intersect in a point 

P; this point is therefore situated on their resultant, and 
QSequently in the direction of the third force P". 
H on the contrary, the force P' were not applied at tho 
point of intersection of tho other two, it would intersect the 
direction of their resultant R at some point E (Pig: 47), and 
th e right lines RD and F'E being then inchned to each other 
■L D 
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in a certain angle P"ER, the forces R and F' could not main* 
tain an equilibrium (Art. 16). 

94. When the directions of the three forces P, P', P' inter- 
sect in a point, this point may be considered as their point of 
application, and the conditions of equilibrium will then be 
the same as if the forces had been originally applied at their 
point of intersection. 

These conditions are, 

P cos «+P' cos «'+P" cos »"+&c.=0, 

P cos ^ -f P' cos ^' + P" cos |3" + &c. =0. 

To these must be added the equation which expresses the 
condition of their intersecting in a point. 

95. Let P, P',and R {Fig- 48) represent three forces whose 
directions intersect at the point A. If through the point C, 
assumed arbitrarily, a right line be drawn to the point A, and 
perpendiculars CI, CI', CI" be demitted on the lines of direc- 
tion of the forces, the right-angled triangles CAI, CAI', CAP' 
will have the same hypotheneuse CA : this condition of a 
common hypotheneuse will establish that of the forces inter- 
secting at a single point, since it results from the triangles 
having a common vertex. Through the point A draw the 
right line AB, perpendicular to CA, and from the extremities 
of the lines AP, AP', and AR, which represent the intensities 
of the forces, demit perpendiculars PD, P'D', RD" on the line 
AB : the right-angled triangles ACI and APD will be similar, 
having the- alternate angles CAI and APD equal to each 
other, and the following proportion will therefore obtain : 

AC : CI : : AP : AD, 
and by calling AC=c, CI=;>, this proportion becomes 

c: p ::J? : AD ; 

whence we obtain 

AD=^: 
c 

denoting by p' and r the perpendiculars CI' and CI", we find, 
in like manner, 

P'i>' Rr 

AD^=^, AD"=— . 
c c 

But if R be the resultant of P and P, the component of R 
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in the diiecdon of AB will be equal to the sum of the com- 
ponents of P and P, directed along the same line ; we con- 
sequently hare 

AD''=AD+AD'; 

and hy sobstitnting in this equation the values found abovOi 
it becomes 

or, by suppressing the divisor common to the terms, it 
reduces to 

Rr=P/>+Py (47). 

96. If the point C were situated within the angle formed 
by the directions of the forces, or in the opposite angle, the 
product of the resultant by the perpendicular r would then be 
equal to the difference of the products of the two components 
multiplied by their respective perpendiculars ; we should 

thus have /V^'^"* 

Rr=Vp-Vy (4S). J., . V 

97. The moment of a force with reference to a plane has 
been defined (Art. SI) to be the product of the intensity of 
this force by the perpendicular on the plane from the point 
of application. By analoofv, we call the viomcnt of a force 
with reference to a pointy the product of the force by the per- 
pendicular demitted on the direction of the force from the 
assumed point. The equations (47) and (4S) will therefore 
express that the moment of the resultant of two forces is 
equal to the sum or difference of the moments of its compo- 
nents, according to the position of the point C. This point is 
called the centre of moments ; and if it be situated within the 
angle PAP, or LAL' {Fi,s^- 49), the difference of the moments 
must be taken, but if it fall without these angles, the moment 
of the resultant will be equal to the sum of the moments. 

98. These two cases may be comprised in a single enun- 
ciation, by attaching to the word sum its algebraic significa- 
tion, and the moment of the resultant will then be equal to 
the sum of the moments of the two components, in which 
expression the terms may be affected either with the positive 
or negative signs. 

D2 
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99. The condition of the forces intersecting in a point 
gives rise to the preceding theorem of the moments : from 
this theorem the third condition of equilibrium may be de- 
duced. 

For, if two forces P and F {Pig' 50) are sustained in equi- 

librio by a third force F', this force must be equal in intensity 

to tlie resultant of the other two, and must act in a direction 

exactly opposite. If, therefore, a perpendicular p" be demitted 

on the line of direction of the force P", which is also that 

of the resultant R, the principle of the moments will furnish 

the equation 

Rp"=Pp+Py; 

and replacing R by — F', since the forces are equal, and act 
in contrary directions, the equation becomes 

Pp+Fp'+Fy=0. 

Thus the conditions of equilibrium of three forces situated 
in the same plane, and applied to different points, will be ex- 
pressed by the three following equations : — 

P cos «+F cos«'+F' cos «"=0 (49), 

P cosjS+Fcos^'-fP" cosiB"=0 (50), 

Pp+Py +Fy =0 (51). 

100. If the number of forces be greater than three, we 
may regard P as being the resultant of the two forces F" and 
P' : we shall then have 

P cos «=F" cos «'"-fP^ cos «'', 
P cos iS=F" cos 13"' -f F' cos ^'^ 

Pp=F'y''+P>''; 

and by substituting these values in equations (49), (50), (51), 
they become 

F cos «'+F' cos «"+F" cos «'"+P' cos -"=0, 

F cos |5'+F' cos iB"+P'" cos 13'" +P^ cos /3"=0. 

Fp' + Fy +P'>"' -h P>" =0. 

101. The same principle may be extended to any number 
of forces, and we shall therefore obtain for the general equa- 
tions of equilibrium of forces acting in the same plane, and 
applied to different points, 

P cos #-hF cos •'^F' cos #"-h&c.=0 (52), 
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Pc09^+P'cos/S' + F'cosr+&c.=0 (53), 

P/>+P//-i-P>"-eAc.=0 (54). 

102. A more convenient notalion is sometimes employed 
to express the existence of these conditions, the equations 
bein^ written in the following form : — 

l(Pcos.)=0, z(Pcos^)-0, s(Pp)=0. 
TTie clianictcr s is here employed to denote llie sum of any 
number of quantities of the same form as those included 
within the parentheses. 

103. The process whicli has led to the equation (47) fur- 
nishes an easy melliod of recognising the proper signs of the 
moments. For, if the pohit C, the centre of moments {Fig. 
61), be chosen without the angle formed by the directions of 
die extreme forces, and the forces be supposed to act by push- 
ing, being at the same time firmly connected with the per- 
pendicularsp,^', ;>", &c., these forces will all tend lo turn the 
perpendiculars in the same direction about the point C ; but 
i^ on the contrary, the centre C be situated within the anglo 
formed by the directions of the extreme forces {Pig. 62), or 
vidiin the opposite angle, the forces P, P, P", ifcc, situated 
on the same side of the point C, will tend lo turn the perpen- 
diculars in one direction, while the forces P", P', &c., on the 
opposite side, will tend to turn the perpendiculars in a con- 



trary direction. But the expressions - 



y P'p". 



&,c., rep- 



resented by the lines AD, AD', AD", &c., being affected with 
signs contrary to those of AD"', AD", dtc., it follows that all 
tlie forces whose moments are positive will tend to turn the 
system in one direction, while those whose moments are 
negative will tend to turn it in a contrary direction.* 

' Thi« ilsmomltation t> perfeclly conclusive wliPnlhedircetioniorihe leviinJ 
force* interaecl in s point; but tbe property or Ihn momenli it equaJly true 
ohcn the brce* arc not dirscl<d ta n ainglo poinL For, bj prolonging Iba 
direcllona of U17 two of the force* P tind P' unlit Okj interipcl, and joining 
Ibeir point of inlerBeclian wilh (he ccnlro o( momenl*, it mnj be proved b; the 
riMoning einplojed in An. lOa, that the tnoment of ifteir reaultinl ii Bqu«l to 
the mlgebriic lum of the moment* of the two forco P and P', (he iignaof (h«M 
CDoments bfing determined by the Jireclion* in which the (iwcca P and P' tend 
to luni (he ajiiem about (ha centre of moiMiit*. We thaU th>u h**e 
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104. If the system of forces be not in equilibrio, the 
moment of the resultant will be equal to the excess of the 
sum of the moments of those forces which tend to produce 
rotation in one direction, over the sum of the moments of 
those which tend to turn the system in a contrary direction. 

105. It appears from the preceding remarks, that the 
equation x(P/?)=0, expresses the condition that the sums of 
the moments of the forces which tend to produce rotation in 
the two directions are equal to each other. 

106# If, in the system supposed in equilibrio, we suppress 
one of the components, P for example, the remaining forces 
will have a resultant R ; and since this resultant should be 
equal in intensity, but directly opposed to the force P, the 
equations (52), (53), and (54) will be replaced by the following: 

R cos a=F cos «'+ F' cos «"+ F" cos «"'+&c., 

R cos 6=F cosi3' + F' cos i3" + F" cos i3'"+&c., 

Rr=V'p' + Vy + V'"p"' + &c. ; 

or, 

R cos''a=2(P cos «) =X, 

Rcos6=2:(Pcos0)=Y, 

Rr=:5:(Pp). 



Rr=P;7±Py. 

The double sign is not prefixed to the moment Pp, since we are at liberty to 
assume arbitrarily the sign of one of the moments. The moment Rr, deduced 
from this equation, may have cither a positive or negative value ; if positive, R 
and P will tend to turn the system in the same direction ; if negative, in con- 
trary directions. 

The forces P and F, being then replaced by their resultant R, this resultant 
can be combined with a third force R', and we shall obtain, in a similar manner^ 

RV=Rrd::Py'; 

in which equation Rr, whatever may be its essential sign, may be replaced by 
Pp±Py- The sign of the moment Py will be similar to that of Rr, if F' 
and R tend to produce rotation in the same direction, and dissimilar in the con- 
trary case. But the moments Vjp and Rr will have like or unlike signs, according 
as the forces P and R tend to turn the system in the same or in contrary direc- 
tions. Hence the signs of the moments Pp and P"p" in the equation R'r'= 
Pp±P'p'±P"p", will be like or unlike according to the directions in which ths 
forces P and P" tend to produce rotation. 

The same reasoning may be extended to a greater number of forces. 
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107. By means of these equations, the position and mag- 
nitude of the resultant may be determined. 

For, the two first equations give 

R3(cosaa+cosa6)=Xa +Y» ; 

and since the sum of the squares of the two cosines is equal 
to unity, we have 

The inclinations of the resultant to the co-ordinate axes may 
also be determined from the same equations ; for we have 

X Y 

cos a=:5-, cos 6=^. 

MX SX 

108. To establish its position in the system, we first deter- 
mine the position of a right line AB, passing through the 
origin, and parallel to the resultant. If cos b be affected 
with the positive sign, the line AB must form with the axis 
of y an angle less than 90^ : it will therefore assume one of 
the positions indicated in (Pig- 53). But if, on the contrary, 
this quantity should have the negative sign, the right line AB 
wonJd then be situated in one of the positions represented by 
(Fig- 54). Thus, whatever be the sign of cos 6, the line AB 
may assume two positions, one in which the angle formed 
with At will be obtuse, and another in which this angle will 
be acute. The sign of the cos a will determine which of 
these positions the line AB must assume. 

Having thus established the position of the right line AB, let 
a perpendicular r be drawn to it through the origin A, equal to 

jf ' This perpendicular will be represented (Pig- 55) by 

AO or by AO', according to the sign of the quantity r ; and 
the line OR or O'R', parallel to AB, will represent the true 
position of the resultant. 

109. To obtain the equation of this resultant, it may be 
observed that its line of direction will, in general, intersect 
the axis of y at a certain point B {Pig* 56), and that the form 
of its equation will therefore be 

y=x tang D+AB (55); 
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and since the angle which the resultant makes with the axis 
of 2: is denoted by a, we have D=ra, and consequently 

T^ sin a cos 6 R cos 6 Y 

tang D= = ==j =— :. 

cos a cos a K cos a X 

The value of AB may be obtained from the equation 

OA=ABxcosOAB. 

But the angle OAB is equal to the angle D, since they are 
both complements of OAD. The angle OAB can therefore 
be replaced in the preceding equation by D or a ; and since 
the line AO is the perpendicular from the origin on the direc- 
tion of the resultant, it will represent the quantity denoted 
by r ; we shall thus obtain 

rs=AB cos a \ 
and consequently, 

AB=-!— . ? » . 
cos a 

Substituting the values of AB and tang D in the general 
equation (55), it becomes 

_Y , r __Y Rr _Y Rr. 

^■"x'^'^cosa^X'^'^Rcos a^x'^'^X ' 

whence, by transposition and reduction, we find 

yX— arY=Rr; 

or, replacing Rr by its equal 5:(Pp), the equation of the 
resultant finally becomes 

yX-a:Y=2:(Pp). 

110. When an equilibrium subsists, X and Y are equal to 
zero, and the equation reduces to z(Pp)=0, corresponding 
with the result previously obtained. 

111. The data requisite for the determination of the 
resultant being, 1°. The intensities of the several forces*, 2°. 
The angles on which their directions depend ; and 3°. ^he 
co-ordinates of their points of application, it will prove con- 
venient to transform the equation (54) into another, in which 
the quantities p, />', p", <fcc. shall be replaced by the co-ordi- 
nates of the points of application. To efiect this transforma- 
tion, let the origin of co-ordinates be assumed at A {Fig. hT\ 



APPLIED TO DIFFERENT POINTS. 67 

d let r and y denote the co-ordinates of the point M to 
whicli a force P is applied : the intensity of this force bein^ 
tepieseuied bj- MP, its components parallel to the axes of * 
d y viU be respectively 

MN=P cos -, 
M(i=P cos p. 
a Ijie point A demit the perpendiculars AO, AF, and AE 
le prolongations of the force MP and its two components ; 
1^ shall then have 

OAxMP=the moment of the force P, 
AI-'xMN=the moment of the component P cos a, 
AExMQ=ihe moment of the component P cos p. 
It if lire regard the forces as pushing the point M, the 
nltant MP and the component P cos m vni\ tend to produce 
ttion in the same direction about the point A. Their 
ments may therefore be a^ected with the positive sigti; 
"b the component P cos p, tending to turn the system in a 
wnirary direction, must be ali'ected with the negative sign. 
We shall thus obtain the equation 

P/>=yP cos «— j:P cos J3, 
For a sinular reason, 

P'y>'=y'F cos «'— .rT' cos p', 

IVy^^y-'V COS a,"—x"P" COS 3", 
&.C. &.C. itc. ; 

by substituting these values in the equation of the mo- 
menB (54), it becomes 

P(ycos«— a;coS|a) + P'(y'cos«'— x'cosp')+»fcc.=0 — (50) : 
[pshall therefore have for the equation of the resultant, when 
1 is not in equilibrio (Art, 109), 

yX— xY=z[P(y cosk— z cos^)], 
U2, In determining the signs of the moments in equation 
B,we had recourse to the rule explained in Art, 103, which 
rnewhat foreign to analytical considerations ; but when, 
ya transformation, this equation takes the form indicated 
above (56), the signs of the moments will be immediately 
(lBt«rmined by an application of the rule in Arts. 37 and 3^ 
i being had to the signs of the co-ordinates. Thus, let 
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P bo a force whose posilion with respect to the co-orcIiiia1a 
axes is tiiat represented in {Fig, 58]. Tlie value of its mo- 
ment, being in general P(i/ cos u—x cos^), will become appli- 
cable to tlie particular case, by making x negative, »/ positive, 
cos • negative, cos /l negative : thus, when the signs are con- 
sidered, the moment becomes 

P[— y cos «— z cos p). 

113. It should be remarked, however, that we here adopt 
tacitly au hypothesis relative to the signs, which consists in 
regarding a moment as positive, when the direction of the 
force CD {Pig: 57) intersects the axis of y positive, and then 
cuts the axis of x negative. 

114. The equations of equilibrium (49), (31), and (51) 
imply the condition that the system may be reduced to two 
forces equal in intensity and directly opposite. For, if we 
denote by P cosb, P' cos «', ttc. the components acting in one 
direction parallel to the axis o{x, and by P" cos a.", P'" cos «'", 
&.C. the components which act in a contrary direction, the 
equation (49) may be put under the form 

Pcos K + P' cos»'-|-&.c.=F'cos«"-|-P'" cosa"'+(kc. 
But the forces P cos «, P cos «', &c., being parallel, may be 
compounded into a single force X', equal to their sum and 
parallel tD them ; and the forces P" cos «", P'" cos «'", &c. 
may in like manner be replaced by a single force X" : the 
entire sj-slem will thus be reduced to the two forces X' aud 
X", parallel and equal, but having contrary directions. 

By a similar composition, the forces parallel to the axis of y 
may be reduced to two resultants Y' and Y", equal to each 
other, and having opposite directions. 

Tbc forces X' and Y' being then applied at the point M, 
where their directions intersect [Pig- 59), and the forces 
X" and Y" at their point of intersection N, we can construct 
the rectangles MA and NB, whose sides MC, MD, NE, and 
NF shall represent tlie forces X', Y', X", Y" : and since the 
homologous sides of these rectangles are equal, their diago- 
nals MA and NB will also be equal and parallel. 

The equations X— 0, Y=0, therefore, express that forces 
situated in a plane may be reduced to two MA and MB, equal, 
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parallel, and acting in contrary directions ; but they do not 
express the condition that the two forces are directly opposed 
That this may occur, the equation 2:(P/))=0 is likewise neces- 
sary : for, calling R' and R" the two equal forces AM and BN. 
and r', r" the perpendiculars OP and OQ, demitted from the 
point 0, since R' and R" act in contrary directions, their mo- 
ments must be taken with different signs, and the equation 
2{Pp)=0 will be replaced by the following: 

But the intensities of R' and R" being equal by hypothesis, the 
common factor will disappear from the equation, and it will 
then become 

thus, the difference of the right lines OP and OQ, will become 
equal to zero, and the points P and d will therefore coincide : 
hence, the forces MA and NB will be directed along the same 
right line. 

It also appears that when the condition 2(P/))=0 is not 
fulfilled, and we have simply X=0, Y=0, the system may 
be reduced to two parallel forces similarly situated to those 
considered in Art. 74. 

115. If, on the contrary, the condition x(P/?) =0 were alone 
satisfied, an equilibrium could not subsist ; for the quantities 
X and Y having certain values, a resultant might be found 
whose intensity would be determined by means of the 
equation 

R=^(X3-fY»). 
In this case, the equation s(P/>)=iO, or its equivalent Rr=0, 
can only be satisfied by making the factor r equal to zero ; 
hence, the centre of moments must necessarily be found on 
the line of direction of the resultant R. 

116. If there be a fixed point on the line of direction of the 
resultant, the equilibrium will be still maintained, and the 
centre of moments being placed at this point, the condition 
2(P/>) =0 will be satisfied ; if, for example, the forces P, F, F', 
&c. be supposed applied to the different pointsof a solid body, 
and if the point C through which the resultant passes be im- 
moveable, the effect of this resultant will be entirely destroyed 
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by the reaction of the fixed point, and the condition 2(Pp) =0 
will be alone sufficient to ensure the equilibrium. It will 
appear hereafter that the intensity of this resultant is a 
measure of the pressure sustained by the fixed point. 

117. If the system can be reduced to two parallel forces, 
equal«in intensity, but not directly opposed, the addition of an 
arbitrary force S will render it susceptible of a single result- 
ant. For the new force S must necessarily be either par- 
allel or inclined to the direction of the forces ; in the first case 
(Pig. 60), it may be decomposed into two parallel components 
P' and Q' appU^ at the points A and B (Art. 73), and the S3rs- 
tem of three forces P, d, and S will be replaced by the two 
unequal forces P+F applied at A, and Q,— d' applied at B ; 
these two forces will obviously have a single resultant. 

If the new force S is not parallel to the other two, its 
direction may be prolonged {FHg, 61) until it intersects the 
direction of one of them at A'. This point being then taken 
as the point of application of the forces P and S, they may be 
compounded by constructing a parallelogram on their lines 
of direction, and the direction of their resultant will intersect 
that of the force CI, with which force this resultant may be 
combined. 
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118. Let P', P", P'", &c. represent diflFerent forces situated 
in space ; 

x', y', z\ the co-ordinates of the point of application of P, 
a^', y", ^\ those of P", 
x'", y"', 2?"', those of F", 
&c. &c. &c. ; 
«', /3', y', the angles formed by P' with the axes of co-ordinates, 
a", /5", y'', those formed by P" with the axes, 
« ", 0'", y ", those formed by F" with the axes, 
&c. &c. &c. 

Let us investigate the conditions of equilibrium in this sys- 
tem, and endeavour to discover if these conditions cannot be 
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1 de|«Ddent oq tbose which have been obtained in 
the preceding- cases. We first attempt to decompose all the 
forces of the system into two groups, one of whicli shali con- 
sist of [luallel components, and the second offorces situated in 
the same plane. Since the axes of co-ordinates may be as- 
sumed arbitrarily, we will endeavour to decompose the forces 
in such manner that a certain number of them may be in 
the plane of ^, y, and the remainder be parallel to the axis 
ofz. 

119. If in (he given system there be no force parallel to 
teldaneof JT, y, the proposed decomposition may be readily 
Acted; for,let one of the forces be represented by P', its 
pnnl of application being at M' {f\g. 62) ; prolong the line 
t^diiectJon of this force until it intersects at C the plane of 
J,y, and transferring the point of application to C, deconi- 
jne the force P into two others, one C^ parallel to the axis 
ttz, the other C'N in the plane of j, y. 

180. Bat if the force P' is parallel to the plane of x, y, a 
■tmilar decomposition cannot be effected, and some oiliet 
Bode of decomposmg the forces must therefore be adopted. 

For this purpose, let there be drawn through tlie point M' 
(Fig. 63) a line parallel to the axis of z, and to the point M' 
let there be applied along this hne, and in contrary directions, 
the two forces M'O and MO', having intensities equal to g" 
and —g' respectively. The introduction of these forces 
cannot disturb the condition of the system, since the two 
mutually destroy each other ; and we shall then Iiave applied 
at the point M' the three forces P", g', and — g'. 

The force P may then be compounded with — g', and by 
calling their resultant R', we can replace in the system the 
force F, by the two forces R' and g', each of which mnst ob- 
viously intersect the plane of ar, p. 

121. Let the force R' be now applied at C, the point in 
which its line of dnection intersects the plane of x, y, and let 
it be decomposed into two components, one situated in the 
plane of jr, y, and the other parallel to the axis of x. The 
force P' will thus be replaced by a force applied at C, and 
i>-ing in the plane of ar. y, and by two others parallel to the 
axis of z, one applied at C, and the other at M'- 
^H22. The co-ordinates of the points of application being 
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necessary to express the conditions of equilibrium, those of 
the point C must be determined. 

The equations of the resultant R' which passes through the 
point x\ y', ^r'jhave been found (Art. 57) to be of the form 



Z 



(57); 



in which X, Y, and Z represent the projections of R' on the 
co-ordinate axes. These projections being equal to the com- 
ponents of R' parallel to the axes, the quantities X; Y, and Z 
may be replaced by the values of the three components. But 
R' being the resultant of P' and— ^, we may substitute for 
F its three components P' cos «', P' cos /s', P' cos /j and R' 
will then be the resultant of the four forces 

Fcos«', Fcos/3', Fcosy', -^g. 

These forces acting parallel to the axes of co-ordinates, we 
shall have 

X=Fcos«', Y=Fcos^', Z=Fcosy'— g^; 

and by substituting these values in equations (57), we obtain 
for the equations of the resultant R', 

Fcosy'-^' 



z—z'-' 



z—z'^ 



F cos «' 

P' cos y' — g' 



{x—3f) 



(i/-y') 



(58). 



F cos /3' 

123. To obtain the co-ordinates of the point C {Pig, 63), 
at which the right line R' intersects the plane of x^ y, we 
make 2r=0 in the equations (58) ; and denoting by a, and 6, 
the other two co-ordinates of the point C, we shall have 

Fcosy'— ^, 



—5/=: 



P' cos a! 



— Z=i 



P'cos 



y —sr 



F cos /J' 



{a—JXf), 



from which we deduce 



a=x 



6.=y- 



z'V cos a' 
F cos y'-§^ 

z'V cos jS' I 
F cos '/—g' , 



(59): 
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these are the values of the co<>rdinates of the point C, at 
which the resultant R' intersects the plane of :r, y. 

124. The force R', being represented in intensity by the 
line MB,' [Fig, 64), may be supposed applied at C, in its line 
of direction. Then making C'D'=M'R', and decomposing 
Cl>into three rectangular forces, applied at C and parallel 
to the co-ordinate axes, these components will be equal to 
those of the force M'R' ; and the point C may therefore be 
considered as solicited by the three forces F cos « , F cos /s', 
and P cos y—g\ the two former being situated in the plane 
of I, y, aud the latter parallel to the axis of z. Thus, instead 
of the force F applied at M', we shall have 

the force g' applied at M', parallel to the axis of jzr, 
the force F cos y —g applied at C, parallel to the axis of z, 
the force F cos « applied at C, and acting in the plane of ar, y, 
the force F cos /3' applied at C, and acting in the plane of a;, y, 

125. By adopting a similar method of decomposition for 
the forces P", ?"', &c., employing the auxiliary forces g\ g". 
&c., applied at the points M ", M ", &c., the system will be 
reduced to two groups of forces, of which one will have its 
components parallel to the axis of z^ and the other will be 
situated in the plane of 2*, y. 

The forces parallel to the axis of z will be 

applied at the points M', M ', M"', &c. ; and 

P cos y—g\ P" cos y-g", P" cos y"-'g"', &c., 
applied at the points C, C ", C", <kc. 
And the forces lying in the plane of x^ y, will be 
F cos *, F' cos «", P'" cos «'", &c., 
applied at the points C, C", C", &c. ; and 

F cos ^', F' cos &'\ F" cos /3'", &c. 
applied at the same points C, C", C", &c. 

126. It will now be demonstrated that when an equilibrium 
subsists in the system, it will be necessary, 1°. that the forces 
parallel to the axis of z should be in equilibrio ; 2®. that the 
forces acting in the plane of x^ y, should also destroy each 
other. 
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For since the equilibrium is supposed to subsist, the state 
of the system will not be changed by supposing a line C'CT 
assumed arbitrarily in the plane of a:, y {Fig- 65) to become 
immoveable. The forces situated in this plane will then be 
destroyed by the resistance of the fixed line. For, every 
force in the plane of x, y must intersect the fixed line, or be 
parallel to it. In the first case, let the force be represented 
by AB, and prolong its line of direction until it intersects the 
fixed line at a point O : this point being supposed immove- 
able, the efiect of the force AB, which is transmitted to the 
point, must be destroyed. Again, if the force be parallel to 
the line C'C", its point of application E cannot be moved 
without communicating a motion to the line C'C" which by 
hypothesis is immoveable. The efiect of this force must 
therefore be destroyed by the fixed line. Thus, the forces 
lying in the plane of z^ y being destroyed, the system will be 
reduced to the group parallel to the axis oiz. These latter 
forces would obviously tend to turn the system about the 
fixed line C "C, unless the forces should be in equilibrio, or 
their resultant should pass through the fixed line. But the 
position of this line having been assumed arbitrarily, it cannot 
happen that the resultant of the forces parallel to the axis of 
z will always pass through this line. These parallel forces 
must therefore be in equilibrio. 

The group parallel to the axis of z being in equilibrio, the 
forces lying in the plane of ^, y must mutually destroy each 
other, since the equilibrium of the entire system could not 
otherwise be preserved. 

127. The problem is thus reduced to finding the conditions 
of equilibrium, 1°. of a system of forces parallel to the eixis of 
z ; 2°. of the forces acting in the plane of a:, y. 



^ ; Conditions of Equilibrium of the Forces parallel to the 

Axis of z, 

128. These conditions being the same as those enunciated 
in Art 87, the following quantities must be equal to zero, — 
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', The wm of the forces parallel to the axis of z \ 
. The sum of the moments taken with reference to the 
plane of y, z ; 
^ y. The sum of the moments taken with reference to the 
plane of t, z. 
He first of these conditions gives 

F cos y~g +g'+P' COB v'—g" +S'' 
+F- cosv"— g-'"+5-'"+itc.=0; 
or, bf reduction, 

PcOSy' + P"cOSv" + PcOSy" + ltc=0 (60). 

The second condition requires the consideration of two dif- 
fcnnt sets of moments. 

kl°. Those of the forces g', g\ g", &c., applied at the points 
iM",M%&c. 
t'. Those of the forces P cos •— g', F cos y'—g", 
P" '^^y'—g'", ice, applied at the points C, C, C", &.c. 

The moment of the force g' applied at M' (Pig. 66), 
tiken wiih reference to the plane of y, z, is g-'xM'N'; but 
M'N=BD'=a;' ; ihe moment therefore becomes g'z. 

The moment of the force F cos y — g' applied at C, taken 
with reference to the same plane, is evidently (F cos y' — g") 
XE'C, or (P cos y'—g')a, ; and the sum of the moments of 
the two forces will therefore be represented by 

g'x' + {¥ cosy— §■")«,. 
Substituting in this expression tlie value of a, (59) deter- 
mined in Art. 123, we obtain 



^Hfrfbrtning the mulliplicacions indicated, and reducing, we get 
I'F cos y'—z'P' cos ■'. 
By a similar process, the moments of the parallel forces 
applied at M", M'", C", C", &c, may be obtained, and being 
collected into one sum, the equation expressing the second 
condition of equilibrium becomes 

^_ P(x' cos V — s' C0S«')+F'(j"cOSy'— z'cOSa') 

^k +F"(a:"- COS v"'—z" COS «-')+&•*:. =0 (61). 

^KTo obtain the third condition of equihbrium of parallel 

i- 
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forces, we find the moment of the force g* applied at M'', 
taken with reference to the plane of x, z, and that of the force 
F cos y— g^ applied at C, taken with reference to the same 
plane : the first of these will be equal to g' x M'L'=^ X B'G' 
=g-'Xy'; the second will be (F cosy— g^)fr, ; and their sum 
will be expressed by 

g^y'+(F cosy' ^5^)6,. 

Substituting for b, its value (59) found in Art. 123, and re- 
ducing, we obtain 

yF cos y — 2p cos fi'. 

And by finding the moments of the other parallel forces, 
taken with reference to the plane of :r, z, we shall have for 
the third condition of equilibrium, 

F(y' cos y — 2^ cos ^) +V^(f/'' cos y"— 5;" cos /3") 
^-FV" C0Sy'"-^2?'" COS|8'")+<S&C.=0 (62). 

Conditions of Equilibrium of the Forces situated in the 

Plane of a:, y. 

129. These conditions being such as arise when the forces 
act in the same plane, it is necessary, 

V. That the sum of the components parallel to the axis 
of X should be equal to zero. 

2^, That the sum of the components parallel to the axis 
of y should be equal to zero. 

3°. That the sum of the moments of the forces taken with 
reference to the origin should be equal to zero. 

The first two conditions are expressed by the equations, 

F cos «'+F' cos •"+?'" cos «'"+(S&c.=0 (63), 

Fcos /3'+F' C0S/5"+P'" COS/3'"+&C.=:0 (64). 

With regard to the third, it may be observed, that the two 
forces F cos «' and F cos /3' are applied at the point C {F\g. 
67) ; the moment of the first, being taken with reference to 
the origin A, will be 

F cos •' X AE'=F cos «' X C'P=F cos «' . 6, ; 

in Uke manner, the moment of the force F cos /s', taken with 
reference to the origin A, will be 

F eos /a' X AFS=F cos /a' x E'C'=F cos /a' . a,. 
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Pcos.' 



These moments should be taken vith contrary signs, since 
the two componeau P" cos » and P cos ^' lend to turn tbo 
system in contrary directions about the point A. Thns, by 
Rgudiog that moment as positive in which the component 
F cos a' enters, the sum of ttie moments may be written 

P cos«'x6,— Pcos^'Xa, ; 
snlMitattog ia this expression the values of a, and (, (59), 
mget 

■ I /— n; — - ) —^ COT* I ^ — 5 -. ■ I ; 

V r COS y —g J \ PcOBy — g' / 

ind by peiibrroing the multiplications, and reducing, we 
obtain 

y'P cos ■'— 3;'P cos ^. 
s of the forces applied at C ", C", Jcc, being found 
a similar manner, the third condition of equilibrium of the 
s which lie in the plane of x, y becomes 
?(/ cos «'— jr' 005^') +P'(y" cos •"—a:" cos 3") 

+P"(y' cos*'"— j;" co3p")+&.c.=0 (65). 

. 130. The six equations of equiUbrium (60), (61), (62), 
|B3), (64), (65), may be written under tlie following form : 



r(Pcos-)=Oi 
s(Pcosfl)=OV 
i:(Pcosi.)=0^ 

S0)]=Oi 
is.)]=0^. 
.sa)]^0^ 



(66). 



i[P(y cos »—x COS 0)] = 

i[P(j:cosv— !:cos.)]=0)^ (67). 

t[P^ cos V 
[ 131, If there be a fixed point in the system, the six equa- 
Ms will not be requisite to express the conditions of equi- 
For, if the origin be placed at the fixed point, the 
squilibrium will subsist between the forces acting in the plane 
of X, y, when the system has no tendency to turn about this 
^Poini. This condition will be fulfilled when we have 
Wk i[P(y cos—z cos 0)]=O. 

^Ktemains to discover the conditions of equilibrium of the 
^^rtes parallel to the axis of 2. Let r„ y„ and be tho co- 
Ofdinaies of tiie point at which the resulUnt of the parallel 
forces intersects the plane oix,y\ the moment of this ^eBUl^ 
E2 
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ant takeD with reference to the planes of x, z, and j/, z, will be 

equal to the sum of ihe moments of the several forces taken 
with reference to the same planes ; whence we have 

Rj,=i[P{t cos 7 — ICOSb)], 

Ry,=E[P(ycosy— js cos^)]. 
If an equilibrium subsists between the parallel forcesj their 
resultant must pass through the fixed point, which, by hy- 
pothesis, coincides with the origin of co-nrdi nates, and we 
therefore have x=Q, j/,=0. The preceding equations will 
thus be reduced to 

e[P(j: cos y—Z COS«)]=0, 
i[P(y cosy— £ cosp)]=0. 
We therefore conclude that when the system contains a fixed 
point, the equiUbrium will subsist, if the equations (67) are 
alone satisfied, the origin being taken at the fixed point. 

132. When the system contains two fixed points, one of 
the co-ordinate axes may be drawn through them ; (his axis 
will thus become fixed, and the system can only be subject to 
a motion around it. A similar case will be examined in the 
succeeding paragraph. 

133. When there exists a fixed axis about which the system 
may turn, this axis may be assumed as the axis of z, and the 
forces parallel to it will produce no effect, The remaining 
forces are situated in the plane of jr, y. But the condition of 
equilibrium of these forces requires that their resultant should 
pass through the point A {Fig. 67), which point is immove- 
able, being on the axis of ^ ; and the condition of the result- 
ant'spassing through A is expressed, as above, by the equation 

i[P(y cos »— j: cos fl)]=0. 
This equation expresses that the system is in equilibrio, 
when the axis of z is supposed fixed. 

134. If we suppose, successively, the axes of y and x to 
become fixed, it may in like manner be demonstrated that 
the system will be in equilibrio, in the first case, when 

i[P(jr cos Y— z cos -)]=0, 
and in the second, when 

i[P(y cos y—z cos ^)]=0. 
136. When (he body is capable of sUding along the fixed 
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*xis, sapfoaed to be that of z, an additjooal coodition of 
eqntlifanim becoioes necesaary ; this cooditioa is expressed 
br ibe eqaadoo 

i(Pco8 r)=0. 
136. Bf compahng the ooitditioDs of eqatlibrium of a sy»- 
teiD novBafale about a fixed axis, with those which obtain 
vfam the Systran tarns about a &xed point, we infer, That 
a ipnlihrium viU lake place about the fixed point icAeti, bjf 
nganling the axes passing through this point as fixed in 
iiaeesaion, the e^Uibriitm is taaintained with reference to 
eadk of them. 

137. If ihe forces be supposed lo act against a fixed plane, 
rhich may be assumed as the plane of r, tf, the components 
perpendicnlar to it will be destroyed by the icaction of the 
pJme, and the conditions of equilibrium will thus be reduced 
lo ihoM of finces acting in a jAane ; ve consequently have 

i(P cos .)=0, 
r(Pcosfl)=0, 

l[P{y cos m—X COS P)]=0- 

138. If a body be supposed placed on a fixed plane, being 
ai Ihe same lime liable to be overturned by the action of the 
forces exerted upon it, we must add to these three equations 
the condition, that the resultant of the perpendicular forces 
shall pass through a point in which the body touches the 
plan^ or that ii shall intersect the plane within the polygon 
tbrmed by connecting the points of contact. 

139. The discussion of this subject will be terminated by 
the solution of ihe following problem : To find the analyti- 
cal condilion expressive of the existence of a single restilt- 
nnt of any number of forces situated in space. The system 
will admit of a single resultant, when the resultant of the 
components parallel lo the axis of z intersects the plane of 
I, y, in a point situated on the resultant of the forces lyioff 
in that plane. To express this condition, we remark, that in 
case of an equilibrium, the fallowing relations must subsist 

tlhe forces parallel to the axis of z (Art. 128) : 
P COB v+F cos v'+F' cos y "+&c=0. 



I 
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I 

P(a: cos y— z cos «)+P(ar' cos y— js' cos a!) 

+?"(«" cos y"-J2" cos «")+<kc.=0. 
P(y COS y— jr cos /5)+F(y' cos y'— 2;' COS jS*) 

+F' (y" COS y"— jg'' cos 0")+&c.=O. 

If we consider P cos y, the first of these forces, as equal 
and directly opposed to the resultant Z of all the others, we 
shall have Z= — P cos y, and 

— P cos y=F cos y'+F' COS y"+<kc. 

— V{x COS y — 5r COS «)=P'(a:^ cos y' — «' COS «') 

+F'(x" COS y"-2r" COS 0+<kc- 
— P(y cosy— jzr cos ^)=F(y' cos •— jz/ cosp!) 
+F'(a:" cos y"— ;&" cos /s")+&c. 

The point of application of the resultant being supposed in 
the plane of or, y, let Xy, ^y, and be the co-ordinates of this 
point ; these values, being substituted in the first members of 
the preceding equations, give 

— P COSy=F cos y'+F' COS y"+&C., 

— ^P cos yar^=P'(a:' cos y'— z' cos«') 
+F'(a;'' cos y"— jc" cos *")+(S&c., 

— P' cos yy,==^'{y^ cos y — 2/ cos e!) 
+F(y" cos y"— ;r" cos/)+&c. ; 

and denoting by M and N the second members of the two 
last equations, and replacing the factor — P cos y by its value 
Z, we obtain 

Z=P'cosy'+iSx., 

ZXy=:M, 

wheoce we deduce 

Having thus obtained the values of the co-ordinates of the 
point at which the resultant of the parallel forces intersects 
die plane of x, y, it remains to express the condition that this 
point shall be found on the direction of the resultant of those 
forces which are situated in the plane of 2:, y ; the equation 
of the latteir resultant (Art. Ill) is 
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Xy-T.c=i[Ptyo 
ud poOi^ for brcTFty, 



z\Piy cos •— « cos fi)]='Lt 



Xy-Yx=L; 

npliciog z and jr in ttus equation by the valaesof t,, andy,, 
detennioed above, the required condition will be expressed, 
sad ve shall obtain 



or, by redncdoQ, 

XN=LZ+MY (68). 

If this equation be satisfied, the system will admit of a single 

nsultant, except in the case when 

X=0, Y=0, Z=0. 
UO. When the forces are situated in the same plane, the 

Bysiem will Id general admit of a single resultant ; for the 
*juantities M and N which represent the sums of the moments 
t&keu with reference to the piaues of j', z, and y, z, being 
equal to zero, as also the quantity Z which expresses the 
sum of the components F cos y', P" cos y", &c,, the equation 
(68) will be satisfied. 

141. It appears from Art. 114 that the equations X=0 
and V=0 express the condition that the forces lying in the 
plane of x, y may be reduced to two equal resultants R' and 
R", parallel to each other, and acting in contrary directions. 
By a similar process, the forces parallel tn the axis of z may 
be reduced lo two, Z' and Z", equal and acting in contrary 
directions. Heuce, when we have simply Ihe conditions 
X=0, Y=^0, and Z=0, the system maybe reduced to four 
forces R', R", Z', Z". These may be still further reduced to 
two equal forces, having parallel and contrary directions. 



^ Iff the principal Plane, and Analogy existing' be- 
tween Projections and Moments. 

142. The theory of the principal plane, which presents 
results so nearly allied to those obtained in the theory of mo- 
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ments, is of such importance in the higher branches of me- 
chanics, as to forbid its omission in an elementary treatise. 
It is founded on a theorem demonstrated in the elemuntary 
treatises on the Differential Calculus, which may be enun- 
ciated as follows : The projection of a plane surface upon a 
plane is equal to the area of this surface mnliiplied by the 
cosine of the angle of inclinatioiu 

It follows, from this theorem, that if <p represent the angle 
formed by two planes, and \ the area of a surface situated in 
the first plane, the projection of this area on the second plane 
will be expressed by a cos p. But the angle ^ included be- 
tween the two planes MF and EN (Pig- 68) is equal to that 
included between the two perpendiculars dcmitied from a 
point C on these planes. If one of these planes, EN for ex- 
ample, be supposed that of t, y, the perpendicular AH will 
become parallel to the axis of z. Thus the angle formed by 
the plane MF with that of x, y,\s measured by the angle in- 
cluded between the perpendicular BKand the line AH par- 
allel to the aj(is of z. 

In general, if «, fl, and y represent the angles formed by 
the perpendicular to a given plane with the three co-ordinate 
axes of ar, y, and z, these angles will measure the inclinations 
of the assumed plane to the planes of y, z, x, z, and a-, y, re- 
spectively. 

143. Let «, js, Y, and «, /, i", represent the angles formed 
respectively by any two planes with ihe three co-ordinate 
planes, these angles being equal to those formed by the per- 
pendiculars to the given planes with the axes of co-ordinates. 
By introducing the cosines of these angles in the formula 
expressing the value of the cosine of the angle included be- 
tween two lines, the value of their inclination ^ may be 
determined. 

If we draw through the point C {Pig. 69) the lines CA 
and CB perpendicular to the given planes, these lines will 
contain between them the angle 9, and its value will result 
from the formula 

COSp^COSi COSw-f COS.'cOS|e-i-COSi"C0Sy (71). 

144. When the angle p is a right angle, its cosine will be 
^feHual to zero, and the equation becomes 
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COS ( COS «+COS I COS j8+COS (" COS y=0. 

145. From the formula (71) we deduce a very remarkable 
properly of projections. For, lei there be two planes, the first 
of which fonits wiili the co-ordioate planes the angles a, b, 
and f, and the second the angles a, s, -/ ; the angle * included 
bflffttn these planes being deduced from the formula ^71), 
we have 

cos 9=cos a cos >4-cos b cos ^+co5 c cos y. 
Bui if we represent by a the area of a plane surface situated 
in (be lirst plane, the preceding equaUon being multiplied 
bj A, gives 

Acos p=A COS a cos «+a cos 6 cos 4+a cos c cos y (72). 

Tlif product * cos^ is equal (Art. M2) lo the projection of the 
wa A on the secoud plane, and the products a cos a, a cos 6, 
isA cos c are, in like manner, the projections of the same 
u«a on the co-ordinate planes. 

U6. The equation (72) therefore gives rise to the following 
theorem : The projection of a plane surface on any plane u 
Cpai to the sum of the products of its projections on each of 
Ike co-ordinate planes, multiplied respectively by the cosines 
of Ike angles , f, and y, which measure the inclinations of 
the plane of projection to Ike co-ordinate planes. 

This theorem becomes much more general, if, instead of the 
area A lying in a single plane, we consider several areas 
', a', a", A-c. situaled in different planes, and projected on a 
plane whose inclinations to the co-o dinale planes are de- 
noted by a, ^, and y : to avoid repetition, let us call the plane 
of projection «, jb, v, and denote by 

9 and ) the inclinations of the ( to the plane b,|S, y, and 
area a ( to the co-ordinate planes, 

} the inclinations of the \ to the plane a, 3, y, and 
area a' ( to the co-ordinate planes 

^■^f" and / the inclinations of the t to the plane s, 3, y, and 
^^r,6", c", ) area a" ( to the co-ordinate planes, 

^P &.C. &.C. &.C. 

By a method similar to that in which equation (72) was 
obtamed, we can obtain similar expressions for the projections 
of the different areas; thus, . 



<hb,c,) 

f'and J 

tf, 6', e\ S 

if and / 



(73). 
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A COS ^=A COS a COS «+A COS i COS /3+A COS C COS y, 

a' COS ^'=a' cos a' COS .-hA' cos 6' cos fi+x' cos c* cos y, 
a" cos ^"=a" cos a" COS «4-a" cos 6" cos ^+a" cos c" cos y, 
&c. &c. &c. &c. ; 

whence, by addition, 

A cos ^+ a' cos^'+a" cos^"+&c. 
=(acos a 4- a' cos a' + a" cos a"+&c.)cos* 
+(a cos 6 4- a' cos bf+yJf cos 6''+&c.)cos fi 
+ (a cos c+a' cos c'+a" cos c''4-&c.)cos y 

The first member of this equation is the sum of the pro- 
jections of the areas \ ^\ x", &c. on the plane «, ^, y ; and the 
terms included within the brackets express the sums of the 
projections of the same areas on the co-ordinate planes. We 
therefore conclude that the enunciation of the theorem in 
Art. 146 will, in the present case, require to be so modified: 
that we may substitute in the place of the plane area ^, a sur- 
face composed of any number of plane areas x, x', x", &c. 
situated in different planes: this modification renders the 
theorem much more general. 

147. For the purpose of simplifying the last equation, let 
us denote by P the sum of the projections of the areas 
X, k', \'', <kc. on the plane a, j9, y, and by A, B, and C the re- 
spective sums of the projections of the same areas on the three 
co-ordinate planes ; the equation will thus be reduced to 

P=A cos *-fB cos /8+C cos y (74) 

148. It should be observed, in taking the sums of these pro- 
jections, that the cosines of the angles which enter into the 
expressions are positive or negative, according to the values 
of a, b, c, a', 6', c', &c ; thus, these sums will occasionally be 
changed into difierences. For this reason, we should under- 
stand the enunciation of the general theorem as being appli- 
cable to the algebraic sums of the projections. 

149. Let the areas x, x', x", &c. be now projected on two 
other planes which form with the co-ordinate planes the 
angles « , /af, y', «", ^', y" ; and denote by P' and P" the sums 
of the projections of x, x', x", <fcc. on the planes «', 0\ y' 
a\ fi y", respectively ; we shall obtain equations similar tc 
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(74), and if we represent, as above, by A, B, and C, the sums 
of the projections of x, x', x'', d&c. on the co-ordinate planes, 
we shall have 

P =Acos« +Bcos^ -fOcosy ^ 

F =A cos *' +B 008)3' +C cosy' > (75). 

F =A cos «"+B cos i8"+C cos y" ) 

150. If the planes upon which the projections P, P', and 
P" are made be supposed rectangular, their intersections 
will be perpendicular to each other, and may therefore be 
i^^arded as three rectangular axes, which intersect at a 
point ; consequently, by representing these new axes by Ox' 
(hf^mdOz^, they will be respectively perpendicular to the 
new planes of co-ordinates ; but the axes of x, ^, and z were 
likewise perpendicular to the primitive co-ordinate planes ; 
hence, the angles formed by the primitive axes with the new, 
will be measured by the inclinations of the primitive co- 
ordinate planes to the new. These angles of inclination are, 
by hypothesis *, /g, y : *', 0', y ; *", ^", y" ; and since each of 
the primitive axes corresponds to the same letter although 
differently accented, we find that 

The axis of x forms with the new axes the angles «, *', a", 
The axis of y forms with the new axes the angles /?, /3', F^ 
The axis ol z forms with the new axes the angles y^y\ y". 

The following relations will therefore subsist between the 
cosiaes of these angles, 

cos* «-fcos* «'+cos* *"=1 ^ 

cos> ^ +cos» /J'+cos» /3"=1 > (76). 

cos* y+COS* y'+COS* y'' = l J 

Again, since the angle formed by any two of the primitive 
ttes is a right angle, we shall obtain (Art. 144) 

COS « cos ifi-f-cos «' cos ^'+cos A cos /g"=0 ^ 

cos « cos y-f cos *' cos y'-f cos a COS y"=0 > {JT). 

COS fi COS y +COS ^ COS y'+COS ji' COS y " = ^ 

151. If we take the sum of the squares of the equations 
(75), redacing by means of (76) and (77), we shall obtain the 
ftiation 

pt 4.pf +pff =A*+B«+C» (78); 



F 

■ which expresses that the sum of the squares of the projec- 

H tions of the areas a, x', a", dec. on any three rectangular planes 

H is a constant quantity. 

H 152. Several important consequences may be deduced 

H from this theorem : thus, if we resolve the equation (78) with 

V reference to P, we find 

P=^{A'+B'+C'-P"-P"'). 
The value of P will evidently be greatest when P' and P" 
are equal to zero. In this case, the sum of the projections of 
A, a', a", &c. on the plane <, d, >-, will bo given by the equation 

P=v'(A»+B'+C') (79). 

But the angles >, <■', ■ ", being the angles formed by the primi- 
tive axis of X, with the three new axes, we must have the 
relation 

A=P cos «+P' cos «'+F' cos ■" ; 

and by considering the other angles, we obtain in like manner, 

B=P eos^+P' Cosfl'4-F cos^', 

C=P cos y+P' cos j'+P' cosj". 

if we suppose, as above, the quantities P' and P" to be equal 

to zero, the preceding equations reduce to 

A=Pcos., B=Pcos^, C=Pcosy (80). 

whence, 

„„. A , B C 



and by substituting for P its value given in equation (79), 
we find 




^(A'+B«+C») 

B 
^(A'+B'+C») 

C 



.(81). 



-^(A»+B'+C») . 
These angles express the inclinations of the plane of maxi- 
mum projections, which is called the principal plane. 

The determination of this plane being dependent only on 
the angles «, ^ >, the same property , will be enjoyed by every 
parallel plane. 
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153, U mxy also be demonstrated that the sam of ^ pro- 
jections o( the areas a, x', a", &x., on every plane which is 
equally todined to the principal plane, will be equal to a con- 
dant quantity. For, let Q, be tlie sum of the projections on 
my plme vhose incUnalioos to the co-ordinate planes are 
deoottd byo, &, and c: if we represent, as heretofore, by A, 
B, C the projections of these areas on the co-ordinate planes, 
we ^lail have 

a=A cos a-fB coaft+C cose; 
tntlfa,^, y denote the inclinations of the principal plane, 
tfueqiuiioas (80), which are 

A=Pcos", B=Pcoss, C=Pcosy, 
v91 redtice the preceding equation to 

(i=P(cos a COS --f-cos 6 cos B-^cos c cos y). 
Ilu quantity within the brackets being equal to the cosine 
nf ihe angle included between the principal plane ■, S. v and 
ihe assumed plane a, b, c, we shall have, by calling this in- 
clination f 

Q=Pcos#; 
ind since P represents the sum of the projections on the prin- 
cipal plane, which, by Art. 152,is equal to ^{A.* 4-B' -t-C»), 
the substitution of this value gives 

a=v'(A'-J-B"-FC')xcosl (82). 

But the projections A, B, and C remaining the same, it follows 
ffora Ihe equation (82) that the value of ft, the sum of the 
projections on any plane, w0l be constantly the same for all 
planes having the same inclination to the principal plane. 

h also appears that this sum will increase or diminish in 
tbe same ratio as cos i. 

154, Lastly, it may be remarked that the sum of the pro- 
isctioDs on every plane perpendicular to the principal plane 
» equal to zero ; for »=90° gives cos #=0, and Q,=0. 

155, The several theorems relative to projections which 
iuive just been demonstrated are likewise applicable to the 
tsse of moments. For, let the centre of moments be sup- 
PiMed to coincide with the origin of co-ordinates, and con- 
niva the plane ■, ^s, y to pass through the origin : if from the 
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points of application of the several forces we lake upon their 
respective lines of direction, portions wliicli Mhall be propor- 
tional to the intensities of these farces, these lines may be 
represented by the lellers P, P', P", Sec. The centre of ino- 
ments may then be regarded as the common vertex of several 
triangles, of which P, P', P", &c. represent the bases: the 
projections of these triangles upon the piano «, ^, y, and on 
the co-ordinate planes will likewise be triangles, their bases 
p, p', p", &c., being the projections of the lines P, P', P", »fcc., 
and their altitudes A, A', A", »S:c., being the perpendiculars de- 
mitted on the lines p, p', p", &.c. from the centre of momenta. 
These valnes being substituted in equation (73), which 
may be written under the following form : 

2(the projections on the plane a, js, y) = 
S The projections on the co-ordinate planes multiplied ) 
t respectively by the cosines of the angles of inchnalion i ' 
convert it into 

ipk + \p'h'+\p"fi"-i-&.c.= 

{The projections on the co-ordinate^ 
planes multiplied respectively by the }• (S3), 
cosines of the angles of inclination J 
The second member of this equation will contain similar pro- 
ducts, and the factor J will therefore be common to the two 
members ; this being suppressed, the first member will re- 
duce to 

pk+p'h'+p"k"+&c. 
But p, p\ p", itc, being the projections of the right lines P, 
P', P", (fcc, the products pk, p'h', p"/i", ifcc. will be the mo- 
ments of the lines p, p\ p", &c., taken with reference to the 
origin of co-ordinates. The same remarks being applicable 
to the second member of equation (S3), it follows that the 
of the moments of the projections of the forces on the 
plane s, fl, y, which passes through the origin of co-ordinates, 
is equal to the sum of the moments of the projections of the 
same forces on the three co-ordinate planes, multiplied re- 
spectively by the cosines of the angles of inclination. 

166. By making similar substitutions in equations (78), it 
may likewise be proved that the sum of the squares of the 
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of the difereDt forces, when projected on three 
lectangulai planes, is a constant quantity. 

Tlie equations (80) make known the position of the plane 
in which the sum of tiie moments will be the greatest pos- 
lAle. And the equation (79) determines tlie sum of the 
on tlie principal plane. 
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157. The particles of matter are constantly subjected to the 
Ktioa of a force which tends to draw them towards the earth, 
m directions perpendicular to its surface. This force is called 
the force of gravity. 

The earth being nearly spherical, the lines of direction in 
rtich material points tend to move, will converge towards 
in centre ; and since the distance of this centre from the sur- 
liee is exceedingly great when compared with the dimcn- 
Was of those objects which we usually consider, the direc- 
lions of the forces which act on the different particles of tlie 
Mme body^ may, without sensible error, be regarded as 
puailel. 

158. It is known from observation that, as we recede from 
ihe centre of the earth, the intensity of gravity diminishes in 
the inverse ratio of the square of the distance included be- 
tween the centre and the place of observation. For example, 
if a body be placed at a certain distance from the centre of the 
nnb, assumed as unity, and be subsequently transported to 
finances represented by 3, 3, 4, &c., the intensity of the force 

•( gniTity will become 571 of 771 ''^'^■i <*' p 51 ici ^*^' "^ 

niat it was at the distance of unity. 

159. The earth being Hattened towards the poles, and pro- 
UlierBnt at the equator, it follows, that in going from the 
fqUMor towards the poles, we must necessarily approach the 
(Wire of the earth, and the intensity of gravity will therefore 
"itrease. It mil appear hereafter in discussing the subject of 
"^ntrifugal forces, that from another cause, the intensity of 

'>'-' force of gravity is greater at the poles than at all other 
r'^u:es ou the earth's surtace. 
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160. Theactionofgravitybeingexertedonall thepaiticles 
which compose a body, these panicles may be re^rded as 
solicited by forces whose dtreciions are parallel ; the resullaot 
of these forces is equal to their sum, and constitutes what is 
called the weight of a body. Hence, if ihe bodies considered 
are horaog;eneous with each other, their weights will be pro- 
portional to their volumes. 

161. The term density ia used to express the greater or 
less number of particles contained in a body of a given 
volume, when compared with the number of particles con- 
tained in some other body assumed as a standard. IC we 
assume as the unit, the quantity of matter contained in a 
cubic foot of a given substance, distilled water for example, 
and compare tliis quantity with that contained in a cubic 
foot of any other substance, their ratio will express the density 
of the second substance. Let this ratio be denoted by D. 
If the second substance considered were gold, by calling D 
the density of gold, we should have 

The quantity of matter in) _ (, D X Tlte quantify of matter 
a cubic foot of gold ( } in a cubic foot of water ; 

whence 

y^_QHnntity of matter in a cubic foot of gold 
Quantity of matter in a cubic fool of water 

162. In the preceding article we have considered bodies of 
the same volume ; but if we wish lo estimate the quantity of 
matter contained in a homogeneous body whose volume is T, 
the quantity D must be taken as many times as there are 
units of volume in the volume V ; we shall thus Iiave 

M=DV (84). 

The quantity M is called the mass, and evidently expressea ' 
the relation between Ihe quantity of matter contained in the 
body, and that contained in the unit of volume of the sub- 
stance assumed as the standard. 

163. If the intensity of gravit}' were the same at all place^ 
Ihe weight of a body would be proportional to its mass, and 
might be represented by the same quantity. For, if g deiiots 
tlie effect exerted by gravity on the unit of mass, or iba 
vej^t of the uiiit of mass, and W the weight of 
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Ml luLTe,fiom the definition of the weight, Ws=M^ ; in 
lliich expression the quantity g will be constant, and may 
be assumed as the unit ; we shall thus obtain the relation 

W=M (85). 

lUf equation merely expresses that the number of units of 
weight is equal to the number of units of mass. 

Bat, if by transporting the mass to different distances from 
Che earth's centre, the intensity of gravity be subject to varia- 
tkm, the quantity g will be variable, and the equation ex- 
pressing the relation between the mass, weighty and intensity 
cf gravity, must then be written under the general form 

W=M^ (86). 

164. From the equations (84) and (86), we deduce 

W=D\>; 

"whidi indJcatca that the weight varies prcporticnaUy to the 

gravity gj the volume F, and the density D, 

166. If, for example, two bodies of the same volume be 

subjected to the action of the same force of gravity, their 

iveig^ts will be in the direct ratio of their densities. 

The intensity of gravity varying only with change of 

place, it follows that g will be constant for all bodies at the 

same place. 

166. If there be any number of points firmly connected 

together, and solicited by the weights P, P', P'', dec, we may 
legard these weights as parallel forces ; and denoting the 
coordinates of the respective points by x^ y, z, a:', y', jr', 
«", y", j&", &c., we shall obtain, from Art. (80) and (81), the 
expressions for the co-ordinates of the centre of parallel forces ; 
Aese co-ordinates being represented by Z/, y/, 5?/, we find 

Par+P'x'-fF'^^-f&c. 



x,= 



P+P' + F'+&c. 



Py+py+Fy^-f&c. 

y»- P+F + F'+&c. ' 

_ Pz + PV+ F^ z^^-|-&c . 
^'^ P+F+P^-f&c. • 
167. When the forces are exerted, as in the present in- 
stance, by the action of gravity, the centre of parallel forces 
ii called the centre of gravity. Let m, m\ ml\ &c. represent 

P 
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1 72. J7ie centre of gravity G of the area of a triangle ABC 
(/■Yg". 73) is found by drawing a line CD from the vertex to 
the middle of the opposite side, and taking a part DG equal 
to one-third of the whole lifie CD. For, since the line CD 
passes through the middle of all the lines parallel to tiie base 
AB, it contains the centre of gravity of the area of the tri- 
angle : for a similar reason, this centre must lie on the line 
AE drawn through the middle of the side CB : hence, it is 
found at the point G, tlie intersection of these two lines. But, 
by connecting the points D and E, we form the triangle BED, 
which is similar to the triangle BCA, since the two triangles 
have a common angle, and the sides adjacent directly propor- 
tional : the line DE is tlierefore parallel to AC, and the tri- 
angles ACG and DEG are likewise similar; hence, 

CG : GD : ; AC : DE : : AB : BD : : 2 : 1 ; 

from which results 

CG=2GD, 
and, consequently, 

CDorCG+GD=3GD, 
or, 

GD = JCD. 

173. To find the centre of gravity of a triangular pyra* 
mid, we draw through the vertex and the centre of gravity 
of the base, the line AG {F^g, 74), and take the distance 
CfO = JAG ; the point O will be the centre of gravity of the 
pyramid. 

For, if we conceive the pyramid divided into an infinite 
number of elements by planes parallel to the base BCD ; the 
line AG will pass through tiie centres of gravity of all these 
elements, and will tlierefore contain the centre of gravity of 
tlie pyramid. In like manner, by drawing the line DG^ 
through tlie vertex D and the centre of gravity G' of the oppo- 
site hce^ this line will also contain the centre of gravity of the 
pyramid. But, since the lines AG and DG^ are situated in the 
piane of the triangle AED, and are not parallel, they will 
inlenac^ and hence the centre of gravity of the pyramid will 

farad It Oy their point of intersection. 
Mpaukti O and C being connected, the triangles EG'G 
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and EDA will be similar, since they have a common angle E 
and the tides containing it directly proportional ; hence, GG^ 
ispaiaUei to AD, and the triangles AOD, GOG' are likewise 
similar; fit)m these we obtain 

GG' : AD : : GO : OA ; 

but the similar triangles EGG' and EDA give 

GG': AD:: EG; ED; 

^vbeooe, by comparing these two proportions, we have 

GO :0A:: EG: ED:: 1:3; 

aodfiom this proportion we. find 

3G0=0A ; 

adding GO to each member of the equation, there results 

4G0=0A+G0=AG, 

G0 = {AG. 

174. In general, the centre of gravity of any pjrramid {Pig. 
75) is situated on the right line SF, drawn from the vertex 
to the centre of gravity of the base, and at a distance 
P0=JSF. If wc draw through the point O thus deter- 
niined,a plane parallel to the base of the pyramid, this plane 
will contain the centre of gravity of the pyramid. For, if 
through F, the centre of gravity of the polygonal base, the 
lines FA, FB, &c. be drawn to the several angles of this poly- 
gon, we shall form as many triangles as the figure has sides, 
and these triangles may be resfarded as the bases of triangu- 
lar pyramids having a common vertex S. The lines drawn 
from the vertex S to the centres of gravity of the several 
triangles will be cut proportionally by the plane parallel to 
the base, and the points of intersection will therefore be situ- 
ated at distances from the base, equal to one-fourth of the 
distance from the base to the vertex of the pyramid. Hence, 
these points of intersection will be the centres of gravity of 
the several triangular pyramids. But the centres of gravity 
^f all the partial pyramids being situated in the same plane 
pa^lel to the base, it follows that the centre of gravity of the 
whole pyramid will likewise be situated in this plane. It 

&^U8t also be found on the line SF, which contains the centres 

8 
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of gravity of all the sections parallel to the base, and we 
therefore conclude tl^t the centre of gravity of any pyramid 
is situated on the line drawn from the vertex of the pyramid 
to the centre of gravity of the base, and at a distance from 
the base equal to one-fourth of the entire distance to the vertex, 

175. To find the cetitre of gravity of the area of a polygon. 
Let the polygon be divided into triangles {Fig- 76), and de- 
note by a, a', a", &c., the areas AJBC, ACD, ADE, dtc of 
these triangles : let weights proportional to a, a', a'\ &c. be 
supposed applied at the centres of gravity G, G', G", &c., of 
the several triangles. The centre of gravity of the aren 
ABCDA may then be found by the proportion 

a+a' : a : : GG' : G'O. 

In like manner, the centre of gravity K of the area ABCDEA 
may be found by determining the resultant of a+a" acting 
at O, and a" acting at G". Its position will be ascertained 
by the proportion 

a+a'+a" : a" ::0G": OK; 

and the same process may be continued for any number of 
triangles. 

176. This problem may also be solved by means of the 
equations of parallel forces. For let Xf and y^ denote the co- 
ordinates of the centre of gravity of the polygon {Fig. 77) : 
from the theory of parallel forces we obtain the equations 

Rr,=Pa7+PV+FV+FV', 

%,=py+py+P'y'i-FY"- 

And denoting as above by a, a', a", a'", the areas of the tri- 
angles ABC, ACD, ADE, AEF, we shall have, since the areas 
may be substituted for the weights to which they are pro* 
portional, 

P=a, F=a', F'=a", F"=a"' ; 

and the preceding equations become 

R=a+a'+a"+a'", 

_ ax-{-a'x'+a"x''+a '"x" 
^'"" a+a'+a''+a' 






ay+a'y'+a"y"+ a"'V 
^'~ a+a'+a"+o' 
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nnu, having taken the part OP=:x„ we draw the line P6 
poallel to the axis of y and equal to y, ; the point 6 will be 
the centre of gravity. 

177. To find the centre of gravity of the perimeter of a 
polffgim. We proceed in the present case in a manner similar 
to that adopted in the preceding example, merely observing 
that the centre of gravity of each side will be situated at its 
middle point, and that these points may be regarded as 
loaded with weights proportional to the sides. 

178. Th find the centre of gravity of the arc of a plane 
turn. If the curve be divided into elementary portions, 

, the value of the element mm/ (Fig* 78) will be expressed by 
V(dx*+dy*)j and since this element is indefinitely small, its 
aotre of gravity may be regarded as coinciding with its 
middle point o, and having the same co-ordinates x and y as 
the point m; the moment of mm' with reference to the axis 
of Xjwill therefore be 

op >Cmm'=y X ^{dx^ +dy*), 

and its moment with reference to the axis of y, will be 

oqXmm'=xXy/{dx^+dy^y 

Itx, and y, represent the co-ordinates of the centre of gravity, 
and s the length of the curve MM', the moments of this arc 
supposed concentrated at its centre of gravity, taken with 
reference to the axes, will be respectively sx, and sy, : and 
since these moments must be equal to the sum of the mo- 
ments of the elements, we shall have 

sx=fxy/{dx^ +dy^), 

sy,=fy^^{dx^-^dy^)\ 
and the length of the arc MM' will result from the formula 

s—fy/{dx^+dy^). 

179. Let it be required, for example, to determine the centre 
of gravity of the arc BO of a circle (Pig. 79). The co- 
ordinate axes being selected in such a manner that the arc 
shall be bisected by the axis of abscisses passing through the 
centre of the circle, the arc will be divided sjonmetrically by 
this axis, and the centre of gravity of the arc will then be 
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found on this line; hence, we shall have y,=0. It 
therefore be only necessary to determine the absciss AGs 
of the centre of gravity of the arc BO. But the value of 
results from Art. 178 ; thus, 

3T,-fx^(dx'+dy^) (87). 

To integrate the second member of this equation, we elinu 
nate one of the variables by means of the equation of tts.€ 
circle, which is 

y'=^a^—x^ (88); 

and by differentiating this equation, we obtain 

ydy=— arefe; 
whencCi 

and by substituting this value in the expression ^/{dx*+dy*)f 
we have 

^(cfa»+dy>)=\/(^^^^y'); 

which, reduced by means of equation (88), gives 

^((ir«+rfy»)=^; 

this value being substituted in equation (87), we find, by 
integration 

fx^(dx^+dy')=ay+B (89), 

the quantity B representing an arbitrary constant. 

If we denote by c the chord of the arc BO, and wish to 
determine the centre of gravity of the arc which it subtends, 
we must integrate between the limits y=lc, f/=:—ic. But 
since the arc extends from O to B, this integral will become 
zero at the point O, the ordinate of which is f/=—^c. This 
supposition reduces equation (89) to 

0=— |ac+B; 
ftf eiiiiiiiiating B between this equation and (89), we find 

fx^{dx^+dt/^)^ay+\ac] 

y=^\Cj for the purpose of taking the entire 
the point O to the point B, we obtain 
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J of: 



elizc- 



CENTRE CP GRAVITY. C, 



lUdi nhe sdfaBtitoted in equation (S7), gives 



radius Xchard .q^^. 




arc 

drdnr «f Ifte cetilre ^ gravity is therefore a fotarthpnh 
ftrimd ts the arc, the chordj and the radius. 

M njtad ike centre of gravity of a curve of double 
STf imgeneralj thai of any line situated in space. 
for the element of a curve of double curva- 
tanlaag 

^{dx'+dy' +dz^) (91), 

of this element be taken with reference to 
planes. The co-ordinates x, y, and z repre- 
of this element from the planes of y, r, x, z^ 
and xfLsidlibe respective moments will therefore be 

M^dx^ +dy* +dz*) 1 

9^dx^+dy»+dz^) \ (92); 

s^(ifa»+rfy»+rfrO J 

conawgiHillVL if we denote by x,, y,, and z, the co-ordinates 
of the cams of gravity, and by s the length of the arc, these 
qriifUfnrf will be determined by means of the equations 

r=//(rfx«+rfy»+^r«) 
«=/x^(rfx>+rfy«+rfc;«) 
jy.=/y^(dx« +rfy» +rfr») ^ ' ' " ' ^^^^• 
fr=A^(rfx«+rfy>+rfc») 

181. Let it be required to apply these formulas to the 
of a right line situated in space. Assume the origin at 
extremity of the line ; the equations of the line will then 
be of the form 

x=:««, y=/ti (94); 



dx=mdZf dy=fidz. 

valtifli substituted in the expression (91), give 

^(ito« +dy» +«te«)=&^(l +•• +/»•); 



^ \ # . • • • 
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/-y«dy=-iy3+|-. 



Putting y=0, to obtain the value of the entire integral firoax 
C to D, we have 

This value substituted in equation (96),giv6S 

but sinoe a represents in this expression the area CDB| W9 
have 

A=} area CDEB, 
whence, 

^' 12 area CDEB' 

and we therefore conclude, that the distance from the centre 
of gravity of a circtdar segment to the centre of the circle is 
equal to the cube of the chord divided by twelve times the area 
of the segmsnt. ^ 

184. To find the centre of gravity of a circular sector CAE 
{Fig, 83). The centre of gravity is evidently situated on 
the radius AB which divides the sector into two equal parts ; 
it will therefore be only necessary to determine the value of 
the absciss AG. If we regard the sector CAE as composed 
of an infinite number of elementary sectors, the centre of 
gravity of each will be situated at a distance from the point 
A equal to two-thirds of the radius AC, since these sectors 
may be considered triangular. Hence, if from the centre A, 
with a radius equal to two-thirds of AC, we describe the arc 
HK, the centres of gravity of all the elementary sectors will 
be distributed uniformly along this arc ; and consequently, 
the centre of gravity of this arc will coincide with that of the 
circular sector. But if Xi denote the absciss AG, we have, by 
Art. 179, 

_ AHxchordHK , 
*' arc HK ' 

and from the similarity of the sectors AHK and ACE, vre 
find 
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chord HK=f chord GE, 

arc HK=| arc CE ; 

which Tables sabstitoted in the preceding equation give by 
redaction, 

_ |ACX chord CE 
*' arc CE • 

185, 7b find the centre of gravity of an area OBC 
[Pig* 84) comprised between two branches of a curve. 

Let y and y' represent the two ordinates PM and PM' cor- 
responding to the same absciss AP=x : the element MN' of 
the surface, being the difference of the areas PN and PN^ will 
be expressed by 

yrfjr— j^(fe=(y — j/^te ; 

uk! if we represent by a a portion of the area included 
between the chords MM' and 00', we shall have 

The element MN' being regarded as a rectangle having one 
of its sides indefinitely small, its centre of gravity will be 
situated in the middle of the line MM' ; and the ordinate of 
this point will therefore be 

PM'+iMM'=y'+i(y-y')=i(y+y'); 
hence, the moment of this element with reference to the axis 
ofxwillbe 

^d the moment with reference to the axis of y will be 

x{i/—i/')dx. 

Thus, if Xi and yy denote the co-ordinates of the centre of 
pavity of the entire surface, their values will become known 
from die equations 

xxi=fx{y'-y')dx, 

186. Th find the centre of gravity of a surface ofrevohttion. 

Let the sur&ce be supposed generated by the revolution of 
^ curve AM (Fig, 85) about the axis of x. The element of 
^ 8ur&ce, or the zone generated by the elementary arc Mm, 
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will be expressed by 2iFyds : hence, by calling a the entii 
sur&ce, we shall obtain 

x=zf2ityds. 

But since the centre of gravity is evidently situated on tb 
axis of revolution, the co-ordinate x, will be alone necessar 
To determine its value, we take the sum of the moment 
with reference to the plane yz, which sum being equal to tt 
moment of the whole surface supposed concentrated at i 
centre of gravity, we find 

kx,^fxx2Tt/ds] 
whence, 

substituting for a and cb their respective values, andsuppres 
ing the factor 2«> common to both terms of the fraction, v 
obtain for the absciss of the centre of gravity, 

187. For the purpose of appljang this formula, let it 1 
required to determine the centre of gravity of the surface 
a spheric segment. This surface being generated by tl 
revolution of a circular arc BC {Pig* 86) about the axis < 
x^ we may eliminate one of the variables in the precedii 
formula by means of the equation of the circle ^ 

y* =r» —a:* ; 

which gives, by diflferentiation, 

^ y^ 
hence. 

This value being substituted in the integrals of equation (9 
we find 

fxy^{dx^ ■\-df/*)=frxdx=^irx^ +C, 
fyy/{dx^ +dy* )=frdx =rj:+C'. 
Taking the integrals between the limits ir=:AD=a| a 
a:=aAB=r, we obtain 
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/a:y^(rfr«+dy«)=ir(r^-a«), 

These values transform the equation (98) into 

^i^i{r+a)=a+i{r'-a) ; 

thiu^ the centre of gravity is situated at the middle of the 
lineDR y 

188. To find the centre of gravity of a solid of revolution 
Mjbwnded by ivoo planes perpsfidicidar to the axiSf {Fig- 87). 

The centre of gravity being necessarily situated upon the 
axis of revolution, which is supposed to coincide with the 
axis of 2r, it will be sufficient to determine its absciss x,. 
The element of the solid is expressed by iry> dx, and we 
thoefore have 

U=f^^dx (99). 

The moments being taken with reference to the plane of y,z, 
we shall obtain 

fliz,=fry^xdx (100) ; 

and by dividing this equation by the preceding, we find 

'-^ Coi). 

We must eliminate one of the variables in this formula, by 
means of the equation of the curve, and then integrate be- 
tween the limits «= AP and a:= AQ. 

189. This formula being applied to the determination of 
the centre of gravity of a cone, it will be necessary to obtain 
the two integrals 

fy^dx andfxy'dx. 

Eliminating y* by the equation of the generatrix y=ax, we 
obtain, after integration, 

fy*dx=fa*x'dx=^-^, 

fy*xdx=fa^x^dx='-j-. 

There are no constants introduced by integration, since the 
Volume is equal to zero at the origin A {FHg. 88). These 
values, being substituted in the formula (101), give . 



■^ 
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3 

from which we conclude that the centre of gravity of a cone 

is at a distance from the vertex equal to threefourths of the 

altitude Ax, 
^^*>lv). ' J ^ 190. As a second example, let the required centre of gravity 

be that of the volume of a paraboloid generated by the revo- 
^^ \ \l' lution of the parabolic arc AM {Fiff. 85) about the axis Ax. 

The equation of the curve being y * =p^i we have 

fi/*dx=fpxdx=:ipx^, 
fy^xdx^fpx^dx^lpx* : 

these values substituted in formula (101 )| give 

ipx' 

The constants introduced by integration are equal to zero in 
the present instance, for the reasons assigned in the preceding 
paragraph. 

191. Let the solid of revolution be an ellipsoid^ the equa- 
tion of whose generatrix is 

^ or ' 

this value ofy' being substituted in the integrals of equation 
(101), we obtain, since the constants are equal to zero, 

/y.x«ir=^;/(a«xir-x.dr)=^ (?^_ J). 
These values reduce equation (101) to 

' a« — J«« 12a*— 4x» ' 

and by taking the integral between x=0 and x=:a, we find, 
for the absciss of the centre of gravity of the semi-ellipooid, 

19SL Tofind tkecmbreof gramiyofavolumegenerQUd 
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ijr the revduiian of an area embraced oy a curve BMCM' 
(Pig. 89) about the axis of Xj this axis being situated entirely 
without the curve. 

BepreBent by y and y' the ordinates MP and MT : the 
▼oloae gttierated by the revolution of the element Mm', will 
be e^aal to the difference of the volumes generated by the 
donentary rectangles Mp and M!p ; the expressions for these 
Tohunes being iry^dx and xy^^dx^ that of the element of the 
•oBd will be ir(y«— y'?)rf« ; hence, if we denote by M the 
eotiie volume of the solid generated, we shall have 

M=ir/j^«-y'»)dar. 

B7 taking the moments with reference to the plane of y^ z^ we 

obtain 

Ma:^=«;/(y" — y'')xcfa. 
The value of x^ will be alone necessary, since the centre of 
Suavity must be situated on the axis of abscisses. 

Of the Centroharyc Method. 

193. Let X, and y, represent the co-ordinates of the centre 
of gravity of a plane surface MPP'M' (Fig. 90), the area of 
which is represented by a. The moment of the element of 
Ais surface, taken with reference to the axis of ar, is, by 
Art. 182, iyXydx ; and by making the sum of the moments 
of all the elements equal to the moment of the whole body 
Apposed concentrated at its centre of gravity, we have 

The two members of this equation being multiplied by the 
quantity 2«-, it becomes 

,%arfar=2«y^: 

The expression y«ry«dx represents the volume generated by 
Ae revolution of the given surface about the axis of x, and the 
'ccond member 2xy^ is the product of the generating surface 
^ the circumference described by the centre of gravity; 
l^ence, we deduce this general theorem : The volume of every 
^id of revolution is equal to the product of the generating 
^''^ by the eircumferethce described by its centre of graviiy, 

194. Let it be required, for example, to dati^* 

G 9 
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volume of the solid generated by the revolution of an isoscdes 
triangle ABC {Pig. 91) about the axis of «. Denote CD 
by A, and AB by a ; the generating area will then be ex- 
pressed by lah. But the centre of gravity of the generating 
triangle being at a distance from C equal to fCD, the circum- 
ference described by this point will be }Ax2ir. Hence, the 
volume will be expressed by the product |Ax2TXiaA= 

firoA'. 

As a second example, let us determine the volume of a 
right cone generated by the revolution of the right-angled 
triangle ABC {Pig. 92) about the line AB. The area of the 
generatrix will be i AB X BC. The line CE being drawn to 
the middle of the side AB, the centre of gravity G of the 
generating area will be situated upon this line at a distance 
from the point E equal to lEC (Art. 172) ; its ordinate GD 
will therefore be determined by the proportion 

3:1::EC:EG::CB:GD; 
whence, 

GD=iCB. 

The path described by the centre of gravity will therefore be 
expressed by fxxCB; which,multiplied by the area of the 
generating triangle gives the volume of the cone equal to 
|tXCB» XiAB=jABx«-XCB^ 

195. Again, let the volume be that of a right cylinder : 
the ordinate GE of the centre of gravity of the generating 
rectangle {Pig. 93) being equal to |AC, the path described 
by this point will be «-AC. This expression being multiplied 
by the generating area which is equal to ABxAC, we have 
xXAC^ XAB for the volume of the cylinder. 

196. The area of any surface of revolution may be found 
by a rule analogous to the preceding. For, if we consider 
the surface generated by the revolution of any curve MN 
{Pig. 94) about the axis of abscisses, and denote by y^ the 
ordinate of its centre of gravity G, we shall have, by Art. 
178, 

Sy^{d%^ ■^dy^)=y,y.QXC MN (102) ; 

and by multiplying each member by 2^, this equation be- 
comes 
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The expression f2ry^{dx' -^-dy') represenling the area of 

ihe surface generated, we conclude, lhatr/t« area of a surface 

,Mf revolution is equtU to the product of the generating arc 

mig (A« dreumference described by its centre of gravity. 

^F 197. Thus, to determine the surface of a conic friistmm 

generated by the revolution of the right line CD {Fig. 05) 

about the axis of x, we have the ordinate EG of the centre of 



2 ' 2 

circumference described by this point : hence, the product of 
this expression by tlie length of the generatrix CD gives 
^ A(_^+BD ^ ^.jj^2^ . GE . CD for the convex surface of 



2»x- 



iJie conic frustrum. 

198. The two preceding theorems may be included in a 
single enunciation, viz. : Every solid or surface of revolution 
ii etptal to the product of its generatrix by the circumference 
described by the centre of gravity of the generatrix. 

IT Machines. 

199. Machines serve to transmit the action of forces in 
directions different from those in which the forces are applied, 
ud (o modify tlie effects of ifiose forces. 

The force applied to a machine is called the power, and 
^ai which tends lo oppose the effect of the power is called 
U» resistance. 

The most simple machines are the cord, the lever, and the 
inclined plane. To these are sometimes added the pulley, 
the wheel and axle, the screw, and the wedge, which may 
Informed by very simple combinations of the first tliree. 
'Hisie machines are usually called the Mechanical Pavers. 

Cords. 

800. We shall adopt the hypothesis that cords are. perfectly 

fctibie, that they are inextensible, without weight, and re- 

Alced lo their axes. If the extremities of a cord be solicited 

G2 
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by two equal forces P and Q {Fig. 96), which tend to stretch 
it, the tension of the cord will be measured by one of these 
forces ; for, since the equilibrium subsists, we may regard A, 
the middle of the line PQ, as a fixed point,, and drop the con- 
sideration of that portion of the cord included between A and 
Q ; thus, the force P, acting alone against the fixed point A, 
will measure the tension of the cord PQ,. 

201. When the force d exceeds P, a portion of Q, equal to 
P is employed to stretch the cord, while the remaining part 
of the force tends only to move the cord in the direction from 
P towards Q, : thus the tension will be measured by the least 
of these forces. 

202. If three cords be united by a knot, the conditions of 
equilibrium are similar to those which obtain when any three 
forces act on a point. The force acting in the direction of 
each cord must be equal and directly opposed to the resultant 
of the other two ; hence, the conditions of equilibrium require 
that the three forces be situated in the same plane, and bear 
to each other the following relations {Pig. 97), 

P : d : R : : sinp : sin q : sin r. 

203. This proportion will be insufficient to establish the 
equilibrium, if the cords are united by a sliding knot. For, 
by regarding P and R as fixed points {Mg. 9S), to which the 
cord PCR is attached, if the force d be supposed to act upon 
this cord by means of a ring or sliding knot, the point C will 
describe an ellipse, the plane of which will pass through the 
points P and R. But the revolution of this ellipse around 
the axis PR will generate an ellipsoid, having its transverse 
axis equal to PC+CR, and the point C will necessarily be 
found upon the surface of the ellipsoid, or, in other words, 
at some point of the moveable ellipse ; but the point C being 
only subject to motion when the force d has a component in 
the direction of the elliptical arc, the equilibrium will be 
maintained when the direction of the force d is normal to 
the ellipse. If the line T^ be drawn tangent to the curve, 
wo shall have, from the well known property of the ellipse, 

ZTCP=ZRa; 

and by subtracting these angles from the right angles TCN, 
tCifi there will remain 
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^PCN = Z.NCR; 
ihus the angle PCR must be bisected by the direction of the 
force Q, and the proportion 

P : R ::BinNCR : sin PCN 
I, in the present case, 

P;R::sinNCR:sinNCR; 
aioe, P and Q. are equal to each other. 
. The funicular machine consists of a number of cords 
1 to each other at several knots, and maintaining an 
ilibtium between the forces applied to these cords. 
. When several forces P, R, S, T, &c. {Fl§: 99), act 
tODjointly at a single knot, their number will be reduced 
by unily, if we substitute for any two forces P and R their 
resultant R'; and by a repetition of the same process the 
entire system may always be reduced to tfiree forces united 
a a single knot. 

206. Let there be several forces P, P', P", ?"', P", dec. 
(fig-. 100), acting at the knots A, B, C, &c. of the cord ABC. 
The coudilions of equilibrium of these forces may be reduced 
10 those of a system acling on a single point : for, let R 
lepreseut tiie resultant of the forces P and P'; since its effect 
must be destroyed by the iliird force acting in the Ime AB, 
tha direction of tliis resultant must coincide with the pro- 
loagatioD of AB ; but the point of application of a force may 
be asfiumedany where on its line of direction, and hence we 
may transfer the force R to the point B. If it be there de- 
Eomposed into two components parallel and equal to P and 
P, the effect will be the same as if tlie two forces P and P* 
had been transported parallel to their original directions, and 
^^lied at the point B. In like manner, by transporting the 
faces P, P, P", &c., which are supposed to be applied at B, 
la the point C, the entire system may be considered as acting 
« this point Thus the conditions of equilibrium are, 
(Alt. 54), 

2(Pco8«)=0, s(Pcosp)=0, 3:(Pcosy)=0. 
To determine the ratio of the extreme tensions P and P,^ 
*e will denote by C and f the tensions of the portions AB and 
6C,ukd by 



^ 
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-a the angle PAF, a' the angle ABP", a" the angle BOF", 
b the angk FAB, V the angle P"BC, 6" the angle F^'CP' ; 

we shall then obtain, Art. 202, 

P : / : : sin 6 : sin a, 

/ : ^ : : sin 6' : sin a', 

/:P"::sin6":sina"; 

whence, by multiplication, suppressing the factors whkh are 
eommon to the two first terms, we have 

P : P" :: sin 6 x sin 6' x sin 6" : sinaXsina'Xsina". 

We may, in like manner^ determine the relations betwe^i 
any other two forces. 

207. If the forces F, F', F", &c. be supposed parallel, we 
cihall have 

64-a'=180^ 6'+a"=180°; 

and since the sine of an angle is equal to the sine of its sup- 
plement, we must hav« 

sin6=sina', sin6'=sina''; 

and the preceding proportion will then reduce to 

P : P'' : : sin 6" : sin a. 

If the forces P', P", and F" represent weights {Fig. 101), the 
entire system will be situated in the same vertical plane ; for, 
the right line AP' being vertical, the plane of the forces 
P, P', and /will be vertical. For a similar reason, the plane 
of the forces t, P", and t\ will be vertical ; but the line AB 
not being vertical, it is impossible to pass more than one ver- 
tical plane* through it : hence, the forces P, P', /, F', and f 
will be situated in the same vertical plane. The same rea- 
soning may be extended to a greater number of forces. 

208. The extreme forces P and P' being required to sus- 
tain the resultant of all the others, this resultant must be 
directly opposed to that of the forces P and P", and must 
consequently pass through the point G, at which the direc- 
tions of those forces intersect. Moreover, its direction must 
be vertical, being parallel to the components F, P", and F", 
and it will therefore be represented by the vertical line GH 
drawn through the point G. 

209. If we regard a heavy cord as a funicular polygon. 
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kiBded with an inBnife uumber of small weights, it results 
fiom what precedes that the effect produced on the fixed points 
ly the ireighc of the cord may be csiimaied by drawing the 
tanienlsPG and Q,G {f\g:l02), andapplyiugatG a weight 
equal lo thai of tlie cord ; since if we denote lliis weight by 
re shall then have 

P : Q. : G : : sin LCa : sin LGP : sin PGQ. 



0/ the Catenary. K 

810. The catenary is the curve which a perfectly ffezible b"rt 
cord assumes when it is suspended fiom two fixed points 
iaad B {Pig. 103), and subjected to the action of the force 
of gravity. We will suppose that the cord is uniformly 
iieary, and that the force of gravity is exerted on every 
panicle : it will readily appear, as in Art. 207, that the curve 
viil be situated in a vertical plane. Let the origin of cor 
ordinates be assumed at A, the horizontal line AC being the 
axis of abscisses ; the co-ordinates of a point M will then be 
AP=t, and PM=y. Through the point M, and through the 
origin A, let tangents All and MH be respectively drawn, 
intersecting at the point II, and through this point draw the 
vertical line HL. If we consider the portion of the cord 
MA, we shall have, by Art. 209, 

liviaH al X : wtiglu of ihi porlwa AM : : sin LHM : sin AHM (103j. 

Let s denote the length of the arc AM ; A tlie tension of the 
cord at the point A, which is exerted in the direction of the 
tangent AH ; and > the angle included between this tangent 
and the horizontal line AC. The quantities A and <• will 
remam constant. 

The tension at A, being a quantity of the same kind as that 
contained in the second term of the preceding proportion, 
will necessarily be expressed by a weigiu ; and if we repre- 
sent by p the weight of a portion of the cord whose length is 
equal to unity, sp will express the weight of the part AM, 
and the tension at A will be of the form ap. Thus the two 
first terms in the above proportion will be replaced by the 
ratio ap : s]>, or by its equal a : s; hence, 

a : a : : sin LHM : sin AHM (104). 
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211. To determine the analytical expressions for the sines 
which enter into this proportion, we remark, that in the 
dementary triangle mMn, we have 

Mm X sin nMn =nmy Mm X cos mMn^Mn ; 
or, 

and replacing these elementary lines by their analytical values, 
these equations become 

sin mUn=-j-i cos milln^-^ (105). 

■ 

But the angle mMn included between the vertical and the arc 
of the curve, is equal to the angle LHK formed by the 
vertical with the tangent at M ; hence, 

sin LHK=-^, cos LHK=-^ (106). 

The first of these equations may be reduced to 

sinLHM— (107); 

for the angles LHK and LHM being supplements of each 
other, we have 

sin LHK=sin LHM. 

Again, the angles AHK and AHM being supplements of each 
other, we obtain 

sin AHM=sin AHK=sin (LHK-LHA) ; 

and from the well known trigonometrical formula for the sine 
of the difference of two angles, we have 

sin AHM=sin LHK cos LHA— sin LHA cos LHK ; 

eliminating sin LHK and cos LHK by means of the equations 
(106), we find 

sin AHM=^os LHA-$sin LHA (108). 

as as 

The triangle LAH being right-angled at L, the angles LHA 
and HAL are complements of each other, and the latter hav- 
:ing been denoted by «, we obtain 

vcos LHA==sin «, sin LHA=cos «• 



CATENARY. 105 

212. These values substituted in equation (108) give 

sin AHM=z^sin«— -^oo8« (109): 

as ds 

and the equations (107) and (109) convert the proportion (104) 

into 

dx dx . dv 
a : « : : -r- : -7-an « — f cob «. 
ds ds ds 

From this proportion ure deduce the equatioii 

^=asin«^a-^GOB« (HO). 

dx 

This equation contains three variables, (me of which may 
be eliminated by means of the relation 

cb=^((ir«+dy«). 

For, by differentiating equation (110), regarding dx as con- 
stuit, we find 

cw=— acos«-7^ ; 

dx 

and by equating these values of cb, and dividing each mem- 
ber of the equation by dxy we obtain 

v(>+g)=-.-g. 

or, by divirion, 

d^y 

— acos«--s 

dx* 

This equation Will become integrable, if we multiply its two 
members by 2dy ; we shall thus obtain 

2elvss— a cos «« ^^ ; 

whence, by integration, 

y=-a COS. ^(l+gl)+c. 

This equation being multiplied by dx gives 

{c^^dx^a cos *v'(Ac* +c^) ; 
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and by reduction 

^y- ^[(g-y)'— g*co8'*] (111). 

dx acoa» 

213. The constant c may be detennined by the consider- 
ation that at the point A, 

:r=0, y=0, and -f =tang «. 

dx 

These values reduce the equation (111) to 

acostf 

from which we deduce 

a tangtf cos •=^(c» —a* cos* *) : 

but 

tang « cos «=sin«; 
whencci 

a* sin* *=c* —a* cos* «, 
and consequently 

c*=a* (sin* «+cos* ii)=a*. 

Thus the constant c is equal to a, and by substituting its 
value in equation (111), we find for the difierential equation 
of the catenary, 

dx a cos* 

214. It appears from a comparison of this equation with 
(110), that the catenary curve is rectifiable ; for, if the pre- 
ceding value of J^ be substituted in equation (110), we shall 

(tx 

obtain 

s=:a sin «— <y/[(a— y)*— a* cos*«] (113) : 

from this expression the value of s may be readily found in 
terms of y, when the constants a and « have been determined. 

215. To integrate the differential equation of the catenary, 
we make 

a— y=ar, a cos «=6 (114) ; 

and we then obtain 

dy=— dar; 
these values substituted in equation (112) give 



I 
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this expression becomes integrable by making 

^(z«-6«)=2-^ (116): 

which by squaring and reducing, gives 

By the differentiation of this equation, we obtain 

zdt-\-tdz=tdt, 
or, 

dz _ dt 
z—t ■" T* 

Tlis relation, in connexion with that assimied above (116), 
coQYeits the equation (115) into 

. bdt 

which gmsi by integration, 

3r=61og<+c; 

aod bjr substituting for t its value expressed in terms of z, we 
obtain 

x=zb log [^r— ^(ir«— 6»)]+e; 

or finally, by replacing the quantities b and z, by their values 
given in equations (114), we find 

ir=aco8«logj a— y—v^[(a—y)* — o* cos»«]| -\-e.... (117). 

216. To determine the value of the constant c, we observe 
that at the point A, x=0, and y=0 ; which conditions reduce 
the equation (117) to 

e= —a cos « log j o[l — v^(l —cos* «)] j . 

This value substituted in equation (117) gives 

as=sacos«log[a— y— \/(a— y)"— a'cos* « ] 
— acos«log[a(l— v^l— cos* «)]; 
or by reduction, 

*V o[l-v^(l-C08««)] / ^ ^ 

Such is the equation of the catenary. 

217. The values of the constants c and e have bei 
mined in fiinetions of a and « ; but these two quav 
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point C, unless they are situated in a plane passing through 
this point. If this condition be fulfilled, the equilibrium vnH 
be maintained, when the sum of the moments taken with 
reference to the point C is equal to zero. 

221. If the lever is capable of sliding along its point of 
support, it will also be necessary that the resultant of the 
forces acting on the lever should be perpendicular to the lever 
at the point of support. 

222. When the lever is straight and the two forces parallel 
to each other, i{p and p' represent the lengths of the portions 
AC and BC {FHg. 106), we shall have from the theory of 
parallel forces (Art. 73), 

P : P' : : p' : p ; 

from which we infer, that when the farces are in equilibria, 
their intensities wUl be inversely proportional to the arms of 
the lever. 

223. If the lever be curved, and a right line ED {Fig. 105) 
be drawn tlirough the fulcrum C, the forces may be conceived 
to be applied at the points E and D taken on their respective 
directions ; we shall thus obtain 

P : F : : CD : CE. 

224. Levers are divided into three kinds. In the first kind, 
the fulcrum C {Fig. 106) is situated between the power and 
the resistance : in the second kind, the resistance R {FHg. 
107) is situated between the power and the fulcrum ; and in 
the third kind {Fig. 108), the power is between the fulcrum 
and the resistance. 

The balance and steelyard are examples of the first kind 
of lever ; a bar of iron used in raising weights and having 
its fulcrum at one extremity, forms a lever of the second 
kind ; the treddle of a turning lathe is a lever of the third 
kind. 

' 225. The efiect produced by the weight of a lever may be 
readily estimated by regarding it as a force S applied at the 
centre of gravity of the lever. For example, let P and P 
{Fig. 109) be two weights suspended from the extremities of 
the lever AB, whose centre of gravity is situated at O ; we 
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shall have, by yirtue of the principle of the moments, 

PxCB+SxCG=PxAC. 

This equation wiU determine either P or P; and the weight 
sustained by the fixed point will be 

P+P+S. 

Jf the power and resistance act in opposite directions, regard 
anust be bad to the directions in which they tend to turn the 
lever; thns, in J^. 110, the equation of the moments be- 



PXCA+SXCG=PXCB (120); 

and the wei^t sustained by the fulcrum is 

^ P+S— P. 

226. Let the lerer CB {F%g, 1 10) be supposed homogeneous, 
and of uniform weight throughout its length : represent by 
m the weight of a portion of the lever whose length is one 
ftot If X represent the length of the lever expressed in feet, 
its weight S will be expressed by mx, and should be regarded 
as a force acting at its centre of gravity, which corresponds 
to the middle point 6 : thus, if we make GA=a, the equation 
(120) will then become 

Po+txXfn«=Px«; 
from which we deduce 

p=— +iWM? (121). 

X 

I^ therefore, » be assumed arbitrarily, this formula will make 
known the value of P; but it may be required to assign the 
value of X which shall render P die least possible ; we must 
then regard P as a function of x, and make the differential 

o-eflSdent -^ equal to zero ; we shall thus obtain 

_=--+lm=0; 
wfaencei 

By sobstitating this value in equation (12l)| we obtain 
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Po y/2Pa\ 



F= 



v/( 



tn / 

or, by reduction, 









^2p^=v/(2Pam> 



227. The common balance is an important application oi 
the lever. It consists essentially of a lever having equal arms, 
from the extremities of which are suspended scales of equal 
weight The lever of the balance, which is called the beam 
is sustained by a horizontal axis perpendicular to its length, 
which rests upon a firm support, and the substance to be 
weighed, being introduced into one of the scales, is counter 
poised by the addition of known weights in the opposite 
scale. The figure of the beam is so chosen that its ooitre 
of gravity will be found immediately beneath the axis, oi 
centre of motion, when the beam has assumed a horisonta] 
position ; and the weights suspended from its two extremitiei 
are known to be equal when they will retain the beam in 
this situation. If the centre of gravity were found upon tiie 
£ixis, the beam would obviously rest in any position, and there 
would be nothing to indicate the equality of the weights in 
the two scales ; and if this centre were situated above the 
axis, the beam would have a tendency to overturn if deranged 
in the slightest degree from the horizontal position. 

228. When the balance has been constructed with such 
accuracy tlmt the lengths of the arms are exactly equal, the 
beam will assume the horizontal position if equal weights be 
introduced into the two scales ; but in the false balance, where 
the lengths of the arms are unequal, the weights necessary to 
maintain the beam in this position are likewise unequal. In 
this case, the weight of the body maybe obtained by counter- 
poising it successively in the two scales : the true weight xoiU 
be a geometrical Tnean between the two apparent weights. 
For let p and p represent the lengths of the two arms, and 
W the true weight of the body. Then, if a weight P, sus- 
pended from the extremity of ftie arm p, be supposed tu 
sustain the weight W when suspended from the extrenuty 



^ tile ana p', ibe conditiwu of equilibrinm in the lerer 
(in. 220) will gire 

_ -Bui if the weight W be transferred w the extremity of tlie 
H^um/^ it will be necessary to apply a different weight P* to 
Bfcte nUemity of the arm p, in order that the eqtiihbriuta 
^"teisy be pres«ved. Thus we shall have 
Pp'=W;. ; 

tmd by multiplying the corresponding member? of these two 

«quatioQS, we obtain 

or, by reduction, 

ce, the truth of the proposition eniucialed becomes appa- 

329. It is frequently necessary that the balance employed 
should possess great setisibiiity, or should be capable of indi- 
cating very minute differences in the weighis of the substances 
placed in the two scales. The sensibility of the balance is 
measured by the smalliiess of the weight necessary to produce 
a given inclination of the beam, when the scales are charged 
with a given load. 

The sensibility depends upon the foUowing particulars. 

1°. The beam should be as light as is consistent with a 
proper degree of strength, in order that the friction at the 
axis, which is proportional to the pressure, may oppose the 
least possible resistance to the motion of the beam. 

For the same reason the axis is constructed of hardened 
sieel, and has (he I'orm of a knile-edge, or triangular prism, 
Ihe lower edge of which rests upon polished steel or agate 
planes. 

2^. The lengths of the arms should be as great as possible, 
other things remaining the same, since the moments of the 
weights introduced into the scales, taken with reference to 
the centre of motion, will be directly proportional to these 
lengths. Thus, the same weight, placed at twice the distance 
from the centre of motion, will exert a double effort to turn 



I 



Ihe beam. 



II 
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3°. The sensibility will be increased by diminishing the 
distance between the centre of gravity of the beam and the 
centre of motion. For, when the beam has been deranged 
from the horizontal position through a given angle (/^.lll), 
the weight of the beam W, which acts at its centre of gravity 
G, will exert an effort to restore it to its former positioD, 
which efiprt will be directly proportional to the moment of 
the weight W, taken with reference to the centre of motion 
D; this moment will be expressed by Wxdg. But the 
derangement of the beam having been made through a given 
angle, the distance dg will evidently be proportional to DG, 
the distance between the centre of gravity of the beam and 
the centre of motion. Thus, in proportion as the distance 
DG is diminished, the tendency of the weight of the beam to 
counteract the derangement which would be produced by an 
inequality of the weights in the two scales will likewise be 
diminished, or the sensibility will be increased. 

4^. The line joining the points of suspension of the two 
scales should pass through the centre of motion. For, if the 
centre of motion be found at C above the line AB, and the 
beam be supposed to have assumed the inclined position 
represented in F^g, 111, the effective arm of lever CE' of the 
scale F will evidently be groater than the arm CE of the 
scale P. Thus the beam may have a tendency to return to 
the horizontal position, although the weight F be less than P. 
And if, on the contrary, the centre of motion be placed at a 
point C below the line AB, the lever-arm C'F of the scale P 
will exceed that of the scale P', and the beam would therefore 
have a tendency to* overturn, although the weights in the 
scales were equal to each other. When the centre of motion 
is situated at the point D, the equality of the two arms will 
be preserved, whether the beam be in a horizontal or inclined 
position. 

5°. The sensibility of the balance will be increased^ by 
diminishing the load with which the scales are charged, since 
the friction at the axis will be diminished in the same pro- 
portion. 

230. A very accurate balance will be sensibly affected by 
the addition of ^ part of the load with which the scales 
are charged. 
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231. The steelyard, represented in Fig. 112, is a balance 
having unequal arms, and is so constructed that a moveable 
"Weight P, applied successively at different points of the longer 
^m, shall suslaiti in equilibrio different weights suspended 
Irom the extremity of the shorter arm. The longer arm 
<jB is so graduated as to indicate the weight which will be 
supported by the moveable weight P, when placed at each 
of (liese divisions. 

232. To drscover the law according to which this arm 

rild be graduated, we will denote by 
W, W, W", &c,, the weights suspended successively 
from the extremity of the shorter arm , 
p, p', p", &C., the corresponding distances at which the 
weight P must be placed to maintain the equilibrium, 
r, the length of the shorter arm , 
10, the weight of the beam, 

r', the distance of its centre of gravity from the fulcrum. 
Then. if the centre of gravity of the beam be supposed to lie 
CD the side of the longer arm, as usually happens, the con< 
ditions of equilibrium will give 

Wr=Mr' + Pp, 

PW'r=ior'+Py, 
W"r=u?r' + Pp", 
&c. &c. &c. ; 
and by subtracting each of these equations from that which 
follows, we obtain 

{W'-W)r=(p'-p)P, 
(W"-W')r=(p"-p')P, 
(W"'-W")r={p'"-p")P. 
3 weights W, W, W", dec. be supposed to increase in 
meticat progression, we shall have 

W'-W=W"-W'=W"'-W"=»kc.; 
i. thetefbre 



=¥-? 



=p"'— /)"=&c. ; 

Sea. will likewise increase in 



I the distances p, p' 
vithmetical progression. 

If, for eiample, the moveable weight P when placed at a 

point F should be found to support a weight of 10 pounds, 

H2 
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and if when placed at the point E, the weight supported shoo 
be found equal to 20 pounds, we might divide the distance E 
into ten equal parts, and the points of division will cc 
respond to the weights 11 pounds, 12 pounds, 13 pounds, de 
The zero of the scale will evidently be found at that poi 
from which the weight P is suspend^ when it merely serv 
to counterpoise the weight of the lever. The steelyard 
frequently constructed in such a manner that the two arc 
of the lever counterpoise each other : the zero of the sea 
will then coincide with the fulcrum. 

> 
Of the Pulley. 

233. The pulley is a wheel having a groove cut in its d 
cumference for the purpose of receiving a cord which pa 
tially envelopes it : when a motion is imparted to this cord 
is immediately communicated to the pulley, causing it to tui 
about an axis which passes through its centre, and is usual 
supported by a curved piece of iron terminating in a h« 
{Pi^. 113). 

Pulleys are distinguished into two kinds, the fixed and tl 
moveable. In the fixed pulley, the hook is attached to 8 
immoveable point, as in {Pig. 113); and in the moveab 
pulley the resistance R {Pig. 114) is applied to the hook. 

234. The conditions of equilibrium in the fixed puUc 
require the equality of the power P, and the resistance i 
{Pig- 113) ; for, if the intensities of these forces were unequa 
the greater of the two would prevail. 

This property may also be demonstrated in the followin 
manner : we prolong the directions of the two forces whic 
act tangentially, until they intersect at the point E ; the 
resultant will pass through this point ; and since the effect c 
this resultant is destroyed by the resistance of the axis of th 
pulley at O, the resultant must likewise pass through thi 
point. But the triangles EPO, EQ,'0 being identical, th 
angle FECI' is bisected by the direction of the resultan 
whence it follows that the force P is equal in intensity t 
the force d. 

235. Let there be now taken the equal parts Eg and E/ 
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tad eonstroet the parallelogram 'Egfh ; the forces P and ^ 
being represented by the lines "Eg and EA, their resultant R 
Will be ngpieBeiited by E/: we shall thus have the proportion 

P : a : R : : Eg^ : EA : E/; 

^nd fiom the amilarity of the triangles Egf and FOQ', 
XFhow aides are respectively perpendicular to each other, we 
obtain 

PO : Oa' : FQ' : : Ejg^ : EA : E/ ; 

Iienoey 

P:a:R::PO:Oa':Pa': 

from which we conclude, that in the fixed puttey, each of 
Me farces is to the resultant^ or the pressure upon the point 
^f support J as the rctdius of the pulley to the chord of the arc 
"Wih which the rope is in contact. 

The equality of the forces P and Q, having been demon- 
strated, it follows that the advantage of the fixed pulley con- 
sists only in changing the direction of the power. 

236. Let the cord QABP {Fig. 114) be supposed to em- 
brace the arc AB of a moveable pulley, one extremity of the 
cord being attached to the fixed point d ; and let a power P 
be applied to the other extremity, for the purpose of sustain- 
ing a resistance R. The reaction exerted by the fixed point 
Q will be similar in its effect to a force Q, and the conditions 
of equilibrium between P, Q, and R will be the same as in the 
case of the fixed pulley, except that the resistance which was 
then denoted by Q,.will in the present case be represented by 
R. Thus, the relation between the power and resistance will 
be determined from the proportion. 

P : R : : radius : chord of the arc AB. 

As the intensity of the power may be less than that of the re- 
sbtance, the moveable pulley may effect a gain of power. 

When the cords are parallel, the preceding proportion be- 
comes 

P : R : : radius : diameter : : 1 : 2, 

and the power is then equal to one-half the resistance. 

If the chord of the arc be equal to the radius, the power and 
resistance will become equal ; and when the radius exceeds 
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die chord, the use of the moveable pulley wiU induce a loss of 
power. 

237. By the combination of a number of moveable pulleys 
we may succeed in raising enormous weights by the applica- 
tion of a very small force : the pulleys may be arranged in the 
following manner : 

The weight R {Fig. 115) is suspended jQrom the hook of the 
moveable pulley ABD, around which a cord is passed having 
one of its extremities attached to the fixed point K, and 
the other to the hook of the pulley A'B'D'. This second 
pulley is in like manner supported by a cord, attached at one 
end to the point K', and at the other to the hook of the pulley 
A"B"Ty' ; and the same arrangement is continued to the last 
pulley, which is embraced by a cord connected at one end with 
a fixed point E'', the force P being applied to the other. If 
an equilibrium subsists throughout the system, the tensions 
of the cords AE, A'E', &c. being denoted by T, T', &c, we 
shall have, by supposing there are three pulleys, 

R : T : : AB : AC, 

T:T'::A'B':AC 

T' : P : : A"B" : A"C". 

These proportions being multiplied together give 

R : P : : AB X AB' x A"B" : AC X A'C'x A"C" ; 

from which we conclude, that the power is to the resistance 
as the continued product of the radii of the pulleys is to the 
continued product of the chords of the arcs embraced by the 
ropes. 

When the ropes are parallel these chords become diameters, 
and the proportion is reduced to 

R : P : : 2' : 1 ; 

and, in general, for a number of pulleys denoted by n, 

R : P : : 2" : 1. 

238. This arrangement of pulleys is seldom adopted, on 
account of its requiring too great a space. For, if the ropes 
be parallel, as represented in Pig, 116, and the centre of the 
pulley BOC be raised through a height denoted by A, the 
line BC being brought into the position be, each branch of the 



crord D CBX m-si b-e shortened ly liie qiiaiiuiy Ub = \.c=h, 
suid the whcie rope will iherefore be shonened by the qiian- 
-city 2h: consequently, the pulley A£ will rise through the 
distance 2A : for a similar reason, the third pulley will rise 
trough a distance Ah. equal to twice that described by the 
second ; Che same may be said of any number of pulleys : 
and the power P applied to the extremity of the last rope 
most rise through twice the distance which the last pulley 
ascends. Thus with a number of pulleys represented by n, 
the power will rise through a distance expressed by 2*hj and 
we therefore lose in the space described, in the same propor- 
tion that we gain in power. 

To estimate the pressures sustained by the fixed points D, 
ly, ly, &c^ we will represent them by Q, Q', Q"; then, calling 
S and X the tensions of the cords SA and XB, we shall have 

P=Q, S=Q', X=a"; 

which values substituted in the proportions 

P : S : : 1 : 2, 

give 

a'=2P, a''=4P. 

239. The muffle is a combination of several pulleys, all of 
which are disposed in the same block, and have a common 
cord passing around their resj)ective circumferences. 

To determine the relation between the power and the 
resistance in the muffle, icpresented in Fiff, 117, we remark 
that the several branches of the rope must be equally stretched, 
and that these tensions acting conjointly must produce 
an equilibrium with the resistance R, which may therefore 
be regarded as solicited by six equal and parallel forces. The 
force Q will be measured by the intensity of one of these 
equal forces, and will consequently be equal to one-sixth of 
the resbtance. Or, in general, the power will be to the resist- 
aiice asvnity to the number of cords which support the resist- 
ance, 

240. In the use of either system of pulleys, a certain force 
^U be necessary to overcome the weights of the moveable 
Dulleys. The value of this force may be readily estimated 
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by regarding the weight of each pulley as an addinMitu 
applied to its hook. Thus, in the system with separate ropes 
represenled in Pig. 116, the weight of the pulley BOC! niay 
be considered as applied to the hook, and will be equally sup- 
ported by the cords BX and CD" : and since the addition of 
every moveable pulley reduces the power one-half, it follows, 
that the power will support one-half the weight of the upper 
pulley, one-fourth of the weight of AE, and one-eighlh of the 
weight of BC. In the muffle {Pig. 117), the weight of the 
Bioveable block bemg equally distributed among the cords, 
the power will sustain one-sixth of this weight. 

Tjlj Of the Wheel and Axle. ^ 

241. This machine is composed of a wheel firmly con- 
nected with a cylindrical axis. To the circumference of the 
wheel a cord is attached, by means of which we can impart 
to it a motion of rotation, the effect of which is immediately 
communicated to the cylinder ; a second cord being wrapped 
around the cylinder in a contrary direction, communicates 
motion to the resistance which is to be overcome. The axis 
is supported at its extremities by two cylindrical pivots which 
are of less diameter than the cylinder itself, and permit it to 
turn freely about the points of support. 

242. To investigate the relation between the power and 
resistance in this machine, let us suppose its axis AB {Fig. 
119) to have a horizontal position, and let a horizontal plane 
be drawn through this axis, intersecting the direction of the 
power P at the point F. Represent the intensity of the force 
P by the portion PPof its line of direction, and decompose it 
into two forces FL=P' acting in a horizontal direction, and 
FK=P" acting in a vertical direction. The direction of the 
force P' being prolonged will intersect the fixed axis, and the 
effect of this force will be destroyed by the reaction of the axis. 

If motion be communicated by the force P, the point of 
application F of the vertical component P" will descend, and 
the resistance R will ascend, while the point M, the intersec- 
tion of the line HF with the axis of the cylinder, wiil remain 
immoveable. The point M may therefore be regarded as the 
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/tilcrum of a lever HF, to the extremities of which the forces 
H and P* are apphed ; we shall consequently have, by the 
jDropertyof the lever, when an equilibrium subsists, 

F':R::MH:MF. 

^gain, the planes of the wheel and of the section EOH bemg 
j)erpeDdicular to the axis of the cylinder, the triangles HIM 
3f C9P are right-angled and similar : hence, 

MH : MP : : HI : CF. 

IFrom these proportions we deduce 

F' : R : : HI : CF. 

Xet p represent the angle FPK {Pig, 118 and 119), we shall 
liave 

FPK=DFC=^, 
and ooDsequently, 

FK=FPXsin ^, DC=CFxsin p ; 



cr, 



P'rsPsin^, CF=^^ 



sm ^ 
these values being substituted in the preceding proportion, 

give 

Pxsin<^:R::HI: ^^ 



sin p^ 



whence, 

PxDC=RxHI: 

Vki firom this we deduce the following proportion, 

P : R : : HI : DC (122). 

It thus appears that the conditions of equilibrium in the 
^heel and axle require that the power shall be to the resist' 
^^Ux as the radius of the cylinder to that of the wheel, 

S43. The pressures sustained by the pivots A and B arise 
from three distinct causes, viz. : the power, the resistance, 
*Hd the weight of the machine. If T represent the value of 
«iis weight, the centre of gravity of the machine being situ- 
ated at the point G, we may regard the weight T as sus- 
pended from the point G : the machine being symmetrical 
^ith respect to its axis, this point will be situated upon the 
>3dt. Then, if the power P be replaced by its components 
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P and F', it will be simply necessary to substitute for thi 
four forces F, F', R, and T, two others applied at A and 
respectively. 

The forces R and T having been determined by experi- 
ment, F and F' may be expressed in functions of {L Fori 
we have {Pig, 118 and 119) 

F=FL=P cos FPK, F'=FK=P sin FPK ; 

or, 

F=P cos (p, F'=P sin ^ (123). 

But the angle ^ being equal to the angle CFD, we obtain 

" ^ 1 : cos^ : : CF : DF, 1 : sin ^ : : CF : CD ; 
whence, 

DF CD 

cos ^=: — , sm ^=-r— . 
CP' CF 

Substituting these values in equations(123), there results 

p/_pPF p,;_pCD 
CF' CF' 

and replacing P by its value given in the proporti<m (122), 
we obtain 

p, R.HI.DF p,, R.HI 
DC.CP ' CF • 

The vertical forces R and F' being regarded as acting at the 
extremities of a lever whose fulcrum is situated at the point 
M, their resultant will pass through this point, and its value 
will be expressed by R+P". 

If Z and Z' denote the effects produced by this resultant 
upon the points A and B, their values will be determined by 
the proportions 

AB : BM : : R+P" : Z, 
AB:AM::R+F':Z'. 
Representing in like manner by U and U', the components of 
T acting on the points of support, we shall have 

AB : BG : : T : U, 
AB : AG : : T : U'. 
The forces U and U' being vertical, they must be added to 
Z and Z' respectively. The horizontal force P', which acts 
at C, the centre of the wheel, being likewise decomposed into 
two components T and Y' applied at the points A and B, the 
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values of these components Y and Y' will result from the 

proportions 

AB : CB : : F : Y, 

AB:AC::F:Y'. 

Thus, having constructed two rectangles, the first of which 
shall have a height Z+U and a base Y, and the second a 
height Z'+U'and a base Y', the diagonals of these rectangles 
wiJI represent the pressures on the points of support ; and the 
angles formed by the diagonals with the sides of the rectangles 
will make known the directions in which these pressures are 
exerted. 

244 If regard be had to the thickness of the cords, we must 
consider the effects of the powers as transmitted through the 
axes of the cords : thus, the radius of the cylinder and that 
of the wheel must be increased by the semi-diameter of the 
cord, and we shall then have the proportion : the power is to 
the resistance euf the sum of the rculii of the cylinder and 
cord to the sum of the radii of the wheel and cord. 

245. The capstan is a variety of the wheel and axle, in 
which the axis of the cylinder has a vertical position. 

246. Let it now be supposed that we have a sjrstem of 
wheels and axles arranged in the following order : 

The power P applied to the circumference of the wheel 
AD {Fig. 120) communicates motion to the cylinder BC, 
from which the motion is transmitted to a second wheel 
AD', by means of the cord BA'. The wheel A'D' turns the 
axle OB', to which is attached the cord B'A", and a similar 
arrangement is continued to the last axle, from which the 
resistance R is suspended. 

When the system is in equilibrio, if we denote by T, T', T", 
icc^ the tensions of the cords BA', B'A", &c., we shall have 

For the first wheel and axle, P : T : : OB : OA, 
For the second . . . . T : T' : : aB : O'A', 

For the third T' : R : : 0"B" : 0"A". 

These proportions being multiplied together, there results 

P : R: : OBxOB'xO'B" : OAxO'A'xO'A"; 
wbencei 

p^_ob><£Bx2!b;;. 

R^OAxCA'xO^A"' 
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from wbich we conclude that the pw>er is to th9 

w the continued prodtuct of the radii of the axles to ths 

tinued product of the radii of the wheels. 

If the radius of each axle be supposed equal to the n* 
of the radius of its wheel, the preceding proportion 
become 

P : R : : ^x^^X^^^ : OAxO'A'xO'A", 
n n n 

which reduces to 

P : R : : 1 : n». 

247. The different parts of a system of wheel-work ais 
frequently caused to act upon each other by means of teeth 
projecting from the several circumferences. These teeCfa 
perform the same office as the cords in Fig, 120. Each 
toothed-wheel is traversed by an axis bearing a smaller wheel 
which is called a pinion^ and the teeth of this pmion are 
called leaves. The first wheel turns its own pinion, both 
being firmly connected with the same axis, and the leaves of 
the pinion catching into the teeth of the second wheel, com- 
municate a motion to it in a direction contrary to that of die 
first wheel. In a similar maimer, the pinion of the second 
wheel transmits a motion to the third wheel, and the same 
arrangement is continued throughout the system. The 
pinions replace the axles of the preceding combination, and 
hence the condition of equilibrium is, that the power shall be 
to the resistance as the continued product of the radii of the 
pinions to the continued product of the radii of the wheels, 

248. Let D, D', D", 6cc. represent the numbers of teeth in 
the* wheels A, A', A", <kc. {Pig. 121), and d, d', d", &c. the 
numbers of leaves in the pinions a, a', a'\ ice. ; and let us 
suppose that while the wheel A makes N turns, the wheels 
A', A", &c. make respectively N', N", &c. turns. At each 
revolution of the wheel A, the pinion a will engage in suc- 
cession all its leaves in the teeth of the wheel A' ; so that in 
N revolutions it will engage with A', a niunber of teeth ex- 
pressed by Nd : in hke manner, the wheel A' making N' turns 
must engage with the pinion a, a number of teeth expressed 
by N'ly, and since the numbers of teeth and leaves which the 
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I A' and the pinion a mntually interlock are equal to 
eacli oUier, we must necessarily have 

N'D' = Nd; 
^r a similar reason, the other wheels will furnish the 
^^uatioos 

N"D" = N'd', N"'D"'-N"rf",<tc. 
Tfaeae equations being rauUiplied together, there lesulta 
N'"D'D"D'"=Nrf(/'t/"; 



D'D"D"' 

iF\>r examine, if it were required to detennine the number of 
teeth which should be employed in order that the wheel A'" 
should make one revolution while the wheel A perfonns 60, 
we should have 



N"'=l, N=GU, 1=60=; 



I 



The numbers d, d' and d" being assumed arbitrarily, we will 
suppose d=A, d'^5, d"'=7 ; this supposition will reduce the 
list of the equations (124) to 

D'xD"xD"'=60x4x5x7=840ft 
The number 8400 being divided into the three factors 12, 23, 
and 28, will evidently furnish a solution to the problem, since 
tfie qiianiities D', D", and D"' may be made respectiveiy 
equal to these factors. The problem obviously admits of an 
indehaile number of solutions. 

The quantity N'" must be assumed less than N, since we 
have supposed d<D', d'<'D", d"<D"', and the wheel A'" will 
therefore make a less number of revolutions in a given time 
than the wheel A. 

249. The theory of the jack-screw is likewise to be referred 
to that of the wheel and axle. There are two varieties of 
this machine, the simple and the compound. The simple jack 
is composed of a toothed bar of iron AB (Piff- 122) which 
slides in a case CD. The teeth of this bar work in the leaves 
of the pinion EF, which is put in motion by means of a 
crank G ; tlius, the teeth of the bar being subjected to a 
{leasure from the leaves of the pinion, the bar will moi^ _ti 
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the direction of its length, and will overcome a resistance a- 
A. In this machine, the crank and pinion perform 
offices of the wheel and the axle in the common machine, an( 
the conditions of equilibrium may therefore be stated thus 
the power is to the resistance as the radius of the pinion to < 
radius of the crank. 

250. In the compound jack-screw, the motion is commu- 
nicated by means of a crank to a pinion, the leaves of which-^* 
work into the teeth of a wheel ; the axis of this wheel carrie 
a second pinion, which in its turn communicates motion to 
a second wheel, and the same arrangement is continued to 
the last pinion, whose leaves act on the teeth of the iron bar. 

The condition of equilibrium in this machine obviously is, 
that the power shall be to the resistance as the continued pro- 
duct of the radii of the pinions to the continued product of 
the radii of the wheels and the rcuiius of the crank. 

Of the Inclined Plane. 

261. This machine consists of a plane inclined to the 
horizon : its object is to support in part the weight of a body 
placed upon it. 

Let M represent a body {Pig. 123) the weight of which is 
supposed concentrated at its centre of gravity, and exerted in 
the vertical direction MP. In order that this body may be 
sustained in equilibrio upon the inclined plane by the appU- 
cation of a force d, it is necessary that this force Q, and the 
weight of the body represented by P, should have a single 
resultant ; this condition can only be fulfilled when the 
directions of the forces intersect at some point M : but the 
line MP being vertical, and passing through the centre of 
gravity, the plane of the forces PMQ, must likewise be ver- 
tical, and must contain the centre of gravity. Thus the first 
condition of equilibrium requires that the direction of the re- 
sultant be situated in a vertical plane passing through the 
centre of gravity of the body. The second condition is, that 
the resultant MN of the two forces P and Q, shall be destroyed 
by the resistance of the inclined plane, which condition can 
only be satisfied when the direction of this resultant is per- 
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pendicular to the plane, and intersects it at some point within 
the polygon formed by connecting the extreme points of con- 
tact of the body and the plane. 

252. The preceding conditions being fulfilled, we will sup- 
pose KL to represent a body {Pig. 123) retained in equili- 
brio upon an inclined plane by the application of a force 
Q,. Let the lines ME and MF be taken proportional to 
the weight P and the force Q, and let the' parallelogram 
FMER be constructed : the diagonal MR will represent the 
pressure exerted by the body against the plane, and if this 
pressure be denoted by R, we shall have 

a : P : R : : sin PMR : sin QMR : sin PMft (125). 

The triangles APO and OMN being similar, the angles PMR 
and CAB will be equal to each other, and therefore 

sin PMR— sin A=--- ; 

AO 

this value being substituted in the proportion (125), we ob- 
tain 

a : P : R :: CB : ACxsinaMR ; ACxsinPMQ. 

253. If the direction of the power be parallel to the plane 

(Pig. 123), the triangles MER and ACB will be similar, since 

the angles C and E are then equal to each other, and we have 

the proportion 

ER:ME::CB:AC; 

from which we conclude that when the power acts parallel 
to the plane, the power Qi is to the weight V as the height of 
Hie plane is to its length. 

254. When the power becomes parallel to the base of the 
plane {Mg. 124), the similar triangles MER and CAB give 
the proportion 

ER : EM : : CB : AB, 

or, 

a:P::CB:AB; 

thus, in this case, the power is to the weight as the height of 
the plane is to the base. 
K5. The angleAbeing supposed equal to 45°, and the power 
' applied parallel to the base, the weight and power will be- 
come equal ; if the angle A be less than 45°, the weight will 




be greater tlian ibe powei, and if A be greater than 45°, the 
power will exceed the weight, or the use of the machine will 
occasioD a loss of power. 

256. If a body be sustained in eqiiilibrio between two in- 
cliued planes, the CMidilions of equUibnum will require that 
the weight of the body be suscepiible of being resolved into 
two components which shall be respectively perpendicular lo 
these planes, and shall intersect Uiem at points situated witlun 
the polygons formed by joining the points of contact of the 
body with each plane. The line of direction of the weight 
being vertical, (he plane of its components will likewise be 
vertical : and since tliese components are respectively per- 
pendicular to the inclined planes, their plane will be perpen- 
diculax to the common intersection of the inclined planes ' 
hence, this intersection must be a horizontal line, , 

The pressures sustained by these planes may be readily 
determined by constructing the parallelogram of forces, whose 
diagonal shaJI repr«seni ihe weight of (he body, and whose 
sides shall be perpendicular to the inclined planes. 



0/ the Screv. 

267. Let the sides of the rectangle AM' (fVs-. 125) be 
divided into equal parts by the parallel lines BB', CC,&Ct 
and let the diagonals AB', BC, tfcc. be drawn. If the rectan- 
gle MA be then applied to the surface of a right cylinder 
with a circular base, the circumference of which is equal to 
the line AA', in such manner tliai the right lines MA and M'A' 
shall be caused to coincide, the points A. B, &c. will fall upon 
the points A', B', &c. respectively, and the diagonals will trace 
npon the surface of the cylinder PtiTS'M {Fig. 126) a curve 
PRSTUV ic, which is called a Ae/ij. 

258. The characteristic property of this curve is that the 
tangent at every point is equally inclined to the element of 
the cylinder passing tlirough that point: this is obvious from 
the manner in which the curve is generated. 

The distances mn, m'n\ m "«", ic {Fig. 125) being equal, 
their equality will be preserved when the rectangle is appUed 
'0 the surlace of the cyl inder : consequently, if we ass) 



Il4s thebftse ofan isosceles triangle f?tno,tiie plane of which 
jtasses thiougti ttie axis of the cylinder, and cause the triajigle 
to move around Uie cylinder, Iq such maniier that the points 
TO and n shaJl constaaily remain on two ad[jaceDt helices, the 
plane of the triangle continuing to pass through the axis of 
the cyUader, there will be generated by this motion a project- 
ing fillet which will completely envelop the cylinder Mtl. 
Tile cylinder and fillet taken conjointly constitute the screw, 
and llie latter is usually called the thread of thescrew. Thia 
thread is sometimes generated by the motion of a rectangle, 
instead of a triangle. 

259. The nut is composed of a hollow piece, having a 
spiral groove cut in its interior, in wliich the threads of the 
screw work. It may be regarded as formiug the mould of a 
portion of the screw. 

The screw can be readily turned within the nut, and at 
each revolution passes over a distance in the direction of its 
length equal to the distance between the threads. 

Since the conditions of the problem are precisely the same, 
whether we regard the nut as turning on the screw, or the 
screw as turning within the nut, we will adopt the first 
hypothesis. 

260. To determine the conditions of equilibrium in this 
macluae, we will suppose l)ie nut to be placed on its screw, 
and the axis of the screw to have a vertical position. Lei 
the nut be divided into any number of particles, whose weights 
are denoted by tn, m'„m", die, each of which rests on some 
point of the screw ; and let us determine the force necessary 
to sustain any one particle in {Fig- 127). 

The particle tk, being connected with the axis of the screw 
in such manner that its distance from the axis shall remain 
invariable, must, if unsupported, descend along a heiix, every 
point of which will be at the distance mC from the axis. 
Thus, by regarding this helix as an inclined plane, the height 
of thia plane will be the distance between the threads, and 
its base will be the circumference described with mC as a 
radius. 

Let us suppose a horizontal force P {Pig- 128) to be ap 
{ilied immedtaiely to the particle m, for the purpose of 
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sustaining it in equilibrio upon the inclined plane. By con- 
structing the right-angled triangle KHm, whose height shal^ I 
be the distance between the threads, and its base the cireum — -- 
ference described with the radius f/iC, we shall obtain by 
principle of the inclined plane (Art, 254), 

P : m : : height : KH ; 
or, 

P : m : : mH : circumference Cm (126). 

But if the point of application of the power be transfer 
from the point m to the point D, the extremity of the leve 
CD, the force Q, which applied at this point will produce the 
same effect as the force P applied at m, can be determined 
from the following proportion, 

a 2 P : : Cm : CD ; 

or, 

Q : P : : circumference Cm : circumference CU. 

And by comparing this proportion with (126), we obtain 

d : m : : mH : circumference CD. 

Thus, for the particle m, the power is to the weight as the 
distance between the threads is to the circumference described 
by the power. 

This proportion being true, whatever may be the distance 
of the particle m from the axis of the cylinder^ we shall ob- 
tain for the other points in the surface of the screw, which 
support the weights m\ m", &c., by means of the ^orocs 
Q', Q", (kc, applied at the same distance CD, 

d' : 7n : : mH : circumference CD, 

Q" : nr : : mH : circumference CD, 

Q,"' : m'" : : mH : circumference CD, 

&c. (kc. &c. 

From these proportions and the preceding, we deduce 

O— mXmH Q,_ m'XmH ^.,_ m"XmH /^orv 
~circumf. CD' circumf. CD* ""circumf. CD' ' ^ ^' 

These values are independent of the distances of the points 
m, m'j m ", (kc, from the axis of the cylinder ; and since the 
forces Q, Q,', Q,", &c, were supposed applied at equal dis- 
tances from the axis, they will conununicate to the nut the 
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same motion of routioii as would be impaned by a Bin^e 
force equal to their sum, and acliug along the line DQt. 
Thus, by adding the equations (127), we find 

, circumf. CD 



+m"+4:*.)=(a+a+a"+&c.)- 



»iU 



and since ihe sum {m+m'+in"+&c.) represents the entire 
nreighc M of tlie nut, we shall have, aller replacing the som of 
the forces Q., Q.'; Q.", ic, by a single force Q,;, 
circumf, CD' 



M=Q^ X- 



mH 



^rhence, 



Q, : M : : wiH : circumference CD ; 
or, the poieer is to ike weight as the distance between the 
tAread.f h to the circumferenef {/escribed by the poieer. 

It thus appears that the machine will be rendered more 

powerful by applying the force at a greater distance from the 

^^Bxis, or by dimiuislung (he distance between the threads 

^hf the screw. 



0/ the Wedffe. 



I*S!61. The wedge is a triangular prism, one of whose edges 
s introduced into the crevice of a body, for the purpose of 
enlarging the opening. 

All cutting instruments, Such as knives, scissors, razors, 
Ac., may be regarded as wedges. 

262. The power is usually applied by communicating wi 
impulse to the back of the wedge, in a direction perpendicular 
to il: if the direction of this impulse be oblique, it may 
always be resolved into two components, of which one shall 
be perpendicular to tiio back of the wedge, and the other shall 
«2oincide with it. The first will produce its entire effect, the 
Second will only tend to move the point of application of the 
power along the back of the wedge. 

Let ABC {Pig-. 129) represent a profile of the wedge; 
-AC and BC are sections of its faces, and AB a section of its 
back, upon which the power is applied^in a perpendicular ^ 



^^irectii 
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To determiBe the relation between the power applied to th^^ 
back of the wedge and the pressures exerted at the faces, 
will suppose the power F to be represented by the line D 
and draw DM and DN perpendicular to the faces AC andBG 
then, by constructing the parallelogram DIEK, the compo- 
nents DI and DK will represent the pressures exerted against 
AC and BC. Denoting these pressures by X and Y, th< 
similar triangles ABC and IDE give the proportion 

DE:DI:IE::AB:AC:BC; 

or, 

F:X:Y::AB:AC:BC; 

and by multipljring the three last terms in this proportion 
the line GH {Fig. 130), we have 

F : X : Y : : ABxGH : ACxGH :BCxGH. 

The products ABxGH, ACxGH, and BCxGH express the 
surfiices of the back and faces of the wedge, and we therefore 
conclude that in this machine, the power F applied to the 
bcuJc, and the efforts X and Y exerted by the sidesy are reepect- 
ively proportional to the surfaces of the back and sides of 
the wedge. 

The power of the wedge will evidently be augmented 
either by decreasing the back of the wedge, or by increasing 
the lengths of its faces. 

Friction. 

263. If a body be placed upon a horizontal plane, the action 
of gravity exerted upon it will be entirely counteracted by 
the resistance of the plane, and the least possible impulse 
will communicate a motion to the body, if it be not retained 
by physical causes which oppose motion. The most efficient 
of these causes is friction. This term is applied to the force 
which tends to prevent a body from sliding along the sur&ce 
of a second body, and which arises from the slight inequalities- 
in the two surfaces ; the projecting points of one surface en- 
tering the cavities of the second give rise to a passive forcer 
which tends to assist or oppose the power, according as thii^ 
power is employed to sustain or move the body. 



\ 
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The effect of friction is found to be sensibly proportional 
U) the pressure, so long as this pressure is retained within 
moderate limits. Thus, if we denote by / the friction ex- 
erted by a homogeneous body AB {Fig, 131), the weight of 
which is equal to unity, and if AB' be supposed equal to twice 
AB, the corresponding friction will be expressed hj 2f] if 
Aff' be triple AB, the friction will be equal to 3/, &c. ; so that 
if P denote the friction exerted by the body AM, which con- 
tains a number N of units of weight, we shall have 

P=iy (128). 

264. The friction may be measured in the following 
manner: 

Let AB {Fig* 132) represent the body which exerts by its 
weight the unit of pressure on a horizontal plane LK. To 
the body is attached a thread CDE, which passes over a fixed 
pulley, and sustains the weight M : this weight being grad- 
ually increased, its intensity at the moment when it is about 
to overcome the resistance which the body opposes to motion, 
will measuie the friction //corresponding to the unit of pres- 
sure. 

265. There is another method of measuring the frictioni 
which results from the following theorem : If a body MN be 
placed upon an inclined plane AC {Fig* 133), and if the 
angle A which this plane farms with the horizon be grad- 
ually augmented until the body is about to commence sliding 
upon the plane, the numerical value of the unit of friction 
mil then be equal to the tangent of the angle which the 
inclined plane forms with the horizon. 

To demonstrate this fact, let the lines GD and GK be 
drawn, respectively perpendicular to AB and AC ; the centre 
of gravity of the body being supposed situated at the point 
G. Represent by GD the weight of the body, and decom- 
pose GD into two forces GH and GK, parallel and perpen- 
dicular to the inclined plane : we shall then have 

GH=DK=GD sinDGK, 

GK=GDcosDGK; 
12 




but the angles DGK and CAB are equal to each other ; and 
hence, the preceding equations may be written thus, 
GH=GDxsinA, 
GK=GDXcosA; 
or if N expresses the weight of the body, 
GH=NsinA, 
GK=Ncos A. 
The pressure sustained by the inclined plane being expressed 
by (iK - N cos A, the corresponding friction will be expressed 
by N cos A/; bnt since the effect of friction is to counteract 
that tendency which the body has to move along the plane 
when there is no friction, it follows, that an equilibrium will 
subsist between iho force of friction and the component of 
the force of gravity, GH=N sin A, which acts in the direc- 
tion of the plane ; whence we obtain 

N cos A ./=N sin A. 
From this equation we deduce 

/=tangA (129). 

266. The angle thus determined is called the angle of 
friction ; its value will remain constant only when we adopt 
the hypothesis that the friction varies proporiionally to the 
pressure. For, the relation expressed in (129), has beea 
deduced by employing (13S), which expresses this law; and 
the law, as has been already remarked, exists only for mode- 
rate pressures. 

267. Since different substances have pores of very unequal 
magnitudes it happens that the friction is not the same for all 
bodias ; hence, experiments have been instituted for the pur- 
pose of dcterminuig the friction peculiar to each. 

The following results which express the relation between 
tbe friction and the pressure, have been obtained by Coidomb : 

Ima against iron /=0.2S, 

Iron against brass .... /=0.26, 

Oak against oak /=0.43, 

Oak against fir /=0.65, 

Pir against fit /=0.56, 

EUa agauist elm /=0.17. 
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^htm tilt resnits were obtained when the friction was 
^xeried in ihe direction of the fibres ; but when the direction 
"^f the fibres formed a right an?le with that of the motion, 
'he fhctioR was found to be much less, but still in a constant 
•"atio to Che pressure ; the results in this case were as follows : 

H Oak against fir /=0.15S, 

^^ Fir against fir f=0.lG7, 

^H Elm against elm /=0.100. 

^K It also appears from the experiments of Coulomb, that 
^Bliie friction exerted by a body in motion is very nearly inde- 
^Tpendent of the velocity of the body. 

Tile polish of the body and the introdiiction of an unc- 
tuous substance between the rubbing surfaces contribute to 
lessen the effect of the fricliou, 

S68l When one body is caused to roll upon another, a cer- 
t£un degree of resistance is still ofiered by friction, but this 
resistance is much less intense than in the case of a sliding 
iiaotion. This result appears to be a consetpience of tlie dis- 
engagement of tiie inequalities in the surfaces, which the 
motion of rotation tends to effect, 

269, The funeral laws of friction, as deduced from the 
xperiments of Coulomb, may be summed up as follows : 

l". Faction varies with the polisk of Iko surface : Thus, 
be resistance opposed by friction may be reduced by diminish- 

5 the asperities of the rubbing surfaces. 
' 2°. Tkefrictioa between bodies of the same Icind is greater 

rt betrneen bodies nf different kinds. 
►'3°. Friction does not depend on Ike extent of surf ace in 

ntact, the entire pressure exerted bcttreen the boi 
*7l^ ike same. 

4'. friction is proportional to the presstire. 
6". Friction is diminished by interposing a substance of 
^#1 u/icttious nature between two surfaces which slide upon 
eoc/i other. 

6°. The friction is greathj diminished by subsiitutinff t 
Tolling for a sliding- motion. 

270. The adhesion which takes place between the surfaces 
of bodies is another physical cause opposed to their motioQ. 
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It is difficult to estimate, in a precise maimer, the prop^^T 
measure of this effect, in consequence of its being liaUe to ^ 
yery great increase with time in those machines which aie 
rest ; and, on the contrary, to undergo occasional changes 
those which are in motion. 

The law which this force usually follows is that of 
sensibly proportional to the extent of the adhering suri 
Thus, by denoting the adhesion of a superficial unit by thr — ^ 
quantity ^^ the adhesion of a surface whose area is a will 
expressed by a^^. 

Effects of Friction in certain Machines. 

271. Let P and S (Fig. 134) represent two forces a] 
to a material point which rests in equilibrio on an indi 
plane AB, and let « and « denote the angles which the divec 
tions of these forces make with the plane. If we disr^aid 
the effects of friction and adhesion, the conditions of equi- 
librium will require the relation 

Pcos«=Scos« (130); 

but if friction and adhesion be considered, since these two 
forces are opposed to the motion which the power P tends to 
impress in a direction from m towards B, it will be necessary 
to add these forces to the component of S in the direction of 
the plane, which is expressed by S cos «'. To determine their 
values, we remark that the pressure exerted upon the inclined 
plane is produced by the normal components of the forces 
P and S. These components are expressed respectively by 
P sin a and S sin «' ; and their sum will be equal to the entire 
pressure which is denoted by N in equation (128). Thus, the 
force arising from friction is expressed by (P sin «+S sitim)/. 
If we denote by a the area of the surface in contact with the 
plane, the adhesion will be represented, as has been before 
stated, by the quantity a4'. Consequently, by adding these 
forces to the second member of the equation (130), we shall 
obtain for the condition of equilibrium 

P cos«=S cos« +S sin «/+P sin «/'+of ; 
from which we deduce 




. (131). 
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272. U, on the contrary, the power be only required to 
retain in equilibrio the point m, the friction and adhesion, 
beia^ still opposed to motioiij will lend to assist the force P, 
and the algebraic sig^is of these quantities must therefore be 
changed. Representing by P the force necessary to support 
•m, upon this hyj)Othesis,we shall have 



P-^^I^ 



■ i^ sin •' — aV- 



■ (138)- 



a +f sin m 

Ii ia evident that the equilibrium may be preserved by the 
application of any force P" in the direction Pm, provided the 
intensity of this force be intermediate between the intensities 
P and P' given by equations (131) and (132). 

273. The effect of friction in modifriiigf the conditions of 
eqnilibrium in the lever and pulley will now be considered. 

Let the lever be perforated by a circular hole, through 
"Which is passed a cylinder having a vertical position. Since 
the circumstances will be the same, whether we regard the 
^lever as turning about the cylinder, or the cylinder as turning 
^Krithin the lever, we shall adopt the first hypothesis, and con- 
^Kdder the point m of the lever {Fig. 136), which, being in 
■Contact with tlie cylinder, is subjected to the action of the 
force of friction. Let the cylinder be intersected by a hori- 
zontal plane passmg through m, and let this plane be assumed 
as the co-ordinate plane of i', y. For the purpose of simphfy- 
ing the question, we shall suppose (he resultant R of all the 
forces applied to the lever to be situated in the plane of t, y, 

The intersections of the cylinder and lever by the plane of 
^. y will be represented respectively by the circle wiBE, and 
the plane curve GIL. The cylinder being immoveable, the 

I>oint m can be subject only to a circular motion about the 
^int C, at which the axis of the cylinder is intersected by 
the plane of x, y. If the point m remain immoveable, the 
^uilibrinm must result from the combined actions of the 
ijKuItant R of the several forces applied to the lever, the fric- 
pon, and the resistance opposed by the axis. The direction 
»f this resisiauce being normal to the surface of the cylinder, 
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we may drop the consideration of the fixed cylinder, and con- 
sider the point as perfectly free, and sustained in equihbrio by 
the three following forces : 1°. the nonnal force, whicli acts in 
the direction from C towards m ; 2°, the friction, which acts 
along the tangent wiD ; 3°. the resultant R of all the forces 
in the system. 

274. It should be remarked that although two of the three 
forces are applied at m, the tliird force may be applied at any 
other point, provided its line of direction passes through m. 

If we regard Ihe point of application of the third force as 
imknown, the conditions of equilibrium of the three forces 
will be expressed by the equations (52), (53), and (54). 
\^^\ '"■ 275. To express these conditions, we will suppose the origin 
of co-ordinates to be placed at C, and represent by N the nor- 
/ c • i mal force, which forms with the axes angles equal lo ■ and B : 
denote by F the friction, the direction of which forms with 
Ihe axes the angles «' and ^, and by A the radius of the cylin- 
der which is supposed to be nearly of the same size as the 
circular hole through which it passes. The components of 
the force R, parallel to the two axes, will be represented by X 
and Y respectively, and the perpendicular distance of this 
force from the point C by the letter r. 

This being premised, the condition expressed hy equation 
(52) requires that the sum of the components parallel lo the 
axis of X shall be equal to zero ; hence, 

Ncos<. + X4-Fcosa'=0 (133). 

For a similar reason, the components parallel to the axis of 
ygive 

N cos^-|-Y + Pcos|B'=0 (134), 

And the third equation of equilibrium, which expresses the 
relation between the moments, gives 

Rr-l-FA-0 (135); 

which becomes, by substituting for F its value deduced irom 
equation (128), 

Rr-fi\/A=0 (136); 

276, Before employing equations (133) and (134), it may 

■•narked that any one of the four quantities cos=, cos -', 

I', which appear in those expressions, will serve to 
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determine the remaining three. For, the angle yCx {Pig* 
135) being equal to a right angle, we shall have 

cos /8=sin < ; 

and if we draw the line FK parallel to Cm {Fig. 136), we 
shall obtain 

mFH=mFK+KFH; 

or, 

consequently, 

cos «'=cos 90** cos «— sin 90° sin «t=: —sin «, 

cos /i^sssin «'=sin 90° cos «i+cos 90° sin «=co8 «, 

By means of these values of cos /9, cos «', and cos /a', wc reduvt* 
the equations (133) and (134) to 

Nco8*+X-Fsin«=0 
N sin «+Y+F COSH 

277. These equations admit of a further reduction, from 
the consideration that the friction exerted at the point m is 
proportional to the normal pressure N ; thus, by replacing F 
bjr its value N/in the equations (137), we find 

X=N/ sin «— N cos • ) (V>Q\ 

Y=-N/cos— N sin* 1 ^ " ^* 

But X and Y being rectangular components of the force R, 
we mast have the relation 

R«=X«+Y>. 

Substituting in this equation the values of X and Y found 
above, we obtain 

R«=N«(sin« «+cos'-)+NV'*(sin' «+cos« «), 

or, 

R«=N«(l+/») (139). 

From this equation taken in connexion with (136), we find 

'=*^ "'"^ 

This value of r will always be less than that of A, since the 
fraction / ^, is less than unity ; but A represents the 
ladius of the cylinder, and hence it follows that the equi- 
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Ubriuin is only possible when the distance r of the point 
from the direction of the resultant does not exceed the radii 
of the cylinder. The direction of the resultant will the 
fore intersect the surface of the cylinder. This conditi(^^=^ 
without which the equilibrium of the lever, maintained 
the effect of friction, becomes impossible, is not alone su 
cient ; for the value of r must not exceed that determined br^ 1 
equation (140) ; otherwise the condition of moments co 
not be fulfilled. 

278. It may be remarked, that the equation of the 
expresses the condition that the friction and the resultant oc=: ^^ 
all the forces appUed to the lever, acting conjointlyi will pre 
vent any tendency to rotation. For since the direction 
the normal force passes through the origin, it can have n< 
tendency to produce rotation. If, therefore, an 
subsists, it must be produced in consequence of the 
R and F exerting equal efforts to turn the system in con — 
trary directions. But this is precisely the condition 
by the equation (135), since the moments of the forces 
equal and have contrary signs. 

279. We can also determine the relation which must 
sist between the power and the resistance. For this purpos< 
the preceding results must undergo certain modifications. 

Let P and S represent the power and resistance (Pig* 
137), which form with each other an angle e ; the resul 
ant of these two forces will be determined by the equation 
(Art. 30) 

R»=P2+S2+2PScos^. 
By substituting this value of R^ in equation (139), it becomes 

P» +S>+2PS cos^=N«(l4-/») (141). 

280. Let the value of N be now expressed in functions of 
the quantities P and S. For this purpose, let the perpen- 
diculars p and s be demitted on the directions of the forces 
P and S respectively ; the moment Rr of the resultant can 
then be changed into P^— S^, or S^— Pp, according to the 
direction in which the resultant tends to turn the sjrstem; 
thus the equation (136) will become 

±(Pp-&)+N/A=0 
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vibeoiee, 

and by substituting this value in equation (141), we find 

p«+2Ps cos*+s*=%:M' xi-±^. 

This result may be simplified by making 

P=Sz, and ^^=A:* (142). 

The quantity S* will then disappear, being a common fac- 
tor, and the aquaticm will reduce to 

«* +22? cos tf+l=^-(02?— «)*. 

nr 

From this equation we deduce 

z*h^+2zh* cos e+h9 =k*(p^z^ —2pzs+s») ; 

and by transposition, 

{k*p' —h^)z' —2(^5*' +A» cos tf)5?+ A«s» — A« =0 ; 

or, by division, 

^ 2{psk*-\-h^ cos ) k^s'—h* __q 

The value of z deduced from this equation is the ratio of the 
power to the resistance ; and since z has two values, it is 
obvious that the first will apply to the case in which the 
power is about to overcome the resistance, and the second to 
that in which the resistance is about to overcome the power- 
By resolving the equation, we find 

_ psl'+h^cos$± y/[{psk^+h* cos $Y'-{k^p^'-h*)(k^s*'-h*)] , 
^ k^p2^h^ ' 

and by developing and reducing the terms contained under 
the radical signs, we obtain 

psk*'\-h^cos$±h^[k^{p^+2pscos0+s'y-h*{l''Cos'6)] ^ 
^ k'p^ — A^ ' 

aad finally, by substituting for z and 1— cos^ their respect- 
ive values, we shal>have 

V _p9k'+k^ cos 0±h^[k^(p» '\'2ps cos $^s*)^h* mi' ] 
8 A*p>--A* 
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2S1. If the radius of the cylinder be very small, its square 
A» may be neglected, and the preceding ratio will then become 
F .^ h^{p'' +2ps cost+s') 
S ~p kp' 

If the perpendiculars p aiid s, demitted from the point C on 
the respective directions of the power and resistance, become 
equal to each other, the results will apply to the case of the 
pulley; and by siill neglecting the quanlilyA*, we shall find 

P_l± /V[2(t+cosf)] ^^„_ 

S kp 

282. Finally, when the power and resistance act in par- 
allel directions, the angle t becomes equal to zero ; whence, 

sin *=:0| cos j = l ; 
and the equation (143) then reduces to 

S kp 

883, The same principles will serve to determine the con- 
ditions of equilibrium in the other mechanical powers, when 
regard is had to the effects of friction j but the results obtained 
would in general prove much more complicated. 

0/ the Stiffmss of Cordage. V 

284. In employing the cord as a means of transmitting the 
effect of a force to a machine, we have hitherto supposed the 
cord to be perfectly flexible. But as this hypothesis is inad- 
missible in practice, it becomes necessary to estimate the ad- 
ditional force that will be necessary to overcome the rigidity 
of the cord. 

r.et P and Q, (Fi^. 138) represent two weighu which are 
applied to the extremities of a cord passing over a fixed pul- 
ley : if the weight P be supposed to prevail, and the cord be 
regarded as perfectly rigid, the extremity Q,will evidently be 
brought inio a position Q.', such that the vertical line Q'O 
will intersect the horizontal line CO drawn through C, at a 
diitance CO from the centre, greater than the radius CG. 
exiremity P will at the same time assume the position F, 
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mieh tfwt the vertical line dran-n through P will intersect 
the radius CF. Hence the arm of the lever to whicli the 
force Q is applied will now be longer than that of the force 
I*, and the couditioa of equilibrium will therefore require that 
tlie force P shall exceed Q. 

2S5. If the cord be supposed imperfectly rigid, similar 
elTects will be produced, though in a less degree ; atid in 
practice.it is found that the decrease in the arm of lerer, to 
nrtiicli the preponderatincr weight is appUcd, is wholly insen- 
sible. Hence, in estimating the effects produced by the rigid- 
ity- of a cord employed in a machine, it will simply be. neces- 
sary to increase the arm of the lever to which the resistance 
4^ is applied, by a proper quantity y. 

296. To determine the value of q, we remark that the re- 
sistance to flexnre opposed by a gi\'en cord arises from two 
tiistinct causes, — viz. P. The tension of the cord, or the force 
Q, which is employed to stretch it ; and, 2°. The materials 
Used in the construction of the cord, and the degree of twist 
"wrhich has been given to it. The resistance arising from the 
tension of the cord is found to be proportional to this tension, 
and may therefore be represented by an expression of the 
form bQ.., in which b represents an indeterminate constant. . 
The resistance produced by the second cause may be repre- 
sented by a quantity a. 

Thus, for the same cord bent dver the same pulley, the 
oxpression (w-f AQ.) may be supposed to represent the effort 
necessary to bend it. But if we suppose the diameter of a 
second cord to be greater, the force necessary to bend Jt will 
become greater, and we can assume that this force will 
i ncrease according to some power n of the diameter D. The 
force will also increase as the curvature increases, or as the 

xadins of llie pulley is decreased, and hence (o-i-6Q)inay 

[^ taken as an esprcssion for the force necessary to overcome 
|be rigidity of the cord. This expression represents the 
Ihcremeut that must be given to the power P, in order that 
it may be on the point of overcoming the resistance Qi : but 
maUohave 
Pr=Q(r+,); . 
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and since the forces P and Q, become equal when the cord tf 
supposed destitute of rigidity, P— <i or ft? will also exprgg ^ 

T 

the value of this incremeut. By majdug these value9 eqiE^ 
to each other, we obtain 

D"(a+6a)=Cl9; 
whence, 

g=^(a+6Cl) (143 a). 

287. This equation should only be regarded as funxiabin^^ 
an approximate value of the quantity, 9, since the above rete^^-^ 
tion has been obtained by considerations of a very genenak^ 
character. It moreover contains certain unknown qu^titiiQ^^ 
ix, 6, and n, which vary with different cords. 

For the purpose of verifying the truth of the pi 
formula, and at the same time determining the values of the 
unknown constants, we proceed as follows. 

Having selected a cord, we pass it. over a fixed pulley,, 
attach to its extremities two equal weights : we then 11 
one of these weights until it is about to prevail over the otber^ 
and the difference k will give one value of the quantitf^ 

r 

By repeating the experiment several times, changing th^ 
weights, the cord, or the pulley, we can obtain a number of 
similar equations, in which the quantities a, 6, and n will b^ 
the same, and the quantities D, r, and Q, although different^ 
will be known by observation. Three such equations will 
serve to determine a, 6, and w, and their values being sub- 
stituted in the general relation expressed by formula (143 a), 
the accuracy of the formula can be tested by comparing it 
with the results furnished by other experiments. 

The quantity n was found by Coulomb to be usually about 
1.7 or 1.8 ; and the resistance to flexure must therefore vary 
nearly as the square of the diameter of the cord : but the 
quantity n is itself subject to some variation, becoming nearly 
1.4 when the cord has been long used. 

The following results, expressed in French pounds, were 
obtained in the experiments of Coulomb. 
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Its. T\n Ibt, 



30 thread* in a yam . . -— Xa=4.2 . . —bX 100= 9 

Whila rope ^ jg ^^^^ „ .. \, 1.2 ....'. " 6.1 

6 threads " " " 0.2 " 2.2 

lbs. Tin lbs. 



30 threads hi a yarn . . — xa=6.6 .. — 6x100=11.6 
Tarred rope ^ j^ ^j^^^^ „ „ „ ^^ „ ^ ^ 

6 threads " •» " 0.4 " 2.4 



On the Resistance of Solids. 



V 



2S8. The particles of every solid body are found to oppose 
a certain resistance to any force which tends to separate them. 
This resistance arises from the mutual actions exerted by the 
particles upon each other ; and if the nature of these actions, 
as well as the arrangement of the particles which compose 
the body, were accurately known, it might be possible to 
estimate the force necessary to separate the particles, or to 
produce a given change in the figure of the body. But as we 
are entirely ignorant of these particulars, it becomes neces- 
sary to adopt some hypothesis relative to the manner in which 
bodies are constituted, and the nature of the actions exerted 
by the particles upon each other. Then, by reasoning upon 
such hypothesis, we can obtain results which, compared with 
those derived from experiment, will serve to test the accuracy 
of the supposition. 

289. The hypotheses most generally adopted are — V. That 
of GaUkoj which supposes all solid bodies to be made up of 
fibres, disposed parallel to the length of the body, and sus- 
ceptible of being ruptured without undergoing flexure, ex- 
tension, or compression ; or, 2^. That of Leibnitz^ modified 
by Bernoulli and others, which regards the fibres of all bodies 
as elastic ; being susceptible of extension and compression, and 
capable of opposing a resistance directly proportional to their 
extensions or compressions. The force required to produce 
a given extension is, moreover, supposed to be equal to that 
which is capable of producing an equal compression. 

290. It is very certain that neither of these hypotheses is 
stnctly correct \ but as the results given by the latter difier but 

K \Z 
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little from the truth, when the extensions or compressions 
inconsiderable, we shall adopt it, and apply it to the investiga- 
tion of the resistance wliich a sohd will oppose under different 
circumstances. ,, 

291. The kind of resistance which the body offers will o^ 
pend in a great measure upon the manner in which the force ^ 
applied. Thus, the force may exert an effort to extend ^^ 
compress the solid in the direction of its length, or it m^J 
tend to produce a flexure of the solid, or it may operate 
a force of torsion ; and in each of these cases it may 
required to determine the force necessary to produce a ruptoMT^ 
or separation of the particles, or simply that necessary 
effect a given change in the figure of the solid. 

The cases which more generally occur are, V. TTiat 
which the solid sustains an extension or compression in th' 
direction of its length, without undergoing sensible flexure > 
and, 2^. That in which flexure is produced by the appUca—- ^' 
tion of a force perpendicular to the length of the solid. 

As it is the object of the present article merely to exbibi^^ ^ 
the general methods in which the hypothesis assumed nut] 
be applied to the determination of the strength of bodies, oi 
the resistance which they are capable of opposing, we shall 
confine our investigations to the consideration of these two^- 
cases. 

292. The resistance of a body to a change of figure de- 
pends upon its force of elasticity^ which is measured by the 
effort necessary to compress or extend the body by a given 
quantity. Its resistance to rupture depends upon its force of 
tenacity^ or upon the effort necessary to rupture or crush the 
body. 

The values of these forces having been determined experi- 
mentally for a body composed of a given substance, and 
having a simple form, we can calculate the compression, ex- 
tension, or flexure produced in another body, of the same 
substance, by the application of a given force. The methods 
of effecting this calculation will now be explained. 
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Of the Resistance to Compression or Extension. 

293. When a solid is stretched or compressed in the direc- 
tion of its length, being at the same time prevented from 
experiencing flexure, the lengths of its fibres are found to 
undergo very slight variations, and we can therefore a«ume, 
in conformity with the hypothesis adopted, 1°. That the 
extensions or compressions of all the fibres will be (equal to 
each other, and uniform throughout the extent of each fibre ; 
and that the force necessary to produce a given extension will 
be capable of producing an equal compression. 2°. That 
the variations in the lengths, and the resistances opposed by 
the fibres, are constantly proportional to the forces which 
produce them ; and that this proportion obtains even for those 
forces which rupture or crush the body. 

294. Let a cubical mass of any substance be placed upon 
a horizontal plane, and subjected to the action of a weight 
which rests upon its upper surface, compressing the substance 
in the vertical direction. Denote by 

a, the length of one of the edges of the cube ; 

o'y the quantity by which its vertical dimension is com- 
pressed, and which is always extremely small in 
comparison with a ; 

P, the force which produces the compression. 

Then, since the compression of each fibre is supposed uni- 
form throughout, or since the particles which compose any 
one fibre are supposed to approach each other equally at every 
point of such fibre ; it is obvious that the entire compression 
a', sustained by any fibre, will be directly proportional to its 
length a. For example, if the length of another solid be 
supposed equal to 2a, its transverse section remaining the 
same, and if the same force P be applied to its upper surface, 
the number of particles in the length 2a will be twice as great 
as the number contained in a ; and each pair of consecutive 
particles being caused to approach each other to within the 
same distance, in order that the resistance of the fibre may 
be uniform throughout, the whole variation in the length 2a 
will evidently be twice as great as that which was produced 

K2 
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in the length o^ and will therefore be expressed by 2af. Jiad, 
gmierallyi the compression of the solid, whose length is fUh 
and whose transverse section remains the same, will be ex- 
pressed by no', when the same force P is applied to its upper 
snr&ce. Let the quantity a be supposed equal to the linetf 
unit, — one foot, for example ; ihea n will express the rnunbei 
of feet contained in the length of the second solid, and ntd 
will express the variation produced. in the l^igth of a solid 
whose transverse section is equal to one square fix>t, anid 
whose length is equal to n feet 

296. The preceding remarks have been confined to the 
case in which the solid suffers compression, but fiom the 
nature of the hypothesis,they must apply with equal force to 
the case in which the effort is exerted to extend die body. 

896. If the transverse section of a second solid, whos9 
length is likewise equal to n, be supposed greater than thaC 
of the first, the number of its fibres will be increased in tha 
lame proportion, and the total effort exerted by these fibn* 
when compressed to the same degree will evidently be fto^ 
portional to their number : thus, if P represent the tnom 
necessary to compress a prism whose length is n, and ^oso 
transverse section contains m square feet, by a quantity equal 
to na, we shall have the proportion 

section 1 : section w : : P : P' ; 
whence, 

F=wP. 

297. If the force P' be increased, the solid will undergo & 
greater compression, and the quantity by which the length n 
of the fibre is compressed will no longer be represented by 
na', but by an unknown quantity 7ia'\ To determine this 
quantity, we recur to the hypothesis which assumes that the 
compressions are proportional to the forces which produce 
them ; hence, by calling F' the value of the force wliich pro- 
duces the compression na", we shall have 

na' : na" : : P : P', 
and therefore. 
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or, replacing P by its value mP, we have 

p,^_P^m^" (143 6). 

a n 

p 

298. The quantity — ; is called the coefficient of the elas* 

a 

iiciiy: its value will depend only on the elastic force of the 
substance of which the prism is composed, and will therefore 
be independent of the dimensions of the particular prism 
under consideration. If we denote this coefficient by A, we 
shall obtain, for the entire compression of the prism, 

na"= — r-. 
mA 

This expression will determine the quantity by which a given 
prism will be compressed under the influence of a given force, 
when the coefficient of the elasticity has been previously 
ascertained. It should be remembered, however, that this 
formula is only applicable when the compressions are exceed- 
ingly small ; and that the solid is ruptured or crushed before 
its length undergoes a very sensible change. 

299. The preceding expression is equally applicable when 
the force F' tends to stretch the solid. 

300. To determine tlie force necessary to rupture a given 
prism, when exerted in the direction of the length of the 
prism, we shall denote by B the force necessary to rupture 
a prism of the given substance whose transverse section is a 
square foot. Then, if the transverse section of the given 
prism be supposed to contain m square feet, the number of 
its fibres will be m times greater than the number contained 
in the prism whose section is equal to one square foot ; and 
since each fibre in the two prisms must oppose the same 
resistance at the instant of rupture, we shall determine the 
force P' necessary to rupture the given prism, by the propor- 
tion 

section 1 : section w : : B : F' ; 
whence, 

F'=wB. 

301. The quantity B is called the coefficient of the tenacity^ 
•od depends only on the nature of the substance under consid- 
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eration. Having; determined this quantity by experiment, vt 
can readily calculate the force necessary to rupture a given 
prism of the same substance. This investigation is equally 
applicable whether the force be exerted to compress or extend 
the solid. The methods of determining experimentally the 
coefficients of tlie elasticity and tenacity will be explained 
hereafter. 



Of the Resistance of a Solid to Flexure and PraclurepToduced 
by a three aciiiig at right angles to the direction of the 
Fibres. 

302. When the length of a solid body bears a certain pro- 
portion to its thickness, the body is found to undergo a cer- 
tain degree of flexure before breaking. This flexure becomes 
more perceptible as the length of the solid is increased : thus 
a bar of wrought iron whose length does not exceed twelve 
or fifteen times its thickness gives very shght indications of 
flexibility ; but when its length is increased to forty or fifty 
times its thickness, it yields readily to an effort exerted to 
bend it, and becomes susceptible of taking a very consider- 
able flexure before breaking. 

303, If a force V be applied in a direction perpendicular 
to the length of the sohd AB {Fig. 139), which is supported 
at its two e.xtremities, and if this force be supposed to produce 
a certain degree of flexure in the solid, causing it to assume 
the form represented in Fig, 139 a, the libres aa, Si.C. situated 
on the convex side will be extended, their lengths being in- 
creased, and those situated on the concave side will suffer a 
compression, and will undergo a diminution in length. This 
effect is readily observed : for, if the force P be gradually 
increased until it become capable of breaking the solid, the 
rupture will be foimd to commence at a point D on the con- 
vex side, thereby indicating that the fibres aa on that side 
have been most extended ; and if some of the fibres situated 
on the convex side be previously separated by cutting them 
•hrough transversely, it will be found thai a smaller force 

will be required to fracture the solid. But if, on the 
i fibres hb situated n»u the opposite side of the 
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solid be cut transversely to a certain depth EF (Fig. 139), 
and if a thin plate of some unyielding substance be intro- 
duced into the cut EF, so as to fill it entirely, it will be found, 
upon subjecting the solid to the action of the force P, that 
the thin plate will be retained by a strong pressure tending to 
compress it, and that the strength of the solid will not be 
diminished, the rupture commencing at the convex side, 
when the force P has been increased in the same degree as 
was necessary to rupture the solid before severing any of its 
fibres. 

As we proceed from the convex towards the concave side 
of the solid, the extensions of the fibres will gradually dimin- 
ish, and at a certain distance from the surface, their lengths 
will undergo no variation ; beyond this distance the exten- 
sions will be changed into compressions, and these will again 
increase until we arrive at the concave side. 

304. The flexure of the fibres being supposed to take place 
entirely in planes parallel to the axis of the solid and the 
direction of the force applied, it is evident that the change of 
figure experienced by the solid will require that those fibres 
whose lengths undergo no variation should be contained, 
previous to the flexure, in a plane perpendicular to the direc- 
tion of the force which produces the flexure ; and that, after 
the flexure, these fibres will form a cylindrical surface, 
whose elements will be parallel to the same plane. More- 
over, the fibres situated at equal distances from this plane 
will undergo equal extensions or compressions. 

305. Let us now conceive a right prism AB to be firmly 
fixed at its extremity A, in such manner tiiat its axis shall be 
horizontal, and that a vertical plane passing through the axis 
shall divide the solid into two symmetrical parts. Let a 
weight P be appUed at the other extremity of the solid, 
causing it to undergo a certain degree of flexure, and to 
assume the form represented in Fig. 140. If two planes, 
ai«r, a'uff/j be drawn infinitely near to each other, and normal 
to the curve Aww'B assumed by the fibres whose lengths re- 
main invariable, such planes will include between them an 
elementary portion of the solid, and if the system be sup- 
poied in equilibrio, the state of equilibrium will not be dis- 
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turbed by regarding the portion of the solid included between 
the sections ACD and tuxv as absolutely immoveable, and 
the portion of the solid included between the sections BEF 
and uav as constituting a distinct system. The conditions 
of equilibrium in this system will evidently require that the 
force P, together with the force necessary to retain the part 
DGAuav in its position, shall be just capable of sustaining 
the efforts arising from the compressions and extensions of 
the fibres, or, in other words, that all these forces should reduce 
to two that are equal to each other and directly opposite. 

306. If we assume any two rectangular axes Ax and Ay 
situated in the vertical plane passing through the axis of the 
solid, we can resolve each of the several forces into two com- 
ponents respectively parallel to these axes ; since these forces 
are all situated in planes parallel to the plane of the axes. 
Moreover, since the solid has been supposed to be symmetri- 
cally divided by the vertical plane passing through the axis, 
the forces of elasticity arising from the extensions or com- 
pressions of the different fibres will be symmetrically disposed 
with respect to this plane, and the conditions of equilibrium. 
will therefore be the same as though the forces were all situ- 
ated in this plane. These conditions are, 1°. That the sum 
of the components parallel to each axis shall be equal to zero ; 
and, 2°. That the sum of the moments of all the forces taken 
with respect to any line perpendicular to the plane of the 
forces shall be equal to zero. 

307. We shall assume the origin of co-ordinates at the fixed 
extremity A of the solid, and refer the points in the curve 
Auu' Bto the axes of x and y, which are respectively hori- 
zontal and vertical. 

308. The normal plane auv intersects the cylindrical sur- 
face which contains the fibres of an invariable length, and the 
vertical plane passing through the axis of the solid, in two 
lines au and wv, at right angles to each other ; and the points 
in the section awv will be referred to two rectangular axes, 
one of which au will be called the axis of u, and the other, 
parallel to uv, and passing through the origin a, will be desig- 
nated as the axis of v. Thus the two co-ordinates of the 
point m will be ao=u, and om=v. The moments of the sev- 
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end forces will be referred to the line ok, which is frequently 
called the axis of equilibrium. 

309. This being premised, we shall denote by 
A and B, the coefficients of elasticity and tenacity (Arts. 

296 and 301), 
By the radius of curvature tir, of the curve of flexure, at 

the point f«, 
Sf the length of the arc Au of the curve of flexure, 
z and y, the co-ordinates Ap and pu of the point u re- 
ferred to the origin A, 
xf and y', the co-ordinates of the point B, referred to the 

same origin, 
U and U', functions of the absciss ao=u, expressing the 
values of the corresponding ordinates d and oP of 
the curve of intersection, reckoned from the axis 
of equilibrium au, towards the convex and concave 
sides of the solid, 
a, the dimension of the solid estimated along the axis 

of equilibrium, 
V, the greatest value of U or U', or the distance from the 
axis of equihbrium to that fibre which is most 
stretched or compressed at the instant of rupture. 
Then, if we consider an elementary portion of the solid, in- 
cluded between the consecutive normal planes, whose base is 
represented by the element mm" =du.dvjO{ihe normal section 
aur, its original length will be equal to uu'=ds] and after 
the flexure, this length will be increased or diminished, 
according to its position with reference to the axis of equili- 
brium, and will be represented by mm' or nn' (Pig. 141). 
But from similarity of the figures rmm', niu\ mn\ we have 
the proportion 



ru : rm, : m : : uu' : m,m' : nn' ; 



or. 



R : R-l-t; : R— t; : : rm' : mm' : nn' ; 
and therefore, 

R : r : t; : : uu' : mm'—un' : uu' —nn' : 
irtience, 

mm' — tm'sstiu'— nn'=-=— = -=-. 



1S4 STATICS. 

This expression will represent the variation in the length of 
the element whose base is equal to du.dv {Fig. 140) and 
whose original length was equal to ds. To determine the 
resistance opposed by this element when thus extended or 
compressed, we employ the expression (143 b) in which we 
replace na"y the variation in length, by mm'--uu\ or im' — nn' ; 
the transverse section m, by du . dv \ and the length n, by 
ds : we shall thus 4>btain an expression for the resistance V" 
opposed by the element, 

p// _^* V dudvA _Avdvdu ,. -o a . 

bT^'^ bT ^ '^^' 

and the moment of this resistance taken with reference to the 
axis of equilibrium au, will be 

A A 

^vdvduy,v=::^v^dvdu (143 d). 

310. The other elementary portions of the solid included 
between the consecutive normal planes will give similar 
expressions for the resistances and their moments ; and by 
taking the sums of these expressions, we shall obtain the 
value of the entire resistance, and that of its moment with 
reference to the axis au. To determine the value of these 
sums, we must integrate the expressions (143 c) and (143 d) 
throughout the limits of the section auv. This integration 
is effected, first with reference to one of the variables, t; for 
example ; and its value being then substituted in terms of Uj 
we integrate a second time with reference to the other varia- 
ble. The limits of the first integration will evidently be 
r=0, and t7=U, for those fibres which suffer extension ; and 
v=0, r— U', for those which suffer compression. The limits 
of the second integration will be w=0, and u=a. 

311. This being premised, the sum of the resistances 
arising from the extensions of the several fibres will be ex- 
pressed by 

A /•a /•U 

vdv (143 e). 



U?''f} 



* An eipression of the fonn j du is intended to indicate that the integral of 
f{u is to be taken between the limits u=0, and u=a. In like manner, f vdv sig- 
nifies that the integral of oi« shonld be taken between the limits v=0, and v:=U. 
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and the sumof the resistances arisingfromthecompressions of 
the fibres will be 

A /•• /•"' 

The sum of the moments of these resistances, taken with 
reference to the axis au^ will be 

312. For the purpose of resolving the resistances (143 e) 

and (143/) into components parallel to the axes of x and y, 

dx dfi 
we must multiply them respectively by -j- and --=^, the cosines 

as ds 

of the angles which their directions form with the axes : but 

as the curvature assumed by the soHd is always found to be 

exceedingly small even at the instant when the rupture takes 

dx 
place, the expression — will be very nearly equal to unity, 

OrS 

and the components in the direction of the axis of x may there- 
fore be assumed equal to the entire resistances. These being 
the only forces in the system which have components par- 
allel to the axis of Xj the condition of equilibrium which 
requires that the sum of the components parallel to this axis 
shall be equal to zero, will be expressed by the equation 

/ duj vdv-J duj t?rfy=0 (143 A). 

The n^ative sign is given to the resistances offered by those 
fibres which suffer compression, because they are exerted in a 
direction contrary to the resistances of the extended fibres. 

This equation will determine the position of the axis of 
equilibrium au when the figure of the transverse section is 
known. 

313. A similar condition may be obtained for the com- 
ponents parallel to the axis of y ; but as it will not be required 
in the succeeding steps of this investigation, it will be unne- 
cessary to express it analytically. 

314. The moment of the force P taken with reference to 
the axis au will be expressed by ^{x—x)^ and since this 
force tends to turn the system about the axis ati, in a direc- 
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tion contrary to that in which the resistances of the fibres 
would cause it to turn, the condition that the algebraic sum 
of the moments of all the forces taken with reference to the 
axis of equilibrium shall be equal to zero, will be expressed 
by the equation 

316. When the radius of curvature becomes equal to unity 
the expression (143^) becomes 

Kif^d^J^^v^dv+r^duf^^v^d^ (143 A:). 

This quantity is called the moment of elasticity of the solid, 
and wUl depend upon the elasticity of the substance, and the 
figure of the transverse section. Its value will evidently 
determine that of the force P, which, acting at the extremity 
of a given arm of lever, will be necessary to produce a 
given curvature in the solid ; thus, the moment of elasticity 
becomes a proper measure of the resistance to flexure opposed 
by the solid. 

316. If the flexure of the solid be supposed such that the 
extreme fibre, or that which undergoes the greatest extension 
or compression, is about to be ruptured or crushed, the resist- 
ance opposed by this fibre will be that due to the tenacity of 
the substance : hence, if dudv denote, as in Art. 309, the base 
of an elementary portion of the solid included between the 
consecutive normal sections, and if the distance of this ele- 
ment of the solid from axis of equilibrium au be equal to V, 
that of the fibre which is most extended or compressed, the 
resistance opposed by such element will be expressed by 

Hdvdv] 

B denoting the coefficient of the tenacity. 

This element being at the distance V from the axis of 
equilibrium, its original length ds will undergo a variation 
represented (Art. 309) by 

yds 
R ' 

and the corresponding variation in the length ds of the ele- 
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iDMit, whose distance from the same axis is denoted by v, 
wiUbe 

yds 

R' 

But the resistances opposed by the two elements being by 

hypothesis (Art. 293), proportional to their extensions or com- 

i, we shall have the proportion 

Vrf* vds 

■ denoting the resistance opposed by the element at the 
ince V from the axis of equilibrium. From this propor- 
1 we deduce 




: Bdudv : 



3l7. Similar expressions may be obtained for the resistances 
offered by the other elements; and by taking their moments 
with reference to the axis of equilibrium, and adding them 
into one sum, we shall obuin for the moment of the entire 
resistance, at tlie instant when a fracture commences. 



%{f?"£^''^''^L''^/.'^'^') • 



. (143 I). 



This expression is called the moment of rupture, and will 
depend upon the tenacity of the substance, and the figure of 
the transreise section. This moment must evidently be 
equal to ihe moment P(a:'— i) of the force P, which is just 
capable of causing rupture. Thu5, we shall have 

\{fjd„f\^dv^f^duf^ r'rf«) =V(t^x) . ..(143m). 

The value of the moment of rupture will serve to determine 
that of the force P, which, acting at the extremity of a given 
arm of lever, will be just capable of producing fracture. 
Thus, the moment of rupture becomes a proper measure of 
the resistance to fracture opposed by the solid. 

318. By comparing the expression (143 k), for the moment 
of elasticity, with (143/), which represents the moment of 
rupture, we shall perceive that the latter may be deduced from 

the former by merely substituting ^ for A. 
41 ^ 
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319. When the transverse section can be divided sym- 
metrically by a horizontal line, that line will be the axis of 
equilibrium, since the equation (143 h) will evidently be satis- 
fied by regarding that line as the axb of u. The moment 
of elasticity will then be expressed by 

2A/ duf v'dv] 

and the moment of rupture by 

^ rduPv^dv, 
Vt/ V 

320. In other cases, it will be necessary to determine the 

position of the axis of equilibrium by the condition (143 A), 
and then to calculate separately the two integrals which enter 
into the expressions for the moments of elasticity and rup- 
ture. 

321. To apply these principles, we shall determine the 
moments of elasticity and rupture for those solids whose 
transverse sections are such as are more commonly adopted 
in practice. 

322. Let the transverse section be a rectangle (Pig. 142), 
whose breadth and height are denoted respectively by a and b. 
The value of the moment of elasticity will then become 

2k f" duf v^dv. 

t/ t/ 

and by integrating with reference to v=077i, between the limits 
v=0, and v^ot^^b, we shall obtain double the sum of the 
moments of all the elements, whose bases constitute the ele- 
mentary rectangle oq. Performing the integration, we have 

2A/*'dw X^'=2A/*^rf?« X ^ij)! = ,\Ab^rdu. 
t/o 3t/o 3 t/o 

Integrating a second time, with reference to w, between the 
limits w=0 and w=a, we shall obtain for the moment of 
elasticity «, 

«=^Aa^' (143 n). 

Hence it follows that the resistance to flexure opposed by a 
solid whose transverse section is rectangular, will be propor- 
tional to the breadth and the cube of the depth. 

323 If we replace A in this expression by r=^ we shall 
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obtain the moment of rupture $ of the rectangle ; and since 
V is in the present case equal to '-b, we shall have 

j3=;Bufc' {U3v). 

Thos tlie resistance to fracture is proportional to the breadth 
and the square of the depth. 

'32i. If the solid be disposed In such manner that the 
dimension a shall become vertical, and the dlmensioti 6 hori- 
zontal, the expressions for the momenu of elasticity and rup- 
ture will become respectively 

^K a'=f]A6a', fi'=}Bba'; 

^■nd by comparing these expre^ions with those obtained, 
Vhen the dimension a was supposed horizontal, we shall 
deduce the proportions 

«:•':: ab' : ba' :: b* : a', 
fi : ^' :: ab* : ba' :: b : a. 
It thus appe-ars that the resistance to flexure when the broader 
face b is placed vertically, will be to that exerted when (he 
narrower face a is vertical, as the square of the broader face to 
the square of the narrower. But that the resistances to frac- 
ture in similar cases are proportional simply to the fijst powers 
of the same quantities. 

325. If m the expressions (143 h) and (143 o), we make 
<3=6, we shall obtain for the moments of elasticity and rup- 
ture of a prism with a square base, 

«=TVAaS e=i^a' (H3;>). 

326. Let the transverse section of the solid be a rhombus, 
^i^^'. 143), whose diagonals are represented by 2p and 2y, 
and let the diagonal 2g be placed vertically, if we first 
<leiermine the moment of elasticity of the triangle aBC, that 
*jf the rhombus can be immediately deduced by simply mnlti- 
Jitying by tlie number 2. The limits between which the first 
integration with reference to the variable i'=owi,should be 
effected, are v=0, and v=ot. But from the similarity of tri- 
angles, we have the proportion 

ao : ol :: aD : DC, 
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whence, 

P 

and the limits of the first integration will therefore be «^^ 
and t?=— '. Making these substitutions in the general for- 
mula for the moment of elasticity, we shall obtain 

Integrating a second time, with reference to the variable ^^ 
between the hmits u=o, and t/=/', the moment of elastici^ 
of the triangle aBC becomes 

and by doubling this expression, we find for the moment 
elasticity « of the rhombus, 

g 

327. If in this expression we replace A by «r,we shall o 

tain the value of the moment of rupture /3, which, sin 
V=y, will become 

328. If we makep=5', ^^^ rhombus will become asquar^^ 
and the values of « and ^ will reduce to 

or if the side of the square be denoted by a, we shall hav^ 
the relation a' =2/?', and therefore 

and by comparing these expressions with those obtained 
(Art. 325). for the moments of elasticity and rupture of a. 
prism with a square base^ when the sides of the base are 
respectively vertical and horizontal, we shall find that the 
resistance to flexure will be the same whether the diago- 
nal or side of the square be disposed vertically ; but that 
the resbtance to fracture when the side is vertical, will be 
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greater than when the diagonal is verticali in the ratio of 
^^(2) to 1. 

329. When the section is a circle whose radius is equal to 
r, the integration with reference to the variable v must be 
effected between the limits i;=0, and i;=v^(2rtt— u'); and 
the second integration, with reference to u, between the limits 
«=0, and u=2r. Thus, the expression for the moment of 
elasticity will be 

•=2A/^(itt/^'^^'*'^t^(it;=|A^^(2m-u«)W .(143 j). 

For the purpose of effecting the second integratioui we 
make r — u^z^ which gives 

du=si^dZf 2ru— tt*=r«— jr». 

Substituting these values in the expression for «, and observ- 
ing that the limits tt=0, and ii=2r, correspond to the values 
x^+Vf and zs=— r, we shall obtain 

J^^(2ru^u*)^du=^ -J^^ir' ^z*)*dz^ 

or, 

/^*'(^'-u*)^du:=^^z'(r' ^t»)^dz 

-J^^'(r' -x')^dz (143 r). 

The first term of the second member, being integrated by 
parts, gives 

J^^z* (r« -x')^dz=^J^-^(f ^z'y2zdz^ 
^{r'--z')^.l+\fjr'-z')*dz (143 s> 

9Z 

The quantity (r*— «*)^3 will reduce to zero, when af»+r, 

or z=— r, this term will therefore disappear; and the last 
tenn being resolved into fieu^tors will reduce equation (143 s) 

to 

ivfasQoe, by transposition and reduction, we obasaa 

L 
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Tbia value being substituted in (143 r) gives 

But the integral / (r* ^z^)^dz represents the area of a 



f. 



semicircle whose radius is equal to r. This area being ex- 
pressed by {rr*, we shall have 



and by substituting this value in the expression (143 q) for 
the moment of elasticity «, it will become 

«=jAirr*. 

330. To determine the moment of rupture /B, we replace 

B B 

A by -=7 or —, and thus obtain 
V r 

331. By comparing these values with the expressions 
(143 p), we shall find that the moments of elasticity and rup- 
ture of a square are to those of the inscribed circle as 

3«- 

332. The moment of elasticity of a tube or hollow cylin- 
der whose exterior and interior diameters are represented by 
r' and r", will be determined by taking the difference of the 
moments of the exterior and interior sections. Thus we 
shall have 

- = }Air(r'*-r"*), 
and the moment of rupture |S will be found by replacing A by 

B B , 

==r or — ; hence, 

333. If the section of the hollow cylinder be supposed 
equal to that of a solid cylinder, the radius of the latter being 
denoted by r, we shall have the relation 
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and the resistances to rractura opposed by tlie two will be to 
etch other as 



lepJKing r" — r"» by its value r», this ratio will be reduced to 

lie first term of this ratio miist always exceed the second : 
ihiis the resistance to fracture opposed by the Iiollow cylinder 
will always be greater than that oifercd by the solid cylinder ; 
and since the value of the first term may be increased indefi- 
nitely without affecting that of the second, it follows that 
the resistance of the hollow cylinder may likewise be in- 
creased indefinitely without changing the area of its section 

334. Let a and b represent the breadth and height of a 
rectangle inscribed in a circle wiiose diameter is denoted by 
D : we shall have the relation o* + 6* = D* j and therefore, 

o&«=a(D»-a')- 
But the moment of rupture of a rectangle being proportional 
to the breadth and tlie sijuare of the depth (Art. 323), if we 
wish the resistance to fracture to be a maximum, we must 
differentiate the preceding expression with reference to a, and 
place the first dilTerenlial coefficient equal to zero : we shall 
thus obtain 

da 
and therefore, 

Hence, the strongest rectangular solid which can be cut from 
■ given cylinder will be that in which the diameter of the 
cylinder, the depth of the rectangular section, and its breadth, 
shall be to each other as the square roots of the numbers 3, 
2,andl. 

L2 
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Of the Figure of the Solid after Flexure. 

335. We will now consider the form of the curve Auti^ 
{Fig. 140) assumed by the fibres whose lengths remain invft- 
riable. For this purpose, let AM {Fig. 144) represent the 
solid which is firmly fixed at its extremity A, and subjected 
to the action of the weight P, applied at the other extremityi 
in a direction perpendicular to the original direction of the 
axis of the solid. Then denoting by « the moment of elas- 
ticity, the equation (143 t), which expresses a condition of 
equilibrium, when the solid merely undergoes flexure, with- 
out being ruptured, will become 

^=P(*'-x); 
or by substituting for the radius of airvature R its general 

Talue 2 ^ ^-, this equation will reduce to 



dx» 



{^-%y 



=P(y-.^) (143/), 



336. In like manner, when the solid is about to be rup- 
tured, if we substitute fi for the moment of rupture, in equa- 
tion (143 m), we shall obtain 

|8=P(.r'-5r) (143 ?0. 

337. Let c denote the horizontal distance AB between the 

extremities of the solid, 
/, the ordinate BM, 
Sf the length of the arc AmM, 

*», the angle included between the tangent to the cunre 
at the point M and the horizontal line. 
Then, since the curvature is supposed to be extremely smalli 
even at the instant when fracture takes place, the expression 

^ which represents the tangent of the angle formed by the 
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elcmeni of the curve with the axis of j, will also be extremely 
sxnall, aod its square may therefore be neglected in coropari- 
Aon with unity. Thus the equation (143 /) will be reduced to 

ulttplying by cLr, we obtain 

•^ctr=P(c-x)cfx; 
ax* 

by iotegxation, we have 

■t<"-i) <•« "• 

aibicrary constant introduced by int^ration is equal to 
ro; sinoei when :r=0| -^, which represents the tangent of the 



gle included between the element of the curve and the axis 
i abscisses, is likewise equal to zero. 
Multiplying again by c£r we have 

ptf&rming a second integration, there results 

^/C2:» x'\ 

lie constant will be equal to zero, since 2=0 gives y=0. 
338. If in this expression we make .t=:c, the ordinate y 
"^arill become equal to/; hence we shall have 

. P/c» c»\__P^c' ,-., . 

•^~V2-6)-;^3 ^^*3^>- 

like manner, by making x=c in equation (143 v), we shall 
.▼e ^= tang «^ and therefore 






P Zf 

4ir, replacing — by its value -^ deduced from the preceding 

ogintioD, w« have 

tii)g«s^ (143 ffX 
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339. To detennine the length s of the arc AmM, we taka 
the general expression for the element ds of this arc, 

which, being developed, rejecting all but the two first terms 
as inconsiderable, gives 

and by replacing -^ by its value (143 1?), this equation 

dx 

becomes • t- 

cb=da?+idir(c«x* — ca:» + ia:*)--. 
Integrating, we obtain 

and by making x=c, the value of the entire arc AmM becomes 

*=''+;?U-8+4-o)=''+^^r5' 

pi 

or, replacing — by its value deduced from equation (143 t^), 
this expression reduces to 

s^cV^-P- (143 y). 

340. Wien the weiirlit P is jnst suflicient to fracture the 
solid, the rupture will take place at the supported end ; since 
the moment V{c—x) of the force P will be the greatest when 
:r=0: the equation (143 n) will then bocome 

/3=Pc (143 c); 

or, if the cur\'ature be still supposed so small that -— may be 

neglected in comparison with unity, tlie equation of the curve 
will be the same as when the flexure was extremely slight, 
and we sliall therefore have 



6c 
341. Let it now be supposed that the sohd is loaded with 
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weights distributed uniformly throughout its length. Denote 

by z the absciss of any point between M and m, and by /i the 

weight supported by a portion of the solid which corresponds 

to a unit of length of the absciss : then since the distribution 

of the weights is supposed uniform, we shall have the 

proportion 

\\ f wdz \ pdz, 

flie weight supported by the element of the solid whose pro- 
jection on the axis of x is represented by dz. The moment 
of this weight, with reference to the point m, will be 
pdz{z^x)y and the sum of the moments of all the weights 
supported between M and m, taken with reference to the 
same point m, will be 

./p{Z'-x)dz. 

This integral should be taken between the limits z=^c and 
z:=Xj the quantity x being regarded as invariable : thus we 
shall have 

r^p{z—x)dz=^p^-^^^-'Px{C'-x) (143 of). 

But the condition of equilibrium requires that the smn of 

d^V * 

ihese moments shall be equal to « -j^, the sum of the mo- 

ments of the resistances ofiered by the several fibres. Hence, 
we obtain 

•^=p( ^'^^' ) -par(c-x) = J/>c» -pcx+ipx\ 

Multiplying by dx, and integrating, we obtain 

Mj^=p(ic^X''icx' + Ji-') ; 
ax 

and multiplying a second time by dx, and integrating, there 

results 

ay =zp(ic^x* —icx^ +iir*). 

Making jr=c, y=f, and J^=tang *, we find 

/=|ac*-ic*+lcO=f '^ (143 6% 

ang*=^ic»-ic»+Jc>)=^. 



I 
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342. When the weights distributed along the solid are jmt 
capable of producing rupture, the fracture will take place at 
the supported end, since the expression (143 a!) which repre- 
sents the sum of the moments of these weights will evid^itly 
be the greatest when x=0. This sum being then equal to 
the moment of rupture /s, we shall have 

^-ipc>, cp^^ (143 0-); 

the expression pc represents the entire weight distributed 
along the solid. 

343. If we make cp=:P, and compare the values (14359 
and (143 v>) of the ordinate /, it will appear that the depres- 
sion of the point M below the horizontal line Ar, produced 
by the action of the weight P applied at the point M, will be 
greater than the depression produced by an equal weight 
distributed uniformly along the solid, in the ratio of 8 to 3. 

And by comparing the values of ~ inequations (143c^ and 

c 

(143 z) we shall perceive that the weight necessary to frac- 
ture the solid, when distributed uniformly, will be double that 
required when it is applied at the extremity M. 

344. It frequently occurs that the weight of the solid forms 
an important part of the load which it is required to sustain. 
The eflFect produced by this weight is readily calculated by 
regarding it as uniformly distributed throughout the solid. 
Thus, if the solid be loaded with its own weight P'=pc, and 
a weight P applied at its extremity M, the sum of the 
moments of the weight P, and the weight of that portion of 
the solid which lies to the right of the point m, taken wit^ 
reference to that point, will, by Arts. 337 and 341, be 

V{c—x)-\-p{\c*—cx-\-{x*)\ 

and in case of equilibrium, we shall have 

«^=P(c-jr)+p(ic»-car+i2:») (143 d'); 

or, if the solid be supposed on the point of being ruptured, 
the fracture taking place at the point A, for which ar=Oy the 
condition of equilibrium will be 

*=Pc+ipcV 
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84B. Tfie exptemcn (143 cT) gives, hf two suooessiTe 
intogntkuis, 

and by making xs^e, y—f, and -^=: tang «, we obtain 

A=c(P+Jpc)=c(P+iF) 
346. When the solid is supported in a horizontal positioi^ 
at its two extremities M and M' {Pig» 145), and loaded with 
weights at its middle point A, the results obtained Arts. 337- 
340 will apply to each half of the curve assumed by the 
solid ; for we may regard either half as perfectly immoveable, 
and suppose the other portion to be solicited by a force acting 
at its extremity and equal to the resistance offered by one of 
the points of support. Hence, if we denote by 

2P, the weight suspended at the middle point, 
2c, the distance between the points of support, 
2sj the length of the curve, 
/, the sagitta CA, 

«, the angle included between the line MM' and the 
tangent to the curve at M or M' ; 

the resistance exerted by each fixed point in the vertical 
direction will be equal to P, one-half the weight applied at 
A, and the formulas (143 w), (143 x), (143 y), and (143 z) will 
become immediately applicable to the present case. Hence, 

■^ . "3 • '48 y^'^'^h 

3/ 
tang#=^ 

oc 

#»eP^. . . . (143/> 
IB 



170 8TATIC8. 

The value of/ indicates that the depression of the solid at 
tlie middle point, or the sagitta AC, will be proportional to the 
weight 2P, and the cube of the distance between the points 
of support. 

347. The expressions deduced in the preceding article have 
been obtained upon the supposition that the resistances op- 
posed by the fixed points were exerted in a vertical direction ; 
whereas, the resistance is actually exerted in the direction 
of the normal to the curve at the point M or M' ; and in 
some instances the inclination of this normal to the vertical 
line is too great to be neglected. This circumstance will 
seldom occur except in the case of fracture, the curvature 
of tlie solid being then greater than in the case of a mere 
flexure. If we represent the resistance exerted at M' by the 
line MT, and resolve this force into two components which 
shall be respectively vertical and horizontal, the latter com- 
ponent ME will be equal and op])osite to the similar compo- 
nent of the resistance at the point M, and the vertical 
component M'D will be equal to P, or to one-half the weight 
supported at the middle point of the solid. The value of 
the horizontal component M'E may be readily found ; for we 
have 

M'E= DF =M'D X tang DM'F=P . tang m. 

When the equilibrium subsists, and the solid is on the point 
of being ruptured, the moment of rupture must be equal to 
the sum of the moments of the vertical and horizontal com- 
ponents. The moment of tlie former, with reference to ti>e 
point A, has been found equal to cP ; that of the latter will 
obviously be P tang a xAO=Ptang« ./; tlms, the con- 
ditions of equilibrium will become 

|B=Pc+P tang«./; 

or, if we suppose the curve to be represented by the same 

equation as in Art. 337, in which case tang»=^, this rela- 
tion may be written 

348. If the weight be uniformly distributed throughout the 
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Tength of the solid, we may regard each half as firmly fixed 
St the point A, and solicited at the same time by a system of 
parallel forces applied at every point of the solid, and acting 
downwards ; and by a single force equal to their sum, or to 
the resistance ofiered by the point of support, applied at the 
extremity of the solid, and acting upwards. Thus, the case 
will be the same as that considered in Art. 344, with the ex- 
ception that the forces arising from the weights uniformly 
distributed along the solid are exerted in contrary directions. 
The equations obtained in that case will therefore become 
applicable to the present one by simply changing the signs 
of the moments of these forces, and replacing P by pc] we 
shall thus obtain 

«y=cp(icj:«-ix»)~;?(ic«i:«— ica:»+iV^*) (143 A), 

^=^cp . c—cp . Jc (143 i') J 

making r=c, y=/, ~= tang«, we obtain 

ax 

/-7U T *+* '*^ •'24' 

tang«=^(l-i-i+i-J)c'=i?£l=|', 

fi=cp.{c (143 /f). 

By comparing this value of/ with that obtained in equa- 
tion (143 e'), it will appear that the depression of the solid at 
its middle point produced by a weight 2pc uniformly dis- 
tributed throughout the solid, will be less than that produced 
by the same weight suspended at the middle point, in the 

2$ 
ratio of 5 to 8. And by comparing the values of — given by 

c 

equations (143 k') and (143/') we shall perceive that the solid 

will be equally liable to fracture by the action of the weight 

2pc distributed uniformly, or by half that weight applied at 

its middle pouit. 

349. The preceding expressions, like those in Art. 346, 

have been obtained upon the supposition that the resistances 

offered by the fixed points are exerted in vertical directions. 
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In the ease of rupture, the line of direction of the xesisi* 
ancd may deviate so far from the vertical as to render the 
above supposition inadmissible. We then resolve this resisl- 
ance, as in Art^ 347, into two components respectively vertical 
and horizontal ; the former will be represented by pcj and the 
latter by pc.tangm. In case of equilibrium, it will simply 
be necessary to add to Che second member of equation (143 i^ 
the moment pc • tang m x/, of the horizontal component; thus^ 
we shall have 

^=fp. c-cp . fc+cp . tang # ./=cp(ic+/ tang #X 

Sf 
or, by replacing tang« by its value ~^, we have 



/s=/y.ic(l+^^-), 



and therefore^ 



2»= *■ 



0-^) 



we here suppose that the equation of the curve remains the 
same as in Art. 337. 

350. If the solid be loaded at the same time with a weight 
2P at its middle point, and its own weight 2y>c=2F uni- 
formly distributed, the case will be similar to tliat considered 
in the two preceding articles, with the exception that the 
force applied at the extremity of the solid will now be repre- 
sented by P-fpc=P-hP': thus, when we suppose the resist- 
ances exerted by the fixed points to act vertically, we shall 
obtain, by substituting P+pc for pc in the first terms of the 
second members of equations (143 A') and (143 T), 

my=(y'\-pc){icx^ ^ix^)-p{ic^x' —icx^ -^j^X*), 

fi={V+pc)c^cp.ic (143 r) ; 

which give, by making x=c, t/^fi ^uid 7>c=P, 

351. But, if regard be had to the oblique direction of 
the resistance, as may be necessary in the case of rupture, 
vm must add the moment of the horizontal component 
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to the second member of equation (143 7), which thus 
becomes 

^=(P+l>c)c— cp . ic+(P+pc) tang « ./j 
and thexefore, 

op^ g^-P^(c+2/tang#) 
cH-/taiJga» 

The equation (143^) likewise gives, by replacing /n; in the 
first term of the second member by P+/)c, and making 

^=:tang ., 

3P+2F 4/ 

and this ralue of tcmg # may be regarded as sensibly equal 
to that employed in the preceding expression for the value 
of2P. 

352. To apply the several results which have been ob- 
tained to particular cases, it will be necessary to substitute 
the values of the moments of rupture and elasticity apper- 
taining to* the figure of the transverse section. We must 
likewise assign to A and B the coefiicients of elasticity and 
tenacity, their particular values which depend upon the nature 
of the substance, and which are supposed to have been pre- 
viously determined by experiment. 

363. The best method of determining the values of A and 
B consists in supporting a prismatic solid at its two ex- 
tremities in a horizontal position, loading it with weights at 
its middle point, and observing the sagittae which correspond 
to difierent weights ; or simply, the weight and sagitta at the 
instant when the fracture is about to take place. 

If the transverse section of the solid be a rectangle, 
whose breadth and height are denoted respectively by a and 
i, we shall have (Arts. 322 and 323), 

«=T«jAa*', /8=iBa6«; 

and if we neglect the weight of the solid (Arts. 346 and 347), 

and by eliminating • and /s, we obtain, for the case of simple 
flexurei 
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^^2P^ML, orA^2P^^ (143 m'); 

and for that of fracture 

«=2p^0+K) (^*^"')' 

2c being the interval between the supports, and 2P the weight 
with which the solid is loaded. 

The values of A and B are thus expressed in functions of 
quantities which are readily determined by observation. 

354. If the weight of the solid 2F be likewise taken into 
consideration, it will simply be necessary (Art. 350) to add 
f.2P'to2P in equation (143 m'), and to replace equation 
(143 n') by the formulas of Art. 351 : we shall thus have, in 
the case of flexure, 

/=(2P+f.2P')^. A=(2P+f.2P)», 

and for that of fracture, 

6fl _ (2P+2P')(c+/-tang«)-Fc 
ah' \ab' 

t«n,r _3P+2P' 4/ 

355. If the solid be loaded with a weight 2Cl, and if the 
corresponding sagitta be denoted by /, we shall obtain a 
value for/ similar to that of /in the prerjeding article : thus 
we shall have, 

/=(2a+f.2F)^.; 

and by taking the difference between / and /, the weight of 
the solid 2F will disappear, and we shall obtain 

/_/=(2a-2P)j^, A=(2a-2P)^JgL_. 

Thus, it will only be necessary to observe the increase /— / 
in the sagitta, which corresponds to a given increase 20,— •2P 
in the weights suspended at the middle point. 
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Of Solids of equal Resistance. 

356. When a solid having the prismatic form is subjected 
to an effort which tends to break it, there will always be a 
particular point at which the fracture will be most Ukely to 
take place. For, the moment of rupture will be the same at 
every point, whilst the moment of the force applied will de- 
pend upon its distance from the point with reference to which 
the moments are taken. Hence, if the strength of the sohd 
be sufficient at that point where a rupture is most likely to 
occur, it will be unnecessarily great at other points. 

357. It becomes an object, therefore, to determine the 
figure of the solid which shall be uniformly strong through- 
out, since the adoption of such a figure may frequently effect 
a material reduction in the quantity of materials employed. 
Solids having such figures are called solids of equal resist- 
ance. 

358. As an example, let a body ABM {Fig- 14C), whose 
upper surface AB is horizontal, and whose two lateral faces 
are vertical, be firmly fixed at its extremity A, and subjected 
to the action of a weight P suspended from its other extrem- 
ity. It is required to determine the form of the under surface 
BmM such that the solid may be equally strong throughout, 
or that the moment of the weight P taken with reference to 
any point in the length of the solid, shall be equal to the mo- 
ment of rupture of the transverse section at the same point. 

Denote by a the breadth of the solid, b the height AM, c 
the length AB, x tlie variable absciss Bp, and v the corre- 
sponding ordinate pm : the moment of rupture of the section 

AM will be (Art. 323) B-rr-; and since this must be equal to 

the moment of the force P, we shall have 

In like manner, the moment of rupture of the section pm 

av^ 
will be B-5- , and the moment of the force P with reference 
o 

to a point in this section will be Vx. These moments being 
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equal by the conditions of the problem, the general relatiott 
between the quantities v and x will become 

6 c 

This equation evidently appertains to a parabola, the axis of 
which will be the line AB. 

369. To determine the fi^re of the curve assumed by the 
solid when bent, wq observe that the moment of elasticity of 

the section pm will be (Art. 322) A^ s= A --. Henoe, if 

^'^ 12c* 
y denote the ordinate of the curve of flexure corresponding to 
the absciss Ap^c—x^ the conditions of equilibrium in case 
of flexure will be (Art. 337) 

12c* ^ 
Psrfonning two successive integrations, and remarking that 

when ar=c, ;/^=0, and ^=0, we obtain 

dy P 24cV \ i\ P 24cV. \ * . , l\ 

dx A ab^\ J' -^ A ab^V ' /' 

and by making x=0, and y=/, we find, for the depression of 
the extreme point B, 

. P 8c« 

By comparing this expression with that obtained in equa- 
tion (143 t^), it will appear that the depression / is twice as 
great in the present instance as when the solid had the pris- 
matic form. 

360. If the weight supported by the solid be distributed 
uniformly along its length, each unit of length being sup- 
posed to support a weight p, the sum of the moments of 
these weights, taken with reference to the point A, will be 
(Art 342) pc.^c] and the condition of equilibrium will 
therefore be 

B-^=pc.Jc 
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like manner, ihe sura of i!ie momenis of the weights sup- 
ported between the points p and B, taken with reference to 
the point p, will be px . \x. Hence, we shall have 

the equation of a right line. 

361. The preceding examples will be Eiifficient to illus- 
trate the manner in which the form of the solid of equal re- 
sistance may be determined when the distribution of the load 
(previously known. 
31 
ve 



O/l/te Principle of Virtual Velocities. 






162. The principle of virtual velocities, which was dis- 
'ered by Galileo, and very fully developed by John 
Bernouilli and Lagrange, may frequently prove of great 
utility in stating the analylical conditions of statical problems. 
Indeed, it is regarded by Lagrange, who has adopted it as the 
basis of his "Mecanique Analytique," as so essential, that he 
considers all the general methods which can be employed ill 
the solution of questions relating to equilibrium, as being 
nothing more than applications more or less direct of this 
general principle. 

363. A virtual velocity is ihe path described by the point 
of appUcation of a force, when the equilibrium is disturbed 
in BJi infinitely small degree. Thus, by supposing that the 
point of application m of a force P {Fig. 147) is, by an 
instantaneous derangement of the system, transferred to n, 
the smalt line mn which it describes is called the virtual 
*docity of the point m. 

364. If this virtiia! velocity be projected upon the direction 
the force, it will occupy thereon the small space ma, and 

the product of the force P by tliis projection ma is called the 
moment of this virtual velocity, or, Sometimes, the moment 
of the force; it should however be observed, that the term 
moment is here employed with a very different signification 
from that usually implied. 
The principle of virtual velocities, as xi-ill be demonstrated, 

L 41 
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ocmaiati in this, dial wh«n the syslam tt 
of theie moments it eqnal to mo ; thuii if P| P, PV Ac, 
lepramit diflhrait forces ajqidied to a systmii and p^ ]/| fT^ 
Ac^ the projections of the virtoai velocilies on the directiaii 
of these fi>iceS| we must have in case of eqoilibriami 

I^+Pp'+Py +&c.=0 . . • . • (144). 
It is necessary to remark that when any one of flute in- 
jections Pf f^f jp*i &c^ Ms npon the pndpngatiw wk 
XF^. 148) of the force P, apfdied at m» this prqjectioa nnst 
be regarded as negative ; and since the forces P, P^ P% ifc^ 
are all considered as having the positive sign, the moment 
corresponding to this negative projection, must likewise be 
afiected with the negative sign ; thus, the equation (144) wiQ 
express that the algebraic sum of the moments is equal to leio* 
865. This prindple will first be demonstrated for that case 
in whidi the forces are applied to a smgle point Let P, P, 
P*! &c^ represent any number of forces applied to the point 
m{Plg. 149), and sustaining it in equilibrio ; if, by the efflbct 
of an infinitely small derangement, the point m be trimh 
ported to n, tfie line mn being infinitely small, may be 
regarded as a right line. Let the axis of or be supposed to 
coincide in direction with the line mn, and denote by «, « , «', 
dx., the angles formed by the several forces with this axis ; 
we shall have, since an equilibrium subsists in the system, 

PCOS a + F cos le'+F' CO8ie'' + &C.=0 I 

multiplying the several terms of this equation by the line mn^ 
which will be denoted by z, we shall obtain 

Tz cos *+Vz' cos «'+FV' cos le^+dtc. =0 (146> 

But it is evident that jt cos «, or mn . cos nml, is equal to the 
small Ifaie m/, the projection of mn on the direction of the 
force P. Thus jt cos • represents the same quantity as the 
letter p in equation (144). The same remarks being appli- 
cable to the other forces, the several products j? . cos «', jt cos «", 
&c., may be replaced ^ p\ p'\ d&c., the projections of the 
virtual velocity of the point m upon the directions of these 
forces, and the equation (145) will then become 

Ii>+Fp'+Py' +dtc.=0 ; 
fiom which we oonduds that the principle of virtual velocities 
is tine when the feross are appKed to a single point. 
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366. The most general case of this principle which usually 
preseQts ilsclf, is that in which the several forces P, P', P", 
&c., are applied to different points of a hody or system of 
bodies: these points preserving their distances invariable, 
may be regarded as connected with each other by inflexible 
right lines. Before examining the general state of the system 
when the equilibrium has been slightly disturbed, we will 
consider singly one of these inflexible right lines mm', at the 
instant when the point m has been brought inl" the position 
denoted by n. The other extremity m' of this right line 
will at the same time change its position, and may be situated 
either above mm! {Pig. 150), or beneath ii {Fig. 151) : let 
iibe first supposed above mm, and the line mm' will then 
assume the position nn' {Fig. 152) : the lines mn and m'n' 
may be regarded as infinitely small when compared with the 
lines mm' and nn', since the derangement of the system is 
mpposed inflniiely small. If the points m and n' be con- 
nected by a right line we shall form a triangle fnm'ti', in which 
the side m'n' being infinitely small, the angle limm' will like- 
viae be infinitely small, and the arc n'a, which measures this 
ingje, may therefore be regarded as a right line. But this 
arc being described with a radius ma, if wc assume rnb—ma 
(Fig. 153), the angle bii'a being an angle in a semicircle, will 
be equal to a right angle, and may be considered equal to tho 
angle mn'a- For, since the angle n'ma is infinitely small, the 
angle mn'fr must be so likewise, and the angles &»'(i, ?nn'a,wi\i 
therefore differ by an infinitely small quantity. Thus, the 
triangles mn'a and n'la {Fig. 152) being right-angled and 
having a common angle o, will be similar, and we shall there- 
fore have the proportion 

ma : n'a:: n'a : la. 
But n'a being infinitely small with respect to ma, la must be 
infinitely small with respect to ti'a ; and since n'a is an in- 
finitely small quantity of the first order, la will be one of the 
second order. Hence, the quantity la may be neglected, and 
nri may be regarded as equal to ml ; thus we shall have 

In a similar maimer may it be proved that if with the point n' 
M2 
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at a oeatMi and vadhia n^m, w daicribe the azc mdfi ^M^aliiU 
obCaia 

and bf placing theae Talma of mil' equMd (a eadi otf^ 

mm'+m^lsswif+fihi 

bat the right line mm' being sappoaed inextenaiUe, it mnk 
pnaenre ita length invariidUe in ita new poaition; hancfl^' 
mar^rsfin^; and by anpptessii^ theae eq[aal terma in tfie pre- 
ceding eqnationi we obtain 

mlsfiA. 
Again, tbe linea mm' and mi' form with each other an infi- 
nitely aniall angle; for, if they interaect at a point o (JF\g; ^^ 
we diall have a triangle fi^on^, two of whoee aidea are of finite 

eztenti the third aide m'n' being infinitely amall; tfaa% the 
angle will likewiae be infinitely amalL It reaults finNa the 
preceding romarka, that if the peipendicnlar nk be dfimitlhd 
on the aide mm^ (Fig^ 1S2) we shall have 

fiAesemJb; 

and by aubetitating this yalue of nA in the preceding eqaatkaif 
we find 

m7=m£) 

which proves that the projections mk and m'l of the virtoal 
velocities mn and m'n' of the points m and m' are equal to 
each other. 

367. Let us now suppose that the point m {Fig. 155) is 
transported to n, and that the extremity m' falls at n' below 
mm\ It may be proved as in the former case, that the angle 
is infinitely small, and consequently that the projections ol 
and oh may be regarded as equal to onf and on ; whence, 

on!szom'+m% on^om^mh] 

by the addition of these equations, we obtain 

o»'+o»=om'+om+fii7— mA ; 

or, 

nn'=mm'+m7— mA ; 

bat im' and m»' are equal to each other, and therefore 
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which proves that the projections of the virtual velocities ate 
still equal. 

36S. In ihis demonstration it has been supposed that the 
derangement of the sjisLem is such as to preserve the lines 
mm' and nn' in the same plane. This restriction is however 
entirely unnecessary. For,if we suppose that mm' aiid nn'are 
not contained in the same plane, we can draw through the 
points n and n' {Fig. 152) planes perpendicular to the Une 
mm', intersecting this line at the points k and /, the projections 
of R and n'. Then, if a line be drawn through any point of 
mm' parallel to n»', and terminated by ihe perpendicular 
planes, snch line will evidently be equal to 7in', and its ex- 
tremities will likewise be projected on the line mm', at the 
same points k and /. Hence, if the property be true for the 
allel line which intersects mm',ii will hkewise be true for 
e line nn'. 
1 369. It should be observed, that in each of these cases, the 
rojections will be affected with contrary signs, one falling 
»n the line mm', the other upon its prolongation. 
I This appears from an inspection of the figures 152 and 
' 1S5, and it likewise results from the consideration that if the 
two projections fell upon the line or upon its prolongations, 
the length of mi' would necessarily be greater or less than 
that ofrnm^', which by hypothesis, is impossible. 

370. It follows from the preceding remarks, that if we sup- 
pose two equal and opposite forces to act in the direction of 
the line mm' on the points m and m', and denote by v and v' 

tthe projections of the virtual velocities m.ti, and m'ti' on the 
^e of direction of the forces, we shall have 
■nd consequently, that if we represent by {mm') each ol 
fhese equal forces, we shall obtain 

{mm')v + (mm')i^=(i\ 
which proves that the forces represented by {mm,') being 
applied at the extremities of the right line, and being regarded 
as sustaining those points in equilibno, the sum of the 
moments of the virtual velocities of these points will be eqti^ 

^H 371. By the aid of this proposition it will >t 3asT to 
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«rtafalith the prindpto of yirtod felocitias in tha^saM^ tsf 
number of forces applied to diffisrent points. FoTi lel>P| F, 
F*, A;e. (Fig. 166)| be mlwnl feroes ajqidied to the-peinls 
Ml m\ m*|4xi» If we regard dMae points as finnlf aoB- 
naetad by infleodUe rig^t lines, tbese lines may ba ooofitad 
is the direetions of equal and opposite finoes acting ott^ Iks 
poiite m^ m\ m^ &c^ and if we deoole these forces hfijtiKif^ 
(asW), &C.I the eqoiiibrinm will be maintained ' 

at the pomt m, by the forces {fnm% (mmf^j (fMn*^^ and P^ 
at the point mf, by the forces (rn'm), {m'm'^j ip^'^'^% <UQd F9 
at the point m^ by the foroes {jn"m)^ {n^'nif)^ (m'W^ and F, 
,at the point m% by the foroes {m^'m^ {fnf"m% (nirm'% andF*» 
&C.. dtc. Ac 

Knee the equilibrium subsists at each of these pointSi the 
equation of the moments obtained in Art 366, will maniff^stlf 
be satisfied. Let the followuig notation then be adopted^ Tii : 
9=9rojection of the virtual velocity of one of the popii m^ 
hi', m", d&c., the point to which this velocity refers' being 
designated by the manner in which v is written in the ex- 
pression for its moment ; thus, v{mm^ represents that v in 
this moment applies to the point m, while v{m'm) denotes 
that V applies to m/. 

The character v will thus represent quantities which ma]r 
be equal or unequal, according as the projections of the 
virtual velocities fall upon the same or upon different lines. 

372. Having adopted this notation, the equations of the 
moments as given by Art. 365, may be expressed as follows : 

for the point m, Vp+v{mfn/)+v{mm")+v(mm''^=Oy 
for the point m\ Fp'+i;(m'm)+v(mW0+v(mW')=O, 
for the point m", F'p"+t;(w"m)+t7(m"m')+v(m'W")=0, 
for the point m'", F"p'"+v(m'"m)+v(y»'"mO+vK"m")=0. 

The sum of these four equations being taken, we remark 
that the moments appertaining to the same right line mutu- 
ally destroy each other ; thus, the term v(tnmf) will cancel 
the term v{m'm)ij dzx^ and by continuing the process, the sum 
will be reduced to 

Pp+F/>'+Fy + F'K*0. 
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The same demonstration is- evidently applicable to a greater 
number offerees. 

373. As an example of the manner in which the conditions 
of equilibrium in any machine may be inferred from the 
principle of virtual velocities, we will suppose the relation 
between the power and resistance in the lever to be unknown. 
The forces exerted upon the lever are the power P, the 
resistance V, and the reaction of the point of support. If a 
sUg;hl motion be communicated to the lever, causing it to turn 
about its fulcrum, this fulcrum will remain immoveable, and 
the moment of the reaction exerted by this point will there- 
fore bo equal to zero. Hence, the principle of virtual velo- 
cities will give 

or, 

Pp = -Fp' (146). 

This being premised, let the values of the quantities ;t axidp' 
be now determined. Let C represent the fulcrum of a lever 
mm' (Fig. 1 57), which being slightly removed from its po- 
sition of equilibrium has assumed the position tin' ; the angles 
at C being equal to each other, the arcs mn, m'n' will bo pro- 
portional to the radii with which they are described, and we 
sliall therefore have 

win : m'n' : : Cm : Cm' (147). 

But if through the points n and n' perpendiculars be drawn 
to the directions of the forces P and P, we shall have 



the negative sign being prefixed to p, because it falls on the 
prolongation of the force P. The arcs being regarded as in- 
detinitely small right lines, the right-angled triangles mm, 
m'/n' will be similar ; for the isosceles triangles wiCn, m'Cn' 
give 

angle nmC=angle n'm'C: 
^ad by subtracting these equal angles from the right angles 
rniC, r'm'C, there will remain 

angle rm7i=angle r'm'n'. 
Thus, the triangles rmn, r'nin! will be similar, and will give 
e proportion 
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win : m'n ■.: ^p :p ; 
and therefore the proportion (147) may be converted into 

Cm : Cm' : : — p : p'. 
Biit the equation (146) which expresses the principle of vir- 
tual velocities gives rise to the proportion 

P':P::~p:p'; 
whence, by the equality of ratios, 

Cm : Cm' ; : P' : P, 
or the forces are in tlie inverse ratio of the orma of the lever. 

0/ the Position of Ike Cetttre of Gravity of a System when 
in Eqnilibrio. 

374. Let OT, m\ m" &c., be the centres of gravity of different 
bodies which are connected together in an invariable manner ; 
let perpendiculars z, a', z", ii.c., be demitted from these points 
on the plane of xy, supposed to be horizontal ; the weights 
P, ?', P", i-c, of the several bodies, which may be regarded 
as suspended from the points m, m', m", &.C., will act along the 
directions of these perpendiculars. If z, denote the co- 
ordinate of the centre of gravity of the whole system, we 
shall have (Art. 166) 

_ _ Vz+V'z'+P"2"+&c. 
-' p+F+F'+jtc. ■ 
When the system of bodies changes its position, the ordi- 
nate 2 becoming «-|-A, or z — A, the increment of z will affect 
the values of z', z', z~, &.C., since the points m, m, m", &c., 
being connected in an invariable manner, the value of z 
cannot change without the values of z, z', &c., undergoing 
a corresponding alteration. AJihoiigh we are generally unac- 
quainted with the law of dependence which exists between 
the positions of the different bodies composing the system, 
the preceding equation may nevertheless be written undet 
the form 

_ __ Pz+Vpz+?"Fz+&,c. 
'' P+P'H-P"-|-&c. ' 

•h f, F, ikc, denote certain indeterminate functions. 
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If the value of =:, be a maximum or a minimum, the dif 
irenlial of the second member will be equal to zero, hence 



Pdz+F'dz'+V"dz"-i-&.c.=0. 
But this equation is necessarily satisfied when the sTslem 
receives an infinitely small derangement from its position of 
equilibrium. For, when the centres of gravity™, /«', m",&.c., 
change their positions and are transferred to 71, n, n, dec, 
the paths described will be the lines mn, m'n.', mii', &c. If^ 
therefore, these paths be projected on the primitive directions 
z, z, z". Six,., of the forces P, P', P", Ac, we shall obtain the 
values of the projections of the virtual velocities. Thus, 
mh {Fig- 158) the jirojection of mn upon the co-ordinate z, 
is equal to nli, the increment which the value of z has re- 
ceived in consequence of the derangement sustained by the 
system : the sign of this increment may be either positive or 
negative. We shall therefore have, without reference to the 
signs, p =dz ; and by applying the same considerations to the 
other co-ordinates, it appears that the differentia! Pdz + 
P'dz'+P"dz" +&,£., will represent the same quantity as the 
expression Pp+P'p'+P"p" +6cc.; and since the latter quan- 
tity becomes equal to zero when the system is in equilibrio, 
according to the principle of virtual velocities, we must like- 
wise have 

Vdz+P'dz' + P"dz"+&c.=0 ; 
hence, dz=Q, which proves that the centre of gravity is in 
general situated at the highest or lowest point, when the 
system is in a state of equilibrium. But this proposition 
will not always be true, since dz=0 will not always indicate 
the existence of a maximum or minimum. 

375. The converse of this proposition is always true, viz : 
Jf the centre of gravity of the system be s'tlualed at the 
hig'kesi or lowest point, the system will necessarily be in eqiii- 
ir, dz, will then be equal to zero, and the sum of the 
of the virtual velocities will also be equal to zero. 



F 



PART SECOND. 



DYNAMICS. 




OF THE LAW OF INERTIA. 

' 376. Dynamics has been defined to be that part of M&- 
chauics which treats of the laws of motion of solid bodies. 
We shall, in the first place, estabhsh as a principle the g 
la«r of nature, that every body will continue in the state of 
Test or motion in which it may be piaced, unless it be acted 
upon by some external force. This indiiference of matter to 
a state of motion or rest is called inertia. It is a c 
quence of this principle of inertia that one body when struck 
by another, cxerls an effort of resistance to the impulsii 
whilst acquiring a portion of the motion of the striking body. 
By this same principle, a body having received an impulse, 
muat move imiformly in a right line, if not opposed by any 
^T obstacle : for there can be no reason why the body should 
Bj^eviate to one side rather than to the other, nor that its 
^Finotion should be accelerated rather than retarded. It is 
tnie, that the nature of the force being imknown to us, we 
cannot foresee whether its effect will be such as to preserve 
the motion of ihe body invariable : thus, the law of inertia 
should be regarded as a simple result of experience and 
analogy. 

If we do not perceive the motions of bodies to continue 
tinchanged, it is merely because these molions are conslamly 
sffiacted by the resistance of media, by the action of gravity, 
or by other similar causes. The most simple kind of motion 
which can be conceived is that which takes place uniformly, 
and in a right line. 
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Of Uniform Rectilinear Motion. 

377. A body is said to have a uniform motion when it 
passes over equal spaces in successive equal portions of time : 
thus, if Y denote the space which it describes in a unit of 
time, it will have described a space 27 at the end of two 
units of time, SV at the end of three units of time, ice. Con- 
sequently, if we represent by t the number of units of time 
necessary for the body to describe a space s, this space will 
be equal to / X Y ; we shall thus have 

s^Yt. 

Such is the equation of uniform motion. The coefficient Y, 
or the space passed over in a unit of time, is called the 
velocity, and it evidently expresses the rate of a body^ 
motion. For, if a body M move n times as rapidly ae 
another M', the space Y described by the first in a unit of 
time, will obviously be n times greater than the space Y', 
described by the second in the same time. 

378. For the purpose of comparing the circumstances of 

motion of two bodies which depart at the same instant from a 

point A, with velocities represented by V' and Y", we will 

denote by s' and s" the respective spaces passed over by these 

bodies, at the expiration of the times f and t" : we shall then 

have 

s'=Yr, 5"=VY'; 

whence we deduce 

s' Yr 

which proves that the spaces passed over are proportional to 
the products of the times and velocities. When the times are 
equal, this equation reduces to 

s" Y'" 

and the spaces described are then proportional to the ve- 
locities. 

379. The body may have already passed over a space S, 
previous to the instant from which the time t is reckoned: 
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) shall then have the more general equation of unirorm 
motion 

in which * represents the distance of the body from the 
origin of spaces. The quantity S is called the initial space, 
and evidently represents the distance of the body from the 
origin, at the commencement of the time t. 

380. By the aid of this equation we can readily solve all 
the problems of uniform rectilinear motion. 

For example, if the distance of a body from the origin of 
spaces at the end of the time e\ be supposed equal to >■<' ; and 
if this distance become s" at the end of the time i", we can 
thence determine the velocity V, and the initial space ; for 
we shall have the equations 

s=S+VC, s"=S+V^'; 
from which we obtain 

Y_ 3"—s ' g _ s'l"—aY 
C~—l' t —C 

381. As a second example, let it be required to determine 
the lime of meeting of two bodies M' and M {Pig. 169), 
which depart at the same instant from the two points A and B, 
having the respective velocities V and V. Let C be their 
point of meeting : the spaces actually passed over by the two 
bodies will be 

BC=Yi, and AC=\'t. 
If we denote by 6 the distance AB between the bodies at the 
commencement of the motion, and reckon their distances at 
the end of the time t from the point A as an origin, we shall 
have the equations 

£lach of the spaces s and s" will then be represented by the 
line AC ; and by placing the second members of the above 
equations equal to each other, we deduce 



. Since the space 3 constantly varies with the time t, 
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we cftQ diffisnntiate the eqnatkm tsS+YiT with m fi aiwne e to 
these two variables, and we shall thus obtain 

di 

Hsnce it appears, that in unifiirm motion the Tdodtfli-liMr 
differaitial ooefficient of the space, regarded as a fimetiBa 
of the time: it will presently appear that the same u tmeis 
▼aried motion. 



Of Varied MMan. 
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383. When the motion of a body is such that it passes oyer 
unequal spaces in equal successive portions of time, the body 
is said to have a varied motion. This kind of motion cannot 
be produced by the action of a single force of impaUoni 
since by the law of inertia the velocity imparted by a shqils 
impulse should constantly remain unchanged ; and hence As 
motion would continue uniform : whereas, we have in the 
present instance supposed it variable. It therefore Leciwie s 
necessary to suppose that the body, having received the first 
impulsion, is subsequently subjected to the action of a second 
impulse, a third, &c., which, by constantly changing its 
velocity, produce a variable motion. If the force acts without 
intermission,the impulses will be communicated at intervals 
which are indefinitely small, and the force is then called an 
incessant force. If the force tends to increase the velocity 
of the body, it is called an accelerating force^ and when it 
tends to diminish the velocity, a retarding farce, 

384. The velocity of the body being supposed constantly 
variable, we can only estimate its value at any particular 
point of the path described, by supposing it to become con- 
stant at this point. Thus, to measure the velocity of a body 
which has arrived at B {Fig- 169), at the end of the time f, 
we suppose the action of the incessant force to be suddenly 
arrested, and the body will then move uniformly with the 
velocity which it has acquired at the point B. The space 
BC described in a unit of time, with this uniform moticm, is 
the measure of the velocity at the point R 
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386. The second is usually adopted as the unit of time. 
TIeDce, the velocity of the body at the expiration of the time t 
^trill be the space which this body would describe in the second 
-which succeeds the time t, if, at the end of the time (, the 
incessant force should cease to communicate new impulses to 
the body. 

386. To determine the analytical eitpression for the ve- 
locity, we will suppose the body to have arrived at the point 
B, at the expiration of the time t ; the space AB which it has 
already passed over being dependent on the length of time 
which has elapsed, the former will evidently be a function 
of the latter. Thus, we may regard the space s as the ordi- 
nate of a curve whose absciss is equal to t ; consequently, 
when I becomes l-\-dt, a will become s+ds; hence, the space 
passed over in the time dl will be represented by ds. This 
being premised, let il be supposed that when the body has 
arrived at the point B, the incessant force ceases to act ; the 
body will assume a uniform motion with the velocity ac- 
quired at the point B, and will describe in the instant dt 
■ucceeding the time t, the indefinitely small space ds : in the 
next succeeding instant dt it will describe a second space ds, 
and the same will continue until the body has described a 
space BC, which will correspond to the unit of lime. This 
apace BC will therefore contain da as many times as cf 2 is 

contained in unity ; hut — will express the number of times 

which the unit of time contains the quantity dt ; hence, the 

1 ds 

space BC will be expressed by da X ~j-, or by — , since the dif- 
ferential is taken with reference to the variable t ; but the 
Vpace BC represents the quantity v ; we shall therefore have, 
*b(» the expression of the velocity in varied motion 
_ds 
''"dl' 

387. Il may also be observed that the space passed over. 
Biter the expiration of the time (, will be (Fiff. 159), 

Bb=ds at the end of the time dt, 

Bb'=2ds at the end of the time 2dt, ■_ 



B&^-3rff at the end of the tiine 3A.' 

BCssfub at the end of the time K . A. 

And einoa the time elapsed during the paaaage of Aa-Wf 

from BtoCia b7hypoiheai8eqaaltounit]r|WBniay«iq9M 

1 . ' ' 

nA=l; whence n=-r-. This value heing aabatitiitad .k 

dt 

Ae expression nda^v^ the space descrihed in a unit of tlJHJ 

we shall obtain, as above, 

v=* ....{148> 

388. Before investigating the expression for the vahie d 
the incessant forcei it will be necessary to discover tfwlrii' 
tion which exists between the force and the velodtf. 

If a force F be supposed to communicate a vekidlfvll 
any body, a force n times as great will communicate ts At 
body a velocity equal to nv. Tlie truth of this piUjiWifcii 
might well be questioned, since the nature of finroet Ualsf 
entirely unknown, we cannot affirm that a douUe fone;lrfl 
necessarily produce a double velocity ; or, in general, thit s 
single force equal to the sum of two others, will necessarily 
produce a velocity equal to the sum of the velocities which 
the two forces would separately produce. But the fact bsing 
confirmed by universal experience, we adopt it as a prindpk* 
Thus, by supposing different forces applied to the same body 
or material point, their relative intensities can be estimated 
by comparing the velocities which they would severally comr 
municate. 

The proper measure of an incessant force will be the 
velocity which it can generate in a given time ; but the ia- 
tensity of the force being constantly variable, we must sop- 
pose the force to become constant at the instant when we 
wish to estimate its value, and the measure of the force wiW 
then be the velocity generated in the unit of time succeeding 
this instant. The velocity communicated by this incessant 
force during the unit of time, when it is supposed to retain & 
constant value, will obviously be unequal to that which 
would have been communicated by the variable incessant 
force, in the same time. 

389. The preceding remarks indicate the method of mess 




VARIED MOTION. 193 

uring the incessant force ; since they determine the ratio in 
which the intensity of the force varies in different times. 

If, for example, at the expiration of the times t and t, the 
incessant force, having become constant, can generate in a 
second of time velocities represented by the numbers 60 and 
20, we infer that the intensity of the force at the end of the 
time / is triple its intensity at the end of the time ('. 

390. To deduce from the above definition the analytical 
expression for the incessant force, let v represent the velocity 
acquired by the body at the end of the time / ; then, at the 
expiration of the time t+dt, the velocity will become v+dv j 
consequently, dv will be the velocity communicated during 
the time di ; but if at the end of the time t the intensity of 
the force be supposed to become constant, there will be com- 
municated to the body in the instant dt which succeeds the 
time /, a velocity represented by dv ] and the same effect will 
be repeated during any number of succeeding instants ; so 
that the velocities communicated after the expiration of the 
time /, in the instants di,2dt, Sdt, &c., will be expressed by dVf 
2dv, 3dv, &c. : and consequently, the velocity communicated 
in the unit of time which succeeds the time t, will be equal to 
dv repeated as many times as dt is contained in unity. This 

number being expressed by —, it follows that j-Xdv, or —-, 

dt dt di 

will express the effect of the force or the velocity generated in 

a unit of time. If, therefore, we denote this force by ^,we 

shall obtain for the second equation of varied motion, 

^=^.....(149). 
^ dt ^ ^ 

The character ^ will hereafter be used to designate the inten- 
lity of the force ; the force being represented by the effect 
which it produces. 

391. F^om the preceding equation we obtain 

thus, if the incessant force be given, the increment to the 
Telocity in the time dt can be readily calculated. 

392. By eliminating dt between the equations (148) and 
(149), we obtain a third equation of varied motion, 

^d$^vdv. 

N 17 
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Of Unifarndy Varied Motion. 

393. The incessant force imparting at each instant a new 
impulse to the body, if these impulses are equal in intensity, 
the body will acquire the same velocity in a unit of lime after 
the expiration of the time (, as it would after a time f. Lei 
this velocity which is constantly generated in a unit of time, 
be denoted by §■ ; we shall then have 

Substituting this value in the equation 

' dt' 
we shall obtain 

dv =gdt \ 
and by integrating and denoting by a the constant which will 
thus be introduced, we find 

v^a^gt (150).' 

We have likewise obtained for the value of the velocity 
da 
"^-dt' 
hence, if we eliminate v between these two equations, we 
shall have 

ds^la+gl)dt, 
from which, by integration, we find 

8=b + at+i§l' (151), 

the quantity b being an arbitrary constant. 



■ Thi( equation might *1bo have been obtained rrom the following coDii^n- 
tioni ; Let it be lupposed thai a body in motion bag acqairad ■ Tolndty « : if it 
then be lolicilsd b; a conataiit fon:e which coniniunicslei to it a velocllj g in 
•■ch Mcood of lime, Ibe velocity of Ifae body will become 

a-lrg, at tbe end of one aecond, 

a^^g, at the end of t<na eecondi, 

a+ag, at the enJ of three «econd«, 

a+lg, >1 Ihe end of i Eecooda : 
thna, if ne repreacnl by i the velocity of the boily at (he eipiiation of the lime I, 
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If ^ be supposed positive in this equation, the motion will 
be umfamdy accderat^i but if negative, the niotioH will be 
uniformly retarded. 

394. If we make t=0, we find b=s ; thus, b will represent 
the initial space, or the distance of the body from the origini 
at the instant from which the time is reckoned. 

The constant a is equal to the initial velocity of the body, 
as appears by making ^=0 in equation (150). 

395. When the initial space and initial velocity are each 
equal to zero, the equations (160) and (ISl) become 

v=gt (152), 

s=igt» ..... (153),^ 

and the body then moves from rest, imder the action of the 
incessant force. 

396. Let s and ^ represent the spaces described in the 
times / and f , under the action of a force g \ the equation 
(153) gives 

s^\gt^, and ^^\gtf* (164) \ 

whence we obtain the proportion 

si^ ::t^ : /'» (155). 

Consequently, the spaces described by a body in different 
times, when it moves from rest, being solicited by a constant 
accelerating force, are proportional to the sqtictres of those 
times, 

397. The equation (152) gives 

v=gt, and v'=gff 

whence, 

V :f/ :: t : t^, 

and by comparing this proportion with (165)^ we have 

V :i/ :: y/s : ^sl> 

Hence it appears that the times elapsed are constantly pro* 
]^ional to the velocities, or to the square roots of the spaces 
described in those times. 

398. If we make ^=1, the equation (153) becomes 

s^ig. 

In this case, s represents the space described by the body 
in the first unit of time^ and it appears that thi& space i» 

Tf2 
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equal to one-half the quantity g, which represents the mea« 
sure of the accelerating force. It has been found, for czampb 
that a body subjected to the action of gravity, would describe 
in the first second of time, in the latitude of New^York a 
distance equal to 

16.0799 feet, or nearly 16,^, feet ; 

this value being substituted in the place of « in the preceding 
equation, we find 

^=32.1698 feet, or nearly = 32| feet. 

399. The equation (163) will determine the space described 
in a given time ; for example, if ^=6", we shall have 

*=l^/»=i(32j*^) x36=579 feet; 

thus a body being elevated to the height of 579 feet, would 
require six seconds to fell to the surfece of the earth. 

400. The velocity acquired by this body, when it has readied 
the surface, may be determined from equation (150), in which 
we make ' 

a=0, g-=32^feet, t=&\ 

We thus find 

^?=32i'*^x6=193^ 

401. If it be required to determine the height from which 
a body must fall to acquire a given velocity, we eliminate * 
between the equations 

and we thus obtain 

v=^{2gs) (156). 

Let it be supposed, for example, that we wish to determuT^^ 
the space through which a body would fall in acquiring ^ 
velocity of 386 feet per second ; we shall have 

whence, 

(386"0^^ 148996'^- _ 

^■""641^ 64T ^^^^• 

The velocity acquired in falling through a given height ^ 
called the velocity due to that height, 

402. To determine the time in which a body will tiJ^ 




through a given height s, we employ the equation (153), 
which gives 






v/(|)- 

The general equations of variable motion 
(157), 



dt 



dt 



9 now be applied to the investigation of the circumstances 
of varied motion under different hypotheses. This investi- 
gation is reduced to the determination of the relations which 
exist between the time elapsed, the space described, and the 
velocily acquired, since, if the two latter can be expressed in 
limclions of the time, we shall be able to discover the place 
of ihe body, and the velociry with which it moves at any 
given instant. Thus, the circumstances of motion will be 
cDiirely known. 



urwhii 



the Motion of a Body projected Verticallt/ upward. 

When the action of gravity is alone exerted on a body, 
ive the relation 

v=gt, 
r which v expresses the velocity at the end of the time t: 
but if we suppose the body instend of moving from rest, to 
be projected vertically in a direction opposed to that of gravity, 
with a velocity a, this velocity will have been diminished at 
the end of the time t, by a quantity equal to [he velocity 
which gravity could impart in the same time ; consequently, 
the velocity of the body at the expiration of the time I will 
be represented by a—gt; and if we represent this velocity 
by V, we shall liave 



. (158) : 



v-a—gt . 
tuting for v, its value -r-, we find, by int^atioit, 

B initial space being supposed equal to zero, no constant 
I been added in this integration. 



n 
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This ^lation being placed under the form 

if we substitute for t ix» value deduced from equation (ISS), 
we shall obtain 

, ' 2 g 

J=— -r . , . . . (169). 

2ff 

405. The equations (158) and (159) make known all the 
circumstances of the motion under consideration. Thus, 
the equation (158) indicates that the velocity constaatly de- 
creases as .the time increases ; and the equation (159) proyes 
.that the velocity decreases as the space described heoovaes 
^eater : hence, the velocity constantly becomes less as the 
body rises. When this velocity becomes equal -to zero, the 
body has attained its greatest elevation : if we denote this 
elevation by jH, the equation (159) will give, by making »=0, 

A= J . . . . . (160). 

To determine the time corresponding to this elevation, we 
make t;=0, in equation (158), and thence deduce 

/=^ . . . . . (161). 
g 

The velocity due to the height A is found by making A-* 
in the formula 

and by substituting the value of A deduced from equation 
(160), we obtain 

''=v/(2i'xj)=a; 

hence, the body acquires the same velocity in descending, that 
it lost in ascending. 

406. Let it be required to determine the greatest height to 
which a body will rise when projected vertically upward with 
a velocity of 100 feet per second : we shall find from equa- 
ttions (160) and (161), that the greatest height is 1&5^\\ feet, 
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and that the time of rising or falling is equal to 3j seconds, 
nearly. 

407. The preceding equalions may likewise be applied to 
the case in which the body is projected downward, by simply 
changing the sign of the quantity "■ ; we shall thus have an 
expression for the velocity r, 

I- v=a+sl. 
jCy the Vertical Motion of a Body when acted vpon by the 
I Force of Gravity considered aa variable. 

408. Gravity is a force whose intensity varies at different 
distances from the earth's centre. The law of this variation 
has been discovered to be thai of the inverse ratio of the 
square of the distance ; that is to say, ihat at distances from 
the centre of the earth represented by 2, 3, 4, &.c., it becomes 

111 

2" 3'' 4" 

although a body falls through a distance of IG^'j feel in the 

first second of time at the surface of the earth, it would fall 

through a much less space in the same time if the distance 

of die body from the centre were greatly increased. 

409. Let a body be siipposed to depart from rest at the 
point A {Fig- 160), and let it be required to ascertain the 
velocity of the body when it has reached the point B. Denote 
by g the intensity of the force of gravity at M, the surface of 
the earth, and by f its intensity at the point B ; by r the 
radius of the earth CM, and by x the distance from B to C : 
for the purpose of simplifying the calculation, let the known 
distance AC be assumed as the linear unit. The force being 
supposed to vary in the inverse ratio of the square of the 
distance from the earth's centre, we shall have 



-, &.C., of its value at the distance unity. Thus, 



[t the general expression for the incessant force being 



=S' 
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we shall obtain, by placing these values of ^ equal to eadi other, 

^^ ("^- 

Again, the velocity being equal to the differential of the space 
divided by the differential of the time, it will be represented by 



""= dt ' 
or by its equal 

"=-1 w 

Multiplying the terms of tliis equation by the corresponding 
terms of equation (162), we find 

and by integration, 

2" X ^ 

The constant may be determined from the consideration that 
when ar=AC=l, t;=0; hence, 

This value substituted in the preceding equation gives 



S=^'C-0 ('^^- 



This equation determines the value of the velocity at any 
. given point of the line AC. 

410. To determine the time employed by the body in 
describing the space AB, we eliminate v, between this equa- 
tion and the equation (163), and we thus obtain 



dx 
M 



^=^'(f-0^ 



whence. 



1 dx' 
dt'=^ — X 



2gr' l_l' 



And oonsequently. 
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by the integration of this equation we shall obtain 



v^C-O 



To effect the integration which is here only indicated, we 
reduce the fraction to a simpler form, thus 

ff 

The radical in the denominator may be caused to disappear, 
by making 

1— jr=a?*. 

We deduce from this equation, 

£ir=— 2zdz, ^(1— ar)=:z, v^ar=^(l— a?"). 

These values substituted in the preceding formula give 

/;^)=-2>"''^-v^(^-^'^ <^«^^- 

Integrating by parts, we find 

/dz^(l-z')=Zv/(l-«*)+/^7p^- 
But we likewise have the identical equation 

Adding these equations, and dividing by 2, we obtain 

=ijc^(l— 5?0 + T *^<^ (sin=5;) ; 
consequently, 

— 2/djr^(l— z«)= — a?^(l — 2?«) — arc (sin=2r), 

and by substituting this value in the equation (167), we shall 
obtain the integral of (166) ; hence, the equation (166) will 
become 

/=r±i^l[^^(l^z-)+ arc (sm=£r)] (168). 

The constant will be equal to zero, since :r=l, when /=0 ; 
and therefore, z=^(l—x)=0; this supposition causes the 



sec member of the eqiialicin to vanisli. Moreover, the 

mt ji essentially positive, we use only the inferior sign 

•' epici iinf equation ; aiid by observing that s' =1—2:= 

I AB which the body has described, we shall have, 

ting this distance by s, 

This last equation is much simplified by supposing 
distances AB and AM to be exceedingly small whencora- 
l«ared with the distances and MC ; for, the quantity 

^(1—*) may then, without sen )le error, be supposed equal 
to unity; and the arc (sin = ^Jf) may likewise be considered 
as equal to its sine ; hence, by changing r into unity, the 
preceding expression will reduce to 

and from this we deduce the relation 



or, the motioQ is then similar to that which would take place 
if the intensity of the force remained invariable. 

O/' the Vertical Motion of a Body in a resisting Medium, 

412. It has been ascertained that a body when moving in 
a fluid experiences a resistance which is proportional to the 
square of the velocity. Thus, by calling m the intensity of 
this resistance when the velocity of the body is represented 
by unity, the resistance will be expressed by mv*, when th- 
body has acquired a velocity v. 

413. This force being opposed to that of gravity when the 
body descends, we shall have, by supposing the intensity of 
gravity constant, 

f=ff — mv* ; 

and by substituting for p its general value -^, we obtain 
dv 




g— m 



To integrate this equation, we decompose the denomioatoT 
into factors, and thus have 

If we then suppose, according to the method of rational frac- 
^ons, 

B 



=dv{ 



■ (170), 



e shall find, by reducing the terms of the second member 
to a common denominator, and placing the coefficients of 
the hke powers of w equal to each other, 

A=B= 1 ; 

these values substituted in the equation (170), give 
k d» 1 / dv I t^" X 

Valtiplying and dividing the second member of this equation 
by ^m, we shall obtain a value, which substituted in equa- 
tion (169) will reduce it to 

1 / do^m dv^m \ 

'"-■l^m^gWg+v^m^ ^g-v^m) ' 
i by integration, we obtain 



■ (171). 



1 iogv/g + "v^"-. 

"he constant may be suppressed, since when (=0, v=0. 
Bdl4. If the two members of the equation (171) be multi- 
I by 2^mg, and the first member by the logarithm of 
i base e of the Naperian system, which is equal to unity, 
9 shall have 



2t^imff).U)ge=\og- 



^g-v^m 



I 
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or, 

and by ptauag to tlie numbers, we hare 

415. Tbia equation being writteD under llie fonn 

_ 1 ^v^g-r^m ^,-2) 

it is obvious thai if / be supposed to increase indefinilelj:, tbs 
vaJtie of the first member will approach to zero ; and con»- 
quently, when t becomes infinite, we shall have 

^g-v^^m=0 (173) 

Prom this equation we deduce 

r=i^=a constant quantity. 

Hence we conclude, that as the time increases the velocity 
becomes more nearly constant. 

416. To determine the space described in Amctions of tbe 
velocity, we multiply the corresponding terms of the equations 

dv . da 

dt ^ ' dt' 

and we thus find 

vdv={g—rm)')ds; 
whence, 

rf,=.^_ (174). 

Thifl eqtiation may be rendered integrable by making 

g—mv* =z. 
For, we obtain by di&rentiatioo, 

vdv=-^., 

lud these values substituted in equation (17^, tnuufium it 
into 

. dz 

* — a^ 
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the integral of which is 

or, by replacing 5? by its value g^mv', we have 

«=— 2^ log (gp— «M?«)+C. 

The constant C may be determined by making 5=0, and 
r=0; whence, 

0=~ log g ; 

which value being substituted in the preceding equation, 
gives 

*= 2^Pog 5^-log (ff-mv')] ; 
or, finally, 

2ot ® \g—mv* J 

« 

0/ the Motions of Bodies upon Inclined Planes* 

417. Let a body be situated upon an inclined plane, and 
let the weight of this body, considered as a vertical force ap- 
plied at its centre of gravity, be resolved into two components, 
which shall be respectively parallel aad perpendicular to the 
surface of the plane. The perpendicular force, being sup- 
posed to pass through a point of contact, will evidently be 
destroyed by the resistance of the plane, while the parallel 
component will cause the centre of gravity to describe a line 
parallel to the plane. The question will thus be reduced to 
the consideration of the motion of a material point upon the 
inclined plane. 

418. Let m represent the material point (Pig. 161), and g 
the velocity which gravity can impart in a unit of time : if 
the force of gravity, represented by the vertical line mB, be 
resolved into two components mD and mC, respectively parallel 
and perpendicular to the plane, the latter will be destroyed by 
the resistance of the plane, and the former will cause the 
material point to slide along the plane. 



I 



But, since &)Ka are pro[x>rtioiial lo the vdoctties whidi 
(hey commuoicate in the same lime, if we denote by ^ the 
velocity commuoicated in a unit of time by the component 
which acts in the direction of the plane, we shall have 

mB:mD:ig:g'. 
The ratio between mB and mD being the same as that between 
the length and the height of the plane, we shall have, by 
TBpresenting these quantities by h' and h respectively, 

g:g'::h':h; 
whence, 

S'^^ (175). 

419. From this equation it appears, that the velocity g", 
which is generated in a unit of time by the component of^- 
vity parallel lo the plane, is equal to the velocity g, multiplied 



force which urges the body along the inclined plane diSen 
from the force of gravity only in its intensity. Hence, if we 
denote by t the lime requisite to describe the entire distance 
mA.=h', the same relations will exist between the quantiUet 
g", A', and ff as have been already obtained between g, h, and 
t, in investigating the circumstances of uniformly varied 
motion : we shall therefore have 

i'-is-'" pre); 

and the velocity acquired by the body at the point A will be 

i/=g'l'; 
or by eliminating the time f, we shall find 

If in this equation we substitute for g" its value found in 
equation (176), we shall obtain, after reduction, 

v'=^(2gh). 
The expression for the velocity being independent of the 
angle mAE, which the inclined plane forms with the horizon, 
it follows that if several bodies be allowed to descend from 
the same point m upon different inclined planes mA, mA', 
mA", &c. (FSg. 162), they will all have acquired the same 
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velocity when they shall have arrived at the same horizontal 
plane. 

420. Although the velocities acquired at the points A and 
E are equal, the times of descent will be unequal ; for, if / 
and t represent the times of describing mE and mA, their 
values will result from the equations 

but we have 

A<A', 

gyg', or-.<-; : 

g s 

and from these inequalities we deduce 

2A 2A' . 

which proves that the value of t exceeds that of /. 

421. In general, if t and f represent the times of describ- 
ing two inclined planes K and A", having a common altitude 
A; and if g^ and g^' represent the components of gravity 
respectively parallel to these planes, we shall have 

whence, 

or by replacing g^ and ^' by their values (Art. 418), we 
obtain 

f :r:V(^): V/(?^')::^A" : v/A- ::A':A". 

Thus, the times of describing different inclined planes hav- 
ing a common altitude will be proportional to the lengths of 
those planes. 

422. The motions of bodies upon inclined planes give rise 
to a remarkable mechanical property of the circle : it consists 
in this, — that if the plane of the circle be supposed vertical, 
the body will require the same time to describe a chord AC 
(/^. 163), as is necessary to M through the vertical diam- 



906 ' i>irNAicic0« 



4 ■'■/ *l 





et^r iA Fdti the equatidii (176) giteiy Ibr ^ Uttli 
deice&t through AC| 



* *■ • V . » ♦ 




» t ■'■- 




■ •S » f ■ ^ -A 



and by sabstitatingfor ^itsvahie^i tUl^fHBMiiii^lrilBb, 
come / 

, f= y/ — T- • • • • • (177). . -;| 37/ If 

Alt if the diameter of the circle be denoted by <^ we duA 
have, by the property of the cnrdei 

AB: AG:: AC: AD; 

rf:A'::A':A; 
and consequently, 

This value substituted in equation (177), gitea, afk^ 

^ g 

but this value is precisely the same as that which has been 
found for the time /, in which the body would fall through 
the diameter AB : for, the height AB being expressed by dy 
we shall have 

whence, 

^ g 

Of Ourvilinear Motioti, 

423. We have hitherto supposed the motion under consid- 
eration to be rectilinear ; but if it be curvilinear, the space 
described, and the velocity acquired in a given time, will be 
insufficient to determine all the circumstances of the motion : 
it will likewise be necessary to know the nature of the curve 
described by the body, and the point of this curve at whiob 
the body is found at the and of a given lima. 
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424. In the resolution of this problem, we employ the prin- 
ciple of the parallelogram of velocities, which is similar to 
that of the parallelogram of forces. It may be enunciated as 
follows : If two farces P and Q {f^g* 164) communicate^ in 
a unit of time, to a material point i?^ velocities represented 
In/ mB and mC respectively, the resultant Rof P and Q?riZ/ 
communicate to the point, in the same time, a velocUy mD, 
which will be represented by the diagonal of the parallelo- 
gram constructed on the lines mB and mC. The truth of 
this proposition may be thus established : — Let the force P be 
represented by the line mB ; then, since forces are proportional 
to the velocities which they communicate in a given time, 
the force Q will be represented by the line mC But, by 
regarding mBDC as the parallelogram of forces, the diagonal 
mD will represent the resultant of the forces P and Q ; and 
it is required to prove that the velocity resulting from the 
composition of the two velocities mB and mC is the same as 
that which is due to the force R. Let x represent the velocity 
which the force R can communicate to the point m in a unit 
of time ; then, since forces are proportional to the velocities 
which they generate, we shall have 

P : R : : mB : x. 
But from the parallelogram of forces, we deduce 

P : R : : mB : mD ; 
hence, 

mB : mD : : mB : x ; 
and therefore, 

orssmD. 

426. In the preceding remarks the forces P, d, and R have 
leen supposed to act incessantly, communicating new im- 
lulses at each successive instant of time. The results 
btained will however be equally true if we regard P, Q, 
ad R as impulsive forces which communicate their effects in- 
antaneously, since the velocities imparted by such forces 
t proportional to the intensities of the forces. 
426. The composition of three velocities by the construe- 
)a of a parallelepiped, results immediately from the pre- 
ding principle ; for, let P, Q, and R (JP^. 165) reptgeMat 

O 



W sto 

^ tJireei 

' mr to 




tJiree forces whicU conimunicate the velocities mp, nuf, I 
mr to the material point m ; let the velocities mp and in^ be 
coiDpoimded into a single velocity mp\ which, by the pre- 
ceding demonstration, will be the same as that communicated 
by the force P', the resultant of the two forces P and Q,: ia ' 
like manner, tlie resultant ms of the two velocities mp' and mr, i 
will represent the velocity communicated by the force S, the 
resultant of the two forces P' and K, or of the three foroa , 
P, Q,, and R ; hence, tlie diagonal of the parallelopiped con- 
stmcied on the lines representing the three velocities will 
represent the velocity communicated by the resultant of tlia 
lliree forces P, <!, and R. 

427. We will now examine the circumstances in which a 
material point will describe a curvilinear path. For tlus 
purpose, let the material point m {Hg. 166}, at rest, be sup- 
posed to yield to the effect of an impulsion which catises it 
10 describe the right liiie mA in the time «, and at the end of 
this time let it receive a second impulsion capable of making 
it describe the line AB in the same time e ; the material point 
will not entirely yield to the action of this second force, which 
tends to draw it in the direction of the line AB ; since, by the 
law of inertia it would have described the line AC=mk in 
the time l, if the second impulsion had not been conmmiii- 
cated to it ; but it will describe the diagonal AD of the pard- 
Jelogram ABDC If it should receive at D a third impalw 
capable of moving it over the line DO in a third time J^ it 
will, for a similar reasgn, describe the diagonal DF of a 
parallelograiii constructed upon DG, and DE the prolongv 
Hon of AD, &c ; thus, at the end of a time equal to nl, the 
kiaterial point will bare described a polygon having n ■tdes. 

The Telocity being constant so long as the maleriid point 
Roiains on the same side of the polygon, it follows,, that if 
at its arrival at the extremity of either side, it be net sub- 
jected to a new impulse, it will contioua to move in dts 
direction of this side, with a constant velocity. 

42S. If the time f be supposed indefinitely smaU, the im- 
pulsions will be communicated in cotuecutive inaouts, and 
tbt polygon will then be traiuibrinediiito a curve. 
..Tba tia» * beipg nippond indefinitely sniaU,.it BU|r^ 
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lepresented by dt, and the side of the polygon which is 
passed orer in this time, will become the clement of the 
curve : consequently, to determine the velocity, which will 
be measnred by the space which the body would pass over 
in the direction of the tangent, in a unit of time, if the in- 
cessant force slLould cease to communicate new impulses, 
we must multiply tls, the element of the curve, by the num- 
ber of times that dl is contained in unity ; that is, we mul- 
tiply ds by-j-, and wo thus obtain 



dt 
429. Let the body be supposed to describe the polygon 
m, m', m", tn'", i&c, (Mg. 167), receiving increments to its 
Telocity at the points m, m', m", ni", 6i.c. Let i', v', v", v'", 
dec. represent the velocities which the body has acquired at 
ifie points m, m', m", m'", ikc., and I, i, i", «"■, &.c. the times 
employed in describing the sides mm', m'm", m"m"', itc. 
Since each of these sides is supposed to be described with a 
constant velocity, we shall have, by the principles of uniform 
motion, 

mm'=in, m'm"=r'#', ni"wi"'=i!"*", &.c. ; 
and the perimeter of the polygon will therefore be expressed by 

vti-v'i'-i-v"f'+Scc. 
If we project the sides of this polygon on the co-ordinate axes, 
denoting by «, iS, y, «', ?', v', &c, the angles formed by the 
sides mm', m'm", m"m"', 4.C. with these axes, the projections 
of the sides will be expressed by 

, vt cos «, v'f cos •', v"t" cos ■»", &c., on the axis of x, 
is fi, v't cos fJ', ij"#" cosja", &c., on the axis of y, 
^ m cos V, M't cos y', v"*" COS y", &c., on the axis of x ; 
and the projection an'7t"n"\ ikc. of the perimeter mm'm"m"', 
on the axis of z, will be expressed hy 

VI cos » + V'»' cos m! + v"l" C03«"+I&C (ITS)- 

It thus appears that while the material point m describes the 
polygon mm'm"m"', &.C., its projection n will describe the space 
W'n'", itc. But if the point n were merely solicited by a 
02 
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force X directed along the axis of x, and of such intetitiir 
that the point should describe the space* tin', n'n", n"M"', Ac., 
in the times *, C, *", ic, with the velocities t: cos ■, V cos a', 
v" cos ■", 6ix., the space passed orei on the axis of « wold 
be expressed by 

V cos -i+u' cos <^f+v" cos »"#"+&c <179). 

In obtaining the expression (179), no reference has been iiti i 
lo the components of the velocity parallel to the axes of j 
and z ; and the identity of the expressions (178) and (179) | 
therefore proves that when the point m is transported in 
space, its projection moves on the axis of .v, as though the 
other two components of the velocity did not exist. 

The same remarks being applicable to the other two axes, 
and the polygon becoming a curve when the number of iti 
sides is increased indefinitely, it follows that when a maieiiil 
point solicited by an incessant force describes a curve in 
•pace, each projection of the point moves independently of 
the motions of the other two. 

Thus, by calling X, Y, and Z the components of the in- 
cessant force p, parallel to the three axes, we can npji 
these componenta as forces which impress on the prqjwiitti 
of the material point motions vhich axe entirety indepoident 
of each other. 

430. To determine the analytical expressions A>r dun 
incessant forces, we remark, that while the material poiiit 
describes the space da, Hs projections describe the spaces it, 
<fy, and (£zr respectively: the velocities of the projectioiu«ill 

therefore be represented by 3-, ^, and^- : and aiiiea tbe 
at at at 

incessant force is equal to the differential coefficient of dw 

velocity considerod as a function of the time, we shall bsT^ 

by tflgarding dt as constant, 

d'r 



dt* 



.(BO) 
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llw equations which serve to ijetermiDe the cucum- 
f the motion of a inalcrial point describing a curve. 
Vbea the Ainctions X, Y, and Z are giveu by the 
' the problem, and if the integrals of the equations 
be obtained, these integrals will give three relations 
he four variables X, y, z, and /; the quantity ( being 
I, there will remain two relations between x, y, and 
will represent the equations of the trajectory, or 
•.ribed by the material point under Che wjluence of 
KesaatU forces. 

fien the forces are situated in a single plane, which may- 
ten as ttutof^, y, the trajectory will be contained in the 
and it will then only be necessary to use the two 



dt' 



d'y 

dl' " 



y. 



6y the nature of the problem, the quantities X and Y 
WD, and if the integrals of these equations can be 
1, they will contain no other variables than x, y, and t ; 
■ eliminating (, we shall find a relation between x 
which may be written under the following form, 

ition will be the equation of (he plane curve described 
i-'niaterial point. 

2. The velocity of the material point at any instant is 
ssed by 






df 



element ds of the arc of a curve situated in space, 
tnsidered as an indefinitely small right line, whose 
ons on the co-ordinate axes are represented by dx, dy, 
the value of this element wiJl be 
^{dx*Jrdr-^dz% 
Dting tbia value in the preceding equation, we have 

v= jV(dar" +dy» +dz'), 

the differentials aie taken with reference to ( as a 
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The angles fonned by the direction of the motion with die 
co-ordinate axes wiU result from the equations 

^ dz 

vcosy=-j--. 

433. The velocity may likewise be determined in the 
following manner. Let the equations (180) be multiplied 
respectively by Zdar, 2dy, and 2dz ; the sum of these pro- 
ducts will give 

^'d'^+2dy.d'y+2dz.d'z^^^^^^^^y^y^y^ 

and since the first member is the diflferential of dx* +dy* 
+dz*j divided by A*, we shall have 

*li^l±^=2(Xdx+Ydy+Zd^) ; 

or, replacing dx^ +dj/* -\-dz^ by its value ds^, and integrat- 
ing, we obtain 

—=^2f{Xdx+Ydy+Zdz)+C ; 

ds 

and by substituting v for — , we find 

v^=2J\Xdx+Ydi/+Zdz)+C (182). 

434. It thus appears that the determination of the velocity 
will depend on the integration of the expression 

f(Xdx+Ydy+Zdz) (183). 

When this integration is possible, the integral will be a 
fiinction of the variables x, y, and z, and the equation (182) 
may be written under the form 

t;a.=2F(r, y,z)+C (184). 

To determine the value of the constant, we must know the 
velocity of the moveable point, at a given point of the trajec- 
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'Thus, if V bo the velocity at that point which cor- 
Is to the co-ordinates x=a, y=h, z=c, we shall have 

V»=2F(a,A,c)+C, 
Jue of C being deduced from this equation, and sub- 
in equation (184), we shall obtain 

v'—V=2F(z, y, z)-2F{a, b, c). 
The expression (183) is integrable when the move- 
oint is subjected to the action of a force which is 
itly directed towards a fixed centre. To demonstrate 
IDposition, we will represent the resultant R of the 
forces acting on the material point hy CD, a portion 
line CM drawn from the point lo the fixed centre 
(68) ; let this centre be assumed as the origin of co-ordi- 
and denote by a the distance of the point M from the 
I and by a, ^, y the angles formed by CM with the axes 
brdinates : the direction of the resultant forming the 
Btigles, we shall have 

X=R cos », Y=R cos (3, 
iqaently 
',X coa« Y cos^ 5=?^ 

Y~C03^' Z~COSy' X COI 

\s, y, andz denote the co-ordinates of the point M, we 
bire 

y=*cos^, 2=xcos¥; 
te, by division, 

X ^ cosa y_' cos g S _ C03V 
y cos;a z cosy' X cos*' 
Values substituted in equations (185), give 

yX— ;rY=0, zY— yZ=0, xZ—zX=0. 
ilhese equations we replace X Y, and Z by their valuee 
Ad from equations (ISO), we shall find 
d'x d?y n 
'dt* dp ' 
_rf»y __d'z ^ 



.(185). 



"df 

d'z 



'dt*- 
rf»jr 
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llulijplyiiig tfai8 finl of theie eqiiiUiQiif by ctti ipt^gpting and 
sodnciog^ W9 obtain 

'^T^ xrO (186). 

■ , .- « 

The other two equitioHi beuig tieaMi W t Wff^^ 
we find 

zdy—ydz^Odi^ 
xdz—zdx^CTdl. 

]£,w{9,mn]tipl7 each of these equations by the T^naUs wbiicii 
if; dp^ not; eontaini and take the sum of the prbdniptii, tfaeie 
wiUzafuU 

c»+a*+cry=o. ., • 

This eqoatton being that of a jdane passing thraag^ Ijia.oiv 
gin of co-ordinates, or centre of atlractioii, it fi>Ilpw» tfe^ Ifaa 
point will deecribe a plane curre. 
In the resolution of this problem it will there&re be nane- 

cessary to employ the equation Z=--pj, and it will simply be 

necessary to integrate the equation (186), which may be 
written thus : 

ydx'—xdy=Cdi ; 

and from this we deduce 

Jlj/dx-xdj/)=^Ct+C' (187). 

To determine the value of this integral, we remark that ydx 
being the element of a surface bounded by a curve, we can 
suppose this surface to be included within the limits :r=:0 and 
s=CP {Piff- 169) ; thus, the expression yydir will be repre- 
sented by the area LCPM. If from this area we subtract 
the triangle CPM, there will remain 

sector LCM=area LCPM— triangle CPM, 
or, J 

sector LCM==/yctr— ^ ; 
diffiventiating and radoeing^ nw find 
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rf(sectorLCM)=y'^"*^y; 

and again integrating, 

2 . sector IXM^Jlydx-^xdj/) : 

hence, the equation (187) can be reduced to the following : 

2 . sector LCM=C/ (188) ; 

the constant O is here suppressed, since we may always re- 
gard the times as reckoned from the instant when the more* 
able point is situated at the point L, in which case the sector 
will become equal to zero. 
If we make C=2A, the equation (188) will become 

sector LCM=A/ ; 

from which we conclude, that when a materitU point aolieited 
by a force which is constantly directed towards a fixed centre^ 
describes a curve LM about this centre, the area of the sector 
LCM described by the radius vector draxon to the material 
point is constantly proportional to the time which the point 
employs in describing the curve. This property is called 
ike principle of areas proportional to the times, -^ 

436. The formula (183) is always integrable when the 
forces are directed towards fixed centres, their intensities 
being at the same time functions of the distances of the 
material point from these centres. 

Let M represent the place of the material point {Fig* 170), 
which is attracted by the forces P, F, P", &c. towards the 
fixed centres C, C, C", dec. : denote by 

X, y, Zj the co-ordinates of the point M, 
a, bj c, the co-ordinates of the centre C, 
a', b', c', the co-ordinates of the centre C, 
a", 6", c", the co-ordinates of the centre C", 
&c, &C, dec. 

p, p', p", &c., the distances CM, CM, CM, ice. ; 
«, B, y, the angles formed by p with the axes of co-ordinates, 
•'f /*' y'> the angles formed by p' with the same axes, 
«", jS", y", the angles formed by p" with the same axes^ 
&c. ice, ice. ice. 

The total resultant of the attractive forces will have the fol- 
lowing components parallel to the three axes, 
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* X«P CM 0+^ CM iZ+P" CM W'+AC 1 

Y==Pcoeii+Pcoe/r+P'coe/i''+&c ^ (199). 

Z=:P COS y +?" 008 y'+P" cot y"+&C. ^ 

The projection of iho right line CM on the axis of :r bemgi^ 
resented by BD (JFV- 170), we lia?9 

BD»AB-AD; 

and by observing that AB and AD are the coordinates jr aad 
a of die points Mand C, and th|U ED, being the pngiBeCioii 
of MC on the azisof jr, is expressed by poos «^ we shall find, 
by substituting these values in the preceding equatioii 

pcos«-id^-a; 

the same remarks being applicable to the projections on the 
other two azeS| we shall have 

p cos tfBBo;— Hy p cos j|sB]f — &» pCOSyBST— e 

And in like manneri 
p* cos i^=ir— a', j/ cos /i'=sy— 6', p' cos ^/bji^—c^, 
j/'cosWe»ir— o^, jp^cos/l^sry— J", j/' cos y^««j«f — ^, 

tXA* &C« &C» 

By eliminating the cosines of these angles, the equations 
^189) become 

x=i€::i?+pf=f:+F'fz^'+&c., 
p p p 

P V ¥ 

These values substituted in the formula (183) give 

+&C- &c. &c (190> 

But the distances of the point M from the centres C, C, G\ 
&c being given by the equations 

dec dec &c, 
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we shall obtain, by differentiating, 

dx+- — rfyH dz=^dp, 

P P P 

— dx+^—j-dj/+——dz=:dp\ 
ff p p^ 

&c. &c. 6cc, ; 

and substituting these values in equation (190), we find 

/•(X£ir+Ydy+Zdz)=/(Pdp+Fdp'+P'dj»''+<kcO....(191> 

But the forces P, P, F', &c. are, by hypothesis, functions of 
the distances p, p', p", &c.; the expression Pdp+Fdp'+ 
F'rfp" will therefore contain but a single variable in each 
term, and its integral may be effected by the method of 
quadratures. 

It should be observed that the factors dp^ dp\ dp*\ &c. 
may become negative, if the expressions ar— a, y— 6, 5?— c, 
a: — a', &c. should be transformed into a— a:, fi— y, c—z^ 

437. For the purpose of making an application of the pre 
ceding theorem, let it be required to determine the velocity 
of a material point which moves from rest, under the influ- 
ence of a force of attraction which is constantly directed 
towards a fixed centre, and which varies in intensity in the 
inverse ratio of the square of the distance from the position 
of the point to the fixed centre. Let the direction of the 
force be supposed to coincide with the axis of z : the co- 
ordinate axes being disposed as in Fig. 171, the intensity of 
the force and the co-ordinate z will increase together, and we 
shall have 

p=AC— AM=c— JT, dp=—dz. 

If g represent the intensity of the force at the distance r from 
the centre C, and P its intensity at the distance p, we shall 
have the proportion 

Xjr • M • • _^ • __ • 

whence, 

but dp being negative^ the ouantity Vdp Ahould be replaced 



tiy _€L^ ; intagradngi we reduce the eqoatum (191) to 

This value being eabetituted in fennnla (182) gives 

v':J^+C (192). 

P 

To detennine the value of the .comtant C; we rappoee Ifaa 
bodf to commence its motion at a point whose distance firom 
the centre of attraction is rq>re8entad by a; the vetocaty si 
this point being equal to zerO| we have 

the equation (192) will therefore become 

If a be regarded as the unit of distance, the value of v* will 
become identical with that determined in Art. 409. 

438. To apply the formulas (180) we will first investigate 
the trajectory described by a material point which moves 
under the influence of a single impulse. In this case, the 
incessant forces being equal to zero, we shall have 

X=0, Y=0, Z=0; 

and the equations (180) reduce to 

5[!£=o ^-0 ^-0- 

multiplying by eft, they become 

^=0 ^=0 ^'^=0 
dt ' dt ^ dt ' 

The integrals of these equations are 

m'" t-». 5- ■ V ■• w 

Substituting these values in equation (181), we find 




v=^{a* +6»+c')=a constant ; 
3 denoting this constant by A, we have 



seqnenily, 

*=A/+B; 
and the motion of the material point will be uniform. 

The motion is likewise rectilinear ; for the equations (193) 
pTe, by integration, 

x=at-\-a\ y=bt-\-b', a:=c(+c', 
lace, by eliminating i, 

_az a'c—ac' _bz 6'c— fee' 

e equations evidently appertain to the projections of a 
vht line on the planes of x, z and y, z. 



Of Ike Motion of a Material Point when compelled to 
describe a partiadar Curve. 

'439. When a material point m, without weight, has received 
^n impulse K (Pig. 172), and is subjected to the condition of 

moving upon a particular curve, we can resolve this impulse 

into two components, one m\=K' normal to the cur^'e, the 
other mT^K" in ihe direction of the tangent: the normal 
force will be destroyed by the resistance of the curve, and the 
tangential component will produce its entire effect in com- 
municating motion to the material point. 

If we regard the curve as a polygon mm'm"m"', &.c. (Pig. 
173), having an infinite number of sides, the angle tm'm" 
formed by the prolongation of the side mm' with the consecu- 
tive side m'm" is called the angle of contact; it will be 
denoted by • ; the plane tm'm" is the osculatory plane at the 

Mnt m', and in plane curves coincides with the plane of the 

pTve. 

f The material point m, being solicited by a force K, receives 

f primitive velocity v, causing it to describe the side mm'; 

lit having arrived at the point m', it is deflected from ita 
kirse, and describes the side m'm". By this deflection it 



S82 DTNAMICfl. 

■ 

neceaaarily ondeigoes a loss of Telocity wluch will now be 
estimated. 

For thia purpose, let the velocity v be represented by the 
line m'q. This velocity being resolved into two componenti 
m'n and m'ly respectively parallel and perpendioujav to Ifas 
side rn'm^j we shall have 

m'l^m'q . sin tmlml'^ m'n^m'q . cos tmlmT^ 

or, 

m'l^v . sin #| m'n=^v • cos •• 

The oomponoit V • sin # being destroyed by the resistance of 
the polygon, the velocity v will be reduced to v.cos*} and 
consequently, the velocity lost, being equal to the primitive 
velocity diminished by the velocity actually remaining, will 
be expressed by v(l-*cos «•). 

When the polygon is supposed to become a curve, the 
angle tm'm" becomes infinitely small, and the quantity 
v(l— cos «) is at the same time an infinitely small quantity 
of the second order. 

To prove that this is the case, we observe that 1— cos* 
represents the versed sine DB of an angle « {Fig' 174), 
measured by the arc BC ; and we have the proportion 

AD:CD::CD:DB. 

But when the arc CB becomes infinitely small, CD will be so 
likewise ; and since CD is then infinitely small with respect 
to AD, it follows from the above proportion, that DB must 
be infinitely small with respect to CD, or that it is an infi- 
nitely small quantity of the second order. Thus, the velocity 
lost at each side of the polygon being an infinitely small 
quantity of the second order, it may be neglected, since the 
sum of these velocities, although infinite in number, will con- 
stitute but an infinitely small quantity of the first order, which 
may be neglected in comparison with the original velocity v. 
Hence, we conclude, that a material point which is compelled 
to describe a curve, preserves undiminished the velocity 
which was originally communicated to it. 

440. The component of the velocity v . sin « with which 
the material point is pressed. against the curve, and which is 
destroyed by the curve's resistance, varies constantly as the 
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pdnt changes its position, since sin « is constantly variable : 
we may regard this resistance exerted by the curve as an 
incessant Ibrce constantly acting upon the point and deflecting 
it from the tangent along which it would otherwise tend to 
move. 

When there are several forces acting on the material point, 
we resolve each in a similar manner, and the sum of the nor- 
mal components must then be added to the pressure arising 
from the component of the velocity. 

441. Let it be supposed that a force N equal and directly 
opposed to the resultant of all the normal forces is applied to 
the material point : this force will produce precisely the same 
effect as the resistance offered by the curve, and the latter will 
therefore be rquresented by N. Let i^ )B, r be the angles 
formed by the direction of the force N with the co-ordinate 
axes ; the components of N in the direction of the axes will 
be respectively 

N cos «, N cos jB, N cos y, 

and should be added to the components of the incessant forces 
in the general equations of motion (180) : we shall thus obtain 



dV 



=X+N cos m 



^=Y+N cos fi ^ 
d'z 



dt' 



=rZ+N cos Y 



(194). 



To these equations may be added two others which result 
from the relations existing between the angles «, jB, and y ; 
the first of these equations is 

cos* «+cos* jB+COS* y=l . . . .< (196). 

The second is 

cos «. cos a'+COS jB . COS /3'+C0S y . COS y =0, 

in which « , fi', y represent the angles formed by the tangent 
to the curve with the co-ordinate axes. The cosines of these 
last angles may be expressed as follows : 



. dx 



"^ da' 



I dz 
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these values snbstinited in the preceding equation comrnrt it 
into 

•J- cos 11+-=^ COS /3+-T- COS y=0 (196). 

ds as ds 

442. To determine the velocity of the material point, let 
the equations (194) be multiplied respectively by 2rfjr, 2rfy, 
and 2dz : their sum being taken, we shall obtain 

2dx^+2dy^ +2dz^^2(Xdx+Ydy+Zdz) 
dl* dt^ dt^ 

+'2N((iir . cos «+flfy • cos /S+dz . cos y) : 
the last term of this equation being equal to zero, by formula 
(196), there remains 

2cte^+2rfy$+2d;^^=2(XAr+Ydy+Z(te); 
CM* Oft* at* 

or, 

d{dx^+dy^ +dz^)^2{Xdx+Ydy+Zdz) : 
az 

whence, by substitution and integration, we find 

^' =2/(Xd:r+Y(fy+Zrfz)+C ; 

or, 

v^=2f(!Ldx+Ydy+7.dz)+C (197). 

443. When the material point merely receives an impulse, 
without being acted upon by incessant forces, we have 

X«=0, Y=0, Z=0; 
and consequently, 

v" =a constant. 

Thus, when the material point is compelled to describe a 
curve, being acted upon only by an impulse, its velocity will 
remain invariable. This result accords with that which has 
been already obtained (Art. 43S), on the supposition that the 
motion is perfectly free. 

444. Let the material point which is supposed to describe 
the curve, be acted on by the force of gravity ; we shall then 
have 

X=0, Y=0, Z=^; 

and the equation (197) will be reduced to 

v^^2fgdz+C. 




MOTION UPON A GIVEN CURVE, 

If the velocity v be supposed equal to V, when z=0, we shall 

find 

V'=C. 

This value substituted in the preceding equation gives 

whenoe, 

v=^[2gz+y') (198). 

This expression for the velocity being- independent of the 
relations which may exist between the co-ordinates x, y, and z, 
it follows that the velocity will be the same for the same 
value of X, whatever may be the form of the curve. 

To determine the e^cpression for the time employed by the 
material point in describing a given portion of the curve, we 
ds 



rcp lai 
^Wlen 



=v'(S!ff!^+'^'): 



dl^ "± (199) ; 



or, by substitution, 

it^^Ad^±dr+dzl) (200). 

Tointe^atethisequation, it will be necessary to reduce it, by 
means of the equations of the curve, to one which shall con- 
tain but two variables ; thus, if the equations of the curve 
are 

f{,z,z)=G, M^)=0 (001), 

we may, by the aid of these equations, in connexion with 
equation (200), eliminate two of the three variables x, y, and 
z ; and it will then only be necessary to integrale an equation 
expressine: the relation l>etween dt and one of the co-ordi- 
nates of the moveable point. 

445, If, for example, the curve be supposed to become a 
right line, the equations (201) will be of the fortn 

x = a=+-, y=6s+ie (202): 

from which we daduc* 
^^ dx=adz, dy=hdz ; 

I 



and by substituting these values in the formula (200), il is 
transformed into 

* — •(5^v.) ■ 

If the point be supposed lo move from rest, its initial velooily 
V will be equal to zero, and we shall have, by division, 
dt dz 

whence, by integration, 

*- = \.^l2gz) (203). 

The constant introduced by integration becomes equal lo zero, 
since, by hypothesis, when ^=0, n-O, and ^--0 (Art. 444). 

446. To determine the space passed over in the time /, we 
suppress V in equation (199), which then becomes 

and eUminating z by means of equation (203), there resulD 

. gt .dt ^w. 

'^-./(I+a.+fiO' 

and by inl^ration, 

which proves that the motion is similar to that of a body on 
an inclined plane, as might have been anticipated. 

447. The co-ordinates x, y, and z are readily determined 
in functions of the time ; for the latter is given by formula 
^3), and this, taken in connexion with equations (202), will 
determine x and y in functions of t. 

448. If, as in the present instance, the point be supposed 
to describe a plane curve, and if the incessant forces act en- 
tirely in this plane, we may, by placing the axes of x and y 
in this plane, dispense with the consideration of the third of 
equations (194) ; the formulas (196) and (196) will then be 
t«duced to 

dx , dy 



• + C08»lB=l, -T-C0Sii4--/cC6jB= 
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the Iwo equations of the curve will be replaced by the 
r|e relation 

49. The velocity being given by formula (198), without 
aid of equations (201), we conclude that the velocity ac 
■ed by the moveable point is independent of the form of 
curve, being determined by the value of the vertical ordi- 
\. Consequently, if from tlie point {Fi^. 175), where 
5, and «=V, we draw the arcs of different curves OM, 
', OM", (kc, terminated by the horizontal plane KL, the 
nates z of the first and last points of all these arcs being 
al, it follows that different bodies departing from the point 
'ith the common velocity V, and describing the several 
res, will all have acquired the same velocity when they 
1 have arrived at the points M, M,' M", &c., situated iii the 
e horizontal plane. 

50. In general, whatever may be the number of forces 
ng on the moveable point, if the equation (197) be inle- 
)1p, we can determine the velocity v without knowing 
nature of the curve described. For, the values of the in- 
ant forces X, Y, and Z, expressed in functions of the co- 
nates X, y, and z, being substituted in equation (197), if 
expression 

y?;Xdj^ + Y*/y+Zda) 
imes integrable, we may represent it by 

/C-^. y, ^) ; 

the equation (197) will then reduce to 

ire denote by a, 6, and c the values of x, y, and z which 
'cspond to the velocity V, the value of C will becoms 
wn ; thus, 

C=V-2/(a,6,c); 
replacing C by this value in the general expression for 
velocity, we find 

«'=V'-l-2/(;r, y, r)-2/(o, i, e) ; 
sxpression which depends only on the initial velocity, and * 
co-ordinates of the first and last points of the curvtf ' 
cribed. 

P2 
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451. It has been explained (Art. 440) thai the nonnal 
pressure exerted against the curve arises in part from the nor- 
mal components of the incessant forces, and partly from the 
normal force due to the velocity. To determine the value of 
the latter, let perpendiculars on and on' be erected at the 
middle points of the equal consecutive sides mvi' and m'n" 
(Pig- 176) of llie polygon having aji iiifinile number at i 
sides : the angle (m'7«", formed by one of these sides with the 
prolongation of the other, will be the angle which we hare 
represented by •>. But the angles n and h' being right angk^ 
we have 

Ttojt' -i-nm'n' =180" =lta'm"-\-nm'H'; 
and therefore, 

tm'm"=ii =non' = 2twm'. 
The angle nom' being infinitely small, its sine may be k- 
garded as equal to the arc which measures it ; but this sine 

is expressed by — ;-, or , since jw and m'o may b« con- 
sidered equal ; hence, — J 



If we now return to the consideration of the curve which is 
the limit of the polygon, the side mm' becomes the element 
of the curve, and no the radius of curvature : the preceding 
relation will therefore be transformed into 



V denoting the radius of curvature. 

Let 9 denote tlie intensity of the incessant force which is 
due to the normal component of the velocity : this intensity 
being in general expressed by the quolieni of the elemeDt of 
the velocity, divided by the element of the time, and the ele- 
ment of the velocity being represented in the present iiutaoct 
by V. sin w, we shall have ,, „ J 

f . sin • 

or, since the infinitely small arc may be substituted for its 
une, this expression becomes 
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replacing • by its value found above, we have 

vda r' 

l/tU y 

The normal pressure resulting from the other forces may be 
determiaed by the parallelogram of forces, and this pressure 
must then be combined with that due to the velocity, in order 
to obtain the total pressure. 

452. Let it be supposed, for example, that the material 
point describes a plane curve, and that the incessant forces 
are directed in the plajie of this curve; let these forces be 
reduced to their resultant R, and denote by * the angle formed 
by the direction of the resultant with that part of the normal 
which lies on the concave side of the curve : the component 
of the resultant in the direction of the norma! will be ex 
pressed by R cos *, and will act in the same or in a contrary 
direction to the pressure arising from the velocity, according 
as * is obtuse or acute. The pressure arising from the velo- 
city being always directed /rom the centre of curvature, the 
entire pressure will be expressed by 

N=— — Rcos*; 
y 
this pressure will be exerted /;w» the centre of curvature so 
long as the quantity N is positive, and towards the centre in 
the contrary case. 

0/ the Motion of a material Point when compelled to move 
upon a Curved Surface. 

453. When a material point which is compelled to move 
upon a curved surface is subjected to the action of inces- 
sant forces, these forces, and that resulting from the velocity 
of the point, will exert a pressure against the surface, which 
will be counteracted by the resistance of the snrface. If we 
denote this resistance by N, the material point may be re. 
garded as moving freely in space, provided we include the 
components of the force N in the general equations (160), 

^Uich express the circumstances of motion of a point under 
■1^ 20 
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the iudueuce of incessant forces. Let a, ^, and y represecl 
tlie angles Ibrmed by Ihe direction of the force N with the 
co-ordinate axes ; its components in tire directions of these 
axes will be expressed by N cos «, N cos $, and N cos y : con- 
sequently, the equations of the required motion will be 



'i--=X+N cos . 
at' 

d*z 



;Y+NC0S;8 

;Z+N cosy 



.cm). 



The angles «, ft and y will become known when the equation 
of the surface L=0 is given, for we have, (Art. 62), 



v/(£)' 



otL 

dy 



the double signs pressed to tlie values of the cosines, iodi- 
cale that tbey may refer lo the direction of a force which 
tends to pull the point, either along the aornud to the surliue. 
«r along its prolongation. 
K we put, for brevity, 



the proceding equations will become 

i«M.=V^ «os*=v5^, coa-=T^; 
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.values substiluted in equations (204), reduce them to 



it' 



= X+NV 



di 



d'z 



Z+NT?. 



.(205). 



!? be eliminated between these equations, V will likewise 
appear, and we ishall thus obtain two relations, which, 
en in connexion with the equation of l!ie surface L=0, 
I determine the co-ordinates of the moveable point in 
ctioDs of the time. 

154. As an example : — Lei it be required to determine the 
Tumstances of the motion of a material point on the 
■face of a sphere: )et the origin of co-ordinates be as- 
oed at the centre, the plane of x, y being horizontal, and 
co-ordinates z being reckoned positive downwards ; these 
ordinales will then be affected with the same sign as the 
■:& of gravity. 
Hi* equation of the sphere being 

L=a:=+y'+z=-a'=0 (206), 

n by difierentiation, 



dL=2xdx+2ydy+2s:dz- 
jquently, 



.(207), 



%/(,ix'+iy'+4x')~ 



C0Si9=±i, C0SV=i: - 



.(2m a). 



Eun, the force of gravity being the only incessant force 
ing on the material point, we have 

X=0, Y=0, Z-g-; 
brBlues reduce the equatioas (206) to 



S?=*4 ^=±4 S=±'*^^ «■ 

The positive signs should be taken together, and evidently 
correspond to like signs in the values of the cosines of «,* 
and V ; a similar remark is applicable to the negative signs. 
We eliminate ± N between the two first of these equations, 
by multiplying them respectively by y and x, and taking 
their diiference ; we thus obtain, after multiplying by 4t, 
yd*x-xd'y _f^ ^^ d(ydx~xdy) _^ . 
(U ' dl ' 

whence, by integration, dt being regarded as constant, 

ydx-xd>f=Cdt (209). 

A second relation between the variables maybe found by 
multiplying each of the equations (208) by the differential of 
the variable which it contains ; the sum of these products wilt 
give 
dx.d'x-\-dy.d'y-\^dz.d^z _ 

dl' 

and since the quantity included within the brackets ie 
equal to zero, by equation (207), the preceding result wiU be 
reduced to 

dx .d'x-\-dy .d*y-\-dz .d'z , 

w ^'''- 

multiplying by 2, and integrating, we have 

'^'+j;;+'''"=2?,+c- (210). 

If two of the three variables x, y, and z be elimiDated betveea 
the relations ^806), (209), and (310), the result will be an 
equation which, being integrated, will give a relation between 
the third co-ordinate and the time t : this result will evidentfy 
be in4^Qdent of Uie normal force, whictx has already disap- 
peared froiD these three equations. 
4^.. Tto equations (207) and (SiOt^ beisg aifwured, gim 
x*dx'-^2xyAi!dy-\-y»^dyf=z*dz*', 
y'dx' —2xj(dx^+x'dy^ 3=>C'df. 
The sum of these QiyjAfff>f)3. im^ tak^n. ^ Bliddlfli mw-olS 
the first membera will disappear, and we shall have 
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Isubslitiititig; for {x'-\-i/') its value deduced from equation 
)6), there results 

dx^ +dy'^ J-! — - — ; 

t elinaiaatingtic'+iiy' between this equation aud (210), 
Bfind 



adz 



. (211). 



^[(o'~s")(^2 + C')-C>]' 
e integral of this equalioa, which can only be oblained by 

'^proximatioti, wil! give the value of z in functions of the 
time. 

456. To determine the expressions for the other co-ordinates 
ia functions of the time, we will suppose ft to represent the 
approximate value of z determined from the integration of 
[he preceding equation: if this value be substituted in equation 
(210), we may, by combining (he resulting equation with that 
designated as (209), obtain two relations, the first between ar 
aud t, the second between y and t : but as tlie variables in 
each of these equations would not be separaled by this pro- 
cess, we adopt another method of determining the values of 

1 a and y in functions of t. 

■ Lei AC=j-, DC=y, mV>=x {Pig. 177) be the three co- 
ordtDatfis of the point m on the surface of the sphere ; if for a 
given value of z, the angle CAD, formed by the projection 
AD of the right line AM with the axis of x, were known, the 
corresponding values of X and y might he readily determined 
in fiinctions of z. For, the angle CAD being denoted by I, 
and the radius Am by n, we shall have AD=^(o*— «'); 

rd the triangle ACD right-angled at C, will give 
AC= AD . cos CAD, CD=AD . sin CAD ; 



x=>/[a^—z')y.cQ&«, y=^(o'-s>)xsin* (212). 

These two equations establishing a relation between x, y, and 

Emay be considered as replacing the equation of the sphere, 
lich can be obtained by taking Ilie sum of their squares. 
I additional variable ( is here introduced, bnt the number of 
ations is likewise increased by unity, 
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I the equations (212) we obtain by differentiation, 
zdz 



-s'm(de^(a' 



^(a- 



rfy=COS td0^(a' — 2») 



irfc 



n 



■ (213)! 



mulliplying the first of equations (213) by the second of •! 
(212), and the second of (213) by the first of (212), and taking 
their difference, we obtain 

ydx—xdij= — {a* — 2')(sin**+cos'*)(& ; 



I 



m 



d*= 



ydx —xdy~{z* —a')dt. 
This value substituted in equation (209), gives 

{z* ~a^)dt=Cdt, 
and consequently. 



or, replacing di by its value deduced from equation (211), oa 
obtain 

a.C.dz 

(«' -o')y[(o" -««)(^s+C')-Cj" 
This equation, being integrated by approximation, will d«l«- 
mine the value of<: we thence deduce the values of coei^ 
and sin 4, which substituted in equations (212), determine the 
values of x and y in functions of 2, and consequently in 
functions of the time t. 

457. The equation (210) proves that the velocity is inde- 
pendent of the normal pressure ; fbr, we deduce from that 
equation, 



'- =2g-a+(7, 



and consequently, 

To determine the value of the norm^ pressure, we must 
recur to equations (208) : these being multiplied lespectively 
by X, y, and z, and added, give 
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±-(i'+y=+«')+ffi. 



• (2M)- 

I the djfierenttal of equation (207), xiix+i/dy-\-zdz=0, 
5 taken, we find 



di' 



dC 



and (his value substituted in eqiiatiou (214) gives, after re- 
ji!acing3»+y'+:= by a', 



P 



±N= 



458. If the moveabie point be supposed situated at any 
instant below the horizontal plane passing through the 
centre of the sphere, the ordinate z wiil be positive, and the 
value of ± N becomes negative : and since N, which denotes 
the intensity of a force, is by hypothesis an essentially posi- 
tive quantity, the inferior sign must be taken in order that 
— Nmay be essentially negative. Hence, it will be neces- 
sary to uke the inferior signs in equations (208), and also in 
equations (207 a). The resistance of the surface will there- 
lore be directed towards the centre, or the material point must 
be regarded as situated upon the concave surface of the sphere. 

When the material point rises above the horizontal plane 
of T, y, the ordinate z will become negative, and the quantity 
—v^~gx may then become positive. In such case, the 
superior signs must be taken in equations (207 a) and (208), 
and the resistance of the surface will be exerted from the cen- 
tre, or the body must be supposed to be on the convex surface. 

The pressure exerted against the surface will be equal and 
directly opposed to the resistance which it offers, and will 

therefore be represented by ^ without reference to the 

sign of X. 

If the moveable point be retained upon the surface of the 

sphere by an inflexible thread connecting the point with the 

; centre, this thread will experience a tens-ion so long as v' +gz 

B positive ; but, on the contrary, there will be a tendency to 

Bsmprets the thread whenever v' +gz becomes negatlvft. 



Of the Motion of a material Point on the Arc of a Cycloid. 

459. Let a material point M {Mg- 17S) be supposed ud 

move from rest on the arc of a cycloid, undiiT the influence o^ 
the force of gravity ; the initial velocity being by hypothesis 
equal to zero, the equation (198) is reduced to j 

1;= — %Sj t 



whence we deduce 



ds' 



d(= 



■.2gz; 



ds 



Let the origin of co-ordinates be assumed at the point E, tl]« 
absciss ED of the point M' being denoted by w, and the abscia 
EC of llie point of departure by h : we shall then have 
CD=EC— ED; 



z~h—u. 
This value being substituted in the preceding equation gives 

^=7^=i)] «• 

This equation contains tliree variables ; we must therefore 
eliminate one by means of the equation of the cycloid. For 
this purpose, let 2a represent the diameter BE of the gene- 
rating circle, and x and y the co-ordinates AP and PH' 
of the point M', reckoned from A as an origin ; the equatioD 
«f the curve wilt then be 



"^(2ay-j/») 



. (216). 



But if 8 denote the arc AM', we shall have the relation 



ds=^{dx*-\-dy*); 
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substituting in this equation the value of -r disdUced from 

ay 

the relation (216), we find 



or, 



dt=-^±. ■/" ,. (218). 



But from an inspection of the figure, we have 

2a— y=u ; 
md hence, 

dy= — du. 
By substituting these values in (217), we obtain 

The difierentials of s and u have contrary signs, since the 
&rst is a decreasing function of the second. 
The preceding value of ds will reduce equation (215) to 

du 

460. This equation may be integrated by the formula 
f-^^L—^^c (versed sine =:r) ; 

for by making x=—^ this formula becomes 

— 7s — - — r=arc I versed sine =— 1 (219) j 

v/(2aj2;— 5r») V a/ ^ " 

uid consequently, by referring the integral of equation (218) 
to this formula, we obtain 

^= — -y/— . arc I versed sine= -rr ) +C (220). 

To determine the constant, we remark, that since the time is 
reckoned from the instant when the body is at the point M, 
we must then have 

/=0, andtt=:EC=&; 

this supposition reduces the equation (220) to 
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I 



0= — v/~ .arc (versed sine =2)+C. 

But the arc whose versed sine is equal lo 2, being a semi- 
circumference, if we denote by ■■ the semi-circumference of a 
circle whose radius is unity, the preceding equation will 
become 

This value wil! reduce equation (220) to 

(=»/— Iw— arc {versed sine = — I. 

This expression gives tlie time of descent to the point M', the 
absciss of which is equal to u. To obtain the entire timt 
of descent to the vertex E, we make w^O, and the value of 
I is then reduced to 



V- 



This value of the time bein^ independent of the height A 
of ihepoijil of departure, we conclude that thu Ihiic necessary 
for a material point to descend to the vertex E of the cycbnd, 
under the influenee of the force of gravity, is constantly tha 
same, whatever may be the poHtum of its point of departure. 



Of Osciilatory Motion. 

461. Let OBC {Fig. 179) represent a continuous curve, 
intersected at the points O and C by a horizontal line, and 
supposed to contain no angular points that might occasion a 
loss of velocity to a body or material point moving upOn it 
Let the tangent BT at the point B be supposed horizontal, 
the co-ordinate plana of x, y being likewise horizontal. If 
the co-ordinates z be reckoned positive downwards, we 
shall have the following equations to determine the circum- 
stances of the motion of a material point sliding along tha 
curve under the influence of gravity : 

d'x - d»y - d'z 

jF-"' -s--"' Te"'- 



To determine ihe velocity of ihe moveable poiot, we proceed 
as in Art. 433 : multiplying these equations by 2dj:, 2dy, and 
2dz respectively, and adding, we find 

2dxd'x-ir2dyd'y-\-2dzd'z ^ , . 



ind by integration, 

dx*-\-dy^ -^dz' 



--2gz^C; 



Beplacing 



by its value v', there will result 



v'=2gz^-C. 
If V denote the velocity at the point O, when 3=0, the pre- 
ceding equation will become 

C=V'; 
and consequently, by substituting this value of C, we shall 
obtain 

v^=^*-\-2gz (221), 

462. Since the ordinates increase from the point to the 
point B, it appears from equation (221) that the motion will 
1)6 accelerated while the material point is describing the arc 
OB, and that its velocity will be a maximum at the point B: 
the ordinates decreasing beyond this point, the velocity of the 
moveable point will likewise be diminished. This diminution 
must be such that the materia! point will have at the point 
ni'. the same velocity as it previously had at Ihe point 7», 
situated io the same horizontal plane ; for the vertical ordi- 
nates of these points being equal, their values substituted in 
equation (221) will necessarily give the same values for the 
two velocities. 

The velocity diminishing constantly with the arc Om, we 
shall find on the prolongation of this arc a point A at which 
this velocity will have been equal lo zero ; and the moveable 
point may therefore be considered as moving from rest at this 
point. If through the point A a horizontal line AA' be 
drawn, intersecting the second branch o^tlie curve at A', the 
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velocity at A' will likewise be equal to zero. Thus, the 
motion will cea^e at the point A', and the action of grarity, 
causing it to descend from A' to B, will augment the velocity 
in the same manner that it was before diminished. At the 
point B the velocity will again become a maximum, and the 
moveable point will then ascend to the point of departure A, 
its motion being retarded in the same manner that it w&s 
before accelerated in descending from A to B. 

The same eflfects being repeated by the action of gravity, 
the point will continue to oscillate indefinitely. 

if the arcs AB and A'B are similar, the times of describing 
them will evidently be equal. When the oscillations of a 
body or material point are all performed in equal times, they 
are said to be isochronal. 

463. Let B'OBO' {Pig. 180) represent a curve letunftittg 
into itself, and symmetrical with respect to a vertical axis 
passing through the points B and B' at which the tangents are 
horizontal. If the material point descend from a point O, 
with an initial velocity such that upon arriving at B it can 
ascend from B to B' on the second branch of the curve, it will 
descend a second time on the arc B'OB, the force of gravity 
restoring the velocity lost during the ascent on the arc BO'B'. 
The same effects being repeated, the body will continue to 
revolve indefinitely. 



Of the Simple Pendulum. v. tV '* 

464. The simple pendulum is composed of a material 
heavy point M {Pig. 181), suspended by an inflexible ri^t 
line MC devoid of weight, and oscillating about a point C. 
In this motion the point M describes the arc of a circle about 
C as a centre, and the velocity of M will be given (Art. 444) 
by the equation 

v'=^Y^+2gz (222). 

Replacing v by its value — , we find 



SIMPLE PENDULUM. 241 

The origin being acsumed at the point of departure, z will 
represent the ordinate M'P' {Fig, 182) of the point M', at 
which the material point is found after the lapse of a certain 
time, and V* will represent the square of the velocity which 
the body has at the point M, where ;c=0. If A denote the 
height due to this Telocity, we shall have the relation 

y^^2gh, 

and the equations (222) and (223) therefore become 

-./[^(A+.)]. *=:7i^|^:^j w 

465. To express the quantity z in functions of the co-ordi- 
nates of the circle described with the radius CM, we demit 
the perpendiculars MB and M'D on the vertical line CE, and 
denote by a the radius CE, by h the vertical distance EB, 
and by x the absciss ED of the point M' n^ferred to the point 
£1 as an origin ; we shall then have 

-=BD=^>— a:. 

Ajid by introducing tins value into equations (224), they be- 
come 

C*^rom the first of these relations we obtain the velocity of the 
rnaterial point at the point M', corresponding to the absciss 
ar ; the second, being integrated, will determine the time em- 
pl oyed by M in descending to the point M'. To efiect this 
integration, we must eliminate one of the variables contained 
i*x the second meml)er, by means of tlie relations 

ds=^{dx^+dy^) (226), 

y3=2ax— x^ (227). 

*X*he latter being difierentiated, gives 

ydy={a-'x)dx \ 

^nd consequently, 

, _ {a^xY . , 
ciy3=.i ^dx^. 

T^his value being substituted in equation (226), we find 

O 2\ 
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or, replacing y* by its value given in equation (227)| and re- 
ducing, we obtain 

J J /a* , adx , €uls . adx 

dS=dX/^/ =± = ± -rr rT=i r7?» T-iJ 

Vy« y ^Ciax-z*) -•[(2a-jr)irl ' 

whence, 

« adx 

The negative sign is here prefixed to the second member, be- 
cause the coK)rdinate j: is a decreasing function of the time t 
466. If the initial velocity be supposed equal to zero, we 
shall have 

A=0; 

and if at the same time the arc through which the oscillation 
is performed be supposed extremely small, we can n^lect s 
in comparison with 2a, and the value of cb will be then re- 
duced to 

, adx 

'""~^(2ox)^[2g'(6-T)y 

This equation may be put under the form 

rf^«-iv/-X -r-^^^-r^ (228). 

The value of t will be immediately obtained by an integratioxi 
of the formula 

dx 
^{bx—x*) 

which, by a comparison with (219), gives 

a=:j6, z=x: 

and by substituting these values in equation (219), which 



/I /^ , (229); 



v^(2az 
it becomes 



— -pr -T- =arc I versed sine=— 1 , 



/— ;- r=arc I versed sine =--r I 
v/(6a?— ar") V \bJ 

=arc J versed sine=-jr- j. 
But, in general, the cosine of the are correeponding to 
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versed sine c and radius unity, being equal to 1— c, we shall 
tiave 

arc f versedsine=— j=arc fcos=l — ^j 



=:arc(cos=*=?f) 



This value of the expression (229) being substituted in equa- 
tion (228), we shall find 

'=-i\/-Xarc(cos=^I^)+C (230). 

467. The constant may be determined from the consider- 
ation that when ^=0, x=b ; these values reduce the equation 
(230) to 

0=-iY/~Xarc(cos=-l)+C. 

If w denote the semi-circumference of a circle whose radius 
is unity, we shall have {Pig. 174) 

arc (cos=— l)=arc BCA=sr ; 

and consequently, 

^ g 

JSy substituting this value in the equation (230), we obtain 

The integral being taken between the limits x=bf which cor- 
responds to ^=0, and x equal to any assumed absciss, will 
make known the time of descent from the point M {Fig. 182) 
to the point M' corresponding to the assumed value of x. 

468. When we wish to obtain the time of descent to the 
lowest point E, we make ar=0, in the preceding expression ; 
and since the arc whose cosine is unity is equal to zero, we 
shall have 

/=i» V/| (232). 

469. When the material point arrives at the point E, it 

^2 
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will have acquired its maximum velocity ; for the velocity 
being expressed by 

it will evidently be a maximum at that point of which the 
ordinate z is the greatest. Thus, in virtue of the velocity 
acquired at E, the moveable point will describe the arc EX; 
and since this arc changes its sign in passing through zero, 
we find for the expression of the time requisite for the point 
to arrive at N' 

^=lY/-rx+arc(cos =l-y)] (233). 

If from this expression we subtract that given by (232), 
which expresses the time of descent from the point M to the 
point E, there will remain 

iY/|xarc(cos=l— ^), 

an expression for the time of ascent from E to N' : this time 
is equal to that employed in descending from M' to E, as may 
be proved by taking the difference between equations (231) 
aud (23t>). 

Finally, when the material point shall liave arrived at the 
point N, situated in the horizontal line passing through M, we 

shall liave :r=6, and the expression arc f cos=l — — 1 will 

then become arc (cos= — 1)=^; thus, the equation (233) 
will be reduced to 



* V or 



Such will be the value of the time required by the moveable 
point to describe the whole arc MEN. This time being de- 
noted by T, we have 



T=''^y^ (231). 



The velocity of the material point upon its arrival at the point 
N will be equal to zero ; for, since the initial velocity was 
supposed equal to zero, we have 

A=rO; 
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and this value, taken in connexion with that of :r=&, reduces 
the equation v=y/[2g{h+b—x)] to 

v=0. 

The motion of the material point being entirely destroyed 
when it arrives at the point N, the force of gravity will cause 
it again to descend, and since the circumstances of the 
motion are precisely similar to those presented when the 
point commenced its motion at M, a second oscillation will 
be performed in the same time, and a similar motion will 
continue indefinitely. \ 

470. The equation (234) being independent of the quantity 
ft which expresses the vertical distance MK, it follows that 
if the point of departure had been taken at M', instead of at 
M, the time of oscillation would have been the same ; and 
consequently, that if several material points depart from the 
different points M, M', M", (fcc, they will all perform their 
oscillations in the same time. It should be recollected, how- 
ever, that this result has only been obtained on the supposition 
that the arcs described are extremely small. 

471. These oscillations of equal duration are called iso- 
chronal. But if the length of the pendulum be supposed varia- 
ble, the time of vibration will likewise vary : for, if / and /' 
represent the lengths of two pendulums, whose oscillations 
are performed in the times T and T, we shall have 

hence, 

T:T:: ^l:^V (235). 

Thus, if the time of oscillation T of one pendulum be accu- 
rately known, we can determine by the preceding proportion 
the length Z' of a pendulum which shall vibrate in an arbi- 
trary time T'. 

472. To ascertain with greater precision the time of a 
single oscillation, we will represent by N the number of oscil- 
lations made by the pendulum whose length is / in a time #, 
and by N' the number of oscillations of the pendulum t in 
the same time # : we shall then have 
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f 



i T=^, andT'=i (236). 

B7 means of these values, the proportion (236) is reduced to 

whence, 

When the number of oscillations made by a pendulum of a 
g^iven length, in a given time, has been ascertained from 
observation, we can calculate the length of the pendulum 
which will oscillate in a second of time. 

If an error be committed in observing the time ^, this error 
will be greatly reduced by being divided by the number of 
oscillations, and if this number be taken large, the effect of 
the error upon the time of a single vibration maybe regarded 
as insensible. 

473. It is on this principle that the length of the seconds 
pendulum, which makes 86,400 oscillations in a mean solar 
day,in vacuo, and at the latitude of New-York, has been found 
equal to 

3910168 =3"^25847, nearly. 

474. To determine the value of g^ the measure of the in- 
tensity of the force of gravity, we employ the equation (234), 
which gives 

and by making in this equation 

T=l", ^=39.10168, and •'=31415926, 

or, 

or^ =9.8696046 ; 
we find 

^=385"9183=321598. 

475. If ^ and ^ represent the intensities of gravity at dif- 
ferent places, and I and V the lengths of two pendulums 
which oscillate in the times T and T', we shall have 



T=.^^, T'=V|; 
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ftom which we deduce 

TiT:: i/|; V/| (237). 

Let N and N' represent the numbers of oscillations made by 
these pendulums in the time ; T and T' will be given in 
functions of ^ by equations (236), and their values being sub- 
stituted in the proportion (237), will give, after reduction, 

1 1 // //' 

If the same pendulum be used at the two places, / and t will 
be equal to each other, and the preceding proportion will 
become 



11 A /^ 



whence. 



6 N> 



Of the Centrifugal Force, 

476. If a material point be supposed to move around a 
fixed centre C, describing the curve LMK {Piff. 183), and if, 
upon its arrival at the point L, the connexion with the centre 
be suddenly destroyed, the material point will, in virtue of 
the law of inertia, continue to move in the direction of the 
tangent LT. But if we conceive the point to be compelled 
to describe the curve, it will leave the tangent, and will after 
a certain time arrive at the point M. The arc LM being sup- 
posed indefinitely small, the angle LCM will be so likewise, 
and the lines LC and MC may be considered as parallel. 
Thus, replacing CM by the parallel CM, and constructing 
the parallelogram LDMN, it appears that the material point, 
if free, would describe the side liD, while by its connexion 
with the fixed centre it is caused to describe the diagonal 
IjM ; the effect of the force which draws the point towards the 
centre has therefore been to move it through the space MD. 
The point may be supposed to be retained on the curve 
LMK, either in virtue of a force of attraction which is con- 
•tantly directed towards the centre C, or by the resistance 
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opposed by the curve regarded as materialj ni, flniHliiJ' 
being connected with the point G, by meuy of a ooid sf 
variaUe length. 

Whilst the point is describing the elementary an Ll(:«i 
can legard'it as moving upon the equal aic ci 
drclei and can suppose it to be retained on this aio bf^; 
of a thread of an invaiiaUie lengthi attached to thecMa»if 
the osculatory circle. Moreover, since this thread will ex* 
perience a tension only in consequence of the reaisfancs 
oflbred by the material point to the finoe which tsode Is 
deflect it from the tangent, this tensicm or the reajstaane Of^ 
posed by the point will be precisely equal to the foroa- wUeh 
causes it to deviate from the tangent This resistance if 
exerted in the direction of the radius of curvature, and its 
constant tendmcy is to remove the material point fiooirths 
centre of curvature. Hence^ it is called the cefUrifiigd 
farce ; and the force which constantly urges a body towaidi 
any fixed centre is called a centripetal farce. 

The centrifugal force evidently corresponds to the qoantitf 

represented by — in Arts. 451 and 452. 

y 

477. To determine directly the expression for the centri. 
fiigal force, we replace the infinitely small arc LM by the 
chord of the osculatory circle at the point L {Piff. 184). 
Then, the versed sine LN will represent the space through 
which the point would be drawn in virtue of the action of 
the centrifugal force, during the time occupied by the point 
in describing the arc LM. From the known property of the 
circle, we have 

LN:LM::LM:LE; 

or, by substituting the arc for its equal the chord, 

LN : ds :: ds :2y: 
hence, 

and by substituting for ds its value vdt^ we find 

LN=~- (238). 
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second expression for the value of LN may be obtained in 

Clie following manner. The time required to describe the 

s^c LM will be represented by dt, since this arc is itself 

denoted by ds ; hence, dt will likewise represent the time 

xJi which the material point would be caused to describe a 

^pace equal to LN under the influence of the centrijEiigal 

force alone. Moreover, the centrifugal force acts incessantly, 

suid during the infinitely short time dt, its intensity may be 

considered invariable. If, therefore, we regard this force as 

constant, and denote its intensity by/, the circumstances of 

motion of the point, under the influence of this force, will be 

expressed by the equations 

dv J, ds 

and by integration, 

t,=/./, j=^/«./. ' 

But the space LN being that which corresponds to the time 
dt^ if in die preceding equations we make LNs^, / will be- 
come dt ; we shall thus have 

LN=iA« X/ 

This value of LN being substituted in equation (238) gives, 
After reduction. 



/= 



t;« 



y 

478. If the material point be supposed to have a circular 
motion, — as, for example, when a stone is whirled round in 
a sling, V will become the radius of the circle described, and 
the expression for the centrifugal force will then be 

/=^ (239). 

Let A represent the height due to the velocity v ; the follow 
ing relation will then subsist (Art. 401), 

eliminating v* between this equation and that which pre- 
^es, we obtain 

/_2A. 



■:-^T 



w^ 
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fiom wfaicfa we oondode, fhat 1)^ 

f$re$ of grmiijff a$ twice the height dm ^ AevebeiifieU 

the radius of the dreU deeeribed hjf the material foi^ 

m. If a semiciicle EAF {Fig.ldS) be sapposed to n- 
ToWe about its diameter EF=2B, the point A, Ae iiiiddb«( 
arc EAlf'yWill describe a drcomfereDce equal to 2*-R; if dui 
motion be performed uniformly in tbe time T, vilfa Ae'M- 
lecitv Vy we shall have the relation 

vXT=arR; 

ind by eliminating v between this equation and (DO), we 
find 

/=^ (240). 

In like manneri i£f lepreaexA the centrifugal force of a poim 
which describes uniformly the circumference of a dide 
irtioee radius IB K^i in the time ly, we shall haTS 






and consequently! 



f'f'-T'-^' (241). 

From this proportion we immediately conclude, that when the 
radii R and Bf are equals the centrifugal forces will be in the 
inverse ratio of the squares of the times of revolution ; and 
that when the times are equals the forces will be directly as 
the radii, 

480. The effect of the centrifugal force at the equator, 
caused by the revolution of the earth upon its axis, can now 
be estimated. For, the equatorial radius of the earth being 
20920300 feet, we replace R by this value in equation (240), 
substituting at the same time the values of ir and T. But 
we have, approximatively, 

«-=3.1415926, «■» =9.8696046. 

The time T is determined from the consideration that the 
earth performs a revolution upon its axis in 0.997269 days, 
the day being composed of 86400 seconds. Thus we shall have 

T=0.997269 x 86400" =86164". 
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Substituting this value and that of R in equation (240), there 
results 

/=0?1112 (242). 

481. Having found the value of /, we can determine the 
intensity G of the force of gravity which would be observed 
at the equator if the earth were immoveable. For, since the 
force / is directly opposed to the force G, a portion of the 
latter will be destroyed by/; and hence, if g denote the in- 
tensity of gravity as determined by observation, we shall 
have 

S^=G-/; 
or, 

Kubstituting in this expression the value of/ given by equa- 
tion (242), and that of g-, which at the equator is 32.0861 ft., 
we find 

G=^32?0861+0?ill2=32!l973 (243). 

To determine the relation between the centrifugal force and 
Ae force of gravity, we divide equation (242) by equation 
(243), which gives 

/ 0.1112^ _ 1 , 
G"32.1973'^""289 ^^^^ ^'^^^• 

482. The proportion (241) will furnish a solution to the 
following problem : 

To find the time in which a revolution of the earth should 
be performed^ in order that the centrifugal force at the equa- 
tor may be equal to the force of gravity. 

Let T represent the required time of revolution, and/* the 
corresponding centrifugal force ; we shall then have, by the 
nature of the problem, 

/'=G, andR'=R; 

these values substituted in the proportion (241) reduce it to 

. ^ I \ 

whence we obtain 
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f 

If the fraction -- be now replaced by its value (244), we ahaU 

find 

T T 



1^= 



-/289 17' 

Thus, if the earth! s rotation were seventeen times nunre rcrpid 
than it actuaUy is, the centrifugal force at the equator tomdd 
, be equal to the gravity. 

^^' 483. To find the diminution of the gravity produced by 
the centrifugal force at any other point on the earth's surfeuse, 
it will be necessary to determine the effect of the centrifugal 
force in the direction of the vertical BZ {Pig- 185) drawn 
through the point under consideration. 

For this purpose, we will regard the earth as spherical, it 
being nearly so : the latitude of the point B being then repre- 
sented by the arc AB, it will be measured by the angle 

BOA=ZBC=^. 

Denoting by R the radius AO of the earth, and by R' the 
radius BD of the parallel of latitude passing through B^ we 
shall have 

R=R cos OBD ; 
or, 

R'=R cos 4^, 

Let the centrifugal force at tlie point B, which is exerted m 
the direction of the radius DB, be represented by the line BC, 
and resolve it into the two components Bb and Be. The 

force BC will, by Art. 479, be expressed by L,^ , and the 

component f in the direction of the vertical BZ, which is 
represented by Bb, will be given by the relation 

^ 'U^-ll' 
/=-rp,-Xcos^;.: 

and by substituting in this relation the value of R', we shall 
obtain 

/ = ^^XC0S^^/^. 
4r»R 

The factor -=^ represents the centrifugal force / at the 
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equator ; this equation may therefore be transformed into the 
proportion 

fif II 1 :cos* ^\ 
from which we conclude, that the diminutions of gravity at 
different f laces on the eartKs surface^ arising from the action 
of the centrifugal force^ are proportioned to the squares of tke 
cosines of the latitudes. 

484. The latitude of New-York being 40^42' 40", its 
cosine will be 

0.7680 ; 

and by multiplying the value of/ (242) by the square of this 
number, or by 

0.5746, 

we find 

/=:0!b639. 

If G' represent the value of the force of attraction, or that 
which the observed gravity would have in the latitude of 
New- York, if the earth were immoveable, the gravity actually 
observed being denoted by g", we shall have, as in Art. 481, 

The observed gravity ^, in the latitude of New- York, being 

32 J 598, 

we find, by substituting this value and that off in the preced- 
ing equation, 

G'=32?i598-f-o!b639=32?2237 (245). 

Of the System of the World. 

485. In discussing the properties of the centre of gravity, 
Mre have already had occasion to consider that remarkable 
force exerted by the earth, in virtue of which all bodies are 
solicited in directions perpendicular to its surface. The ex- 
istence of this force was not entirely unknown to the ancients : 
Anaxagoras, and his disciples, Democritus, Plutarch, Epi- 
curus, and others, admitted the existence of such a force ; and 
similar opinions were entertained by Kepler, Galileo, Huy- 

goDSy Fermat, Roberval, d&Ct in modem times, Thftce\ft\A«XfiA 

oo 



■iT-pJ 
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■.I 
«■• ■■ . 



■• ■< 



Kepitr distinedy affinoB, in hia woik \ 

the fiiroeofattnction is not confined to bodiM'ii^^ ; 

the suifiuM of the eartbi bat that it extends to Ae moet diM 
ataia. 

. This bold conception remained long nni m piOTed, ftom lb 
difficulty of Terifying its troth. The eflSKti of gravity at As 
earths anrfiuie were measured by Galileo. 

Lord Bacon, aospecting that Ae intensity of this finoe anit 
Tary with the distance from the centre of the earth, efadeav- 
oared to verify the truth of this coigecture by observing the 
distances throng itdiich bodies would fidl, in a given time^ 
at dilBTerent elevations above the surfitce of the earth. Bat, 
however great were these elevationsi they proved too small to 
render the variations in the intensity of gravity perceptible. 

Newton extended his views yet further ; and not satisfied 
with the mere conjecture that the intensity of gravity was 
subject to variation, he endeavoured to tneasure the law af its 
diminution. He adopted, as the most probable law of ditaHBn- 
tion, that of the inverse ratio of Ae square of the ^"t^mtt ; 
such being the law according to which light and other emana- 
tions were known to be propagated. To test the truth of this 
supposition, he endeavoured to obtain a measure of the inten- 
sity of gravity at the distance of the moon, and the only 
obstacle to this determination arose from an imperfect know- 
ledge of the moon's distance, and of the dimensions of tbe 
earth ; but more exact determinations of these elements having 
been supplied by Picard and others, he was enabled to base 
his calculations on more accurate data. 

486. The first element to be determined in this investi- 
gation, is the intensity of gravity at the surface of the earth. 
The method of obtaining this quantity by the oscillations of 
a pendulum has already been explained in Arts. 474 and 
484 : it was thus found, that in the latitude of New- York, 
and on the supposition that the earth was immoveable. 



ft 



G'=32.2237 (246). 

This quantity is nearly the same for all places on the surface 
of the earth. 

To ascertain the diminution which the intensity of gravity 
should sustain at the distance of the moon, according to the 
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supposed law of Newton, it will be necessary to know the 
distance of the moon from the centre of the earth. This dis- 
tance depends on the horizontal parallax of the moon. 

487. Let CL and HL {Pig. 186) represent two lines drawn 
from the moon to the two extremities of the terrestrial radius, 
the line HL being perpendicular to this radius. The angle 
HLC is called the horizontal parallax of the moon, and its 
mean value, according to Delambre, is 57'. If therefore, the 
radius of the earth be taken as unity, we shall have 

CL sin L=CH=1, 
and consequently, 

CL=-4^=60.314; 
sm 67' 

this value differs but little from that employed by Newton, 
who supposed the mean distance to be 60|. 

488. If we denote by y the intensity of gravity at the dis- 
tance of the moon, upon the hypothesis that it decreases ac- 
cording to the law of the inverse ratio of the square of the 
distance, and by ^ the space which it would cause a body to 
describe in the time t, we shall have 

G' :y:: (60.314) » : 1> ; 
'whence, 

^■" (60.314)>' 

Such is the expression for the velocity which should be im- 
parted by gravity, at the distance of the moon, in a second 
of time, if the hypothesis assumed be correct. 

489. By substituting this value for g in tlie general formula, 

and replacing s by ^, we shall obtain the space described in 
the time t. 

Thus, if we suppose the time to be one minute, or 60", we 
shall have for the space y, which the body would describe in 
a minute of time, 




imrAMiab 

4M. U ire nagleot the decimel fiaotiaaiiii dMn 
tor. die eanatiaii xednoes to 

floin which wecondoile that the epooe de sc rib e d Iqraliedf 
moving fiom Test, ina mimid of timci at the dieUOBCe ^ As 
mooiii should be equal, according to Newton^ h ypothesis^ ts 
the q>aoe passed over in a Mcoitd of time, at the eoffhce of As 
eardi. 

But if we take account of the decimal ftactian, the eqaMta 
(847) will give by reduction, 

«'»tIG'x0.9896; 

and bjr substituting the value of €P (246), we have 

«^=| X 3S^i2^ X 0.9896 ; 
or, Iqf* perferming Ae multiplications indicated, 

^=16^9443 (848). 

Such would be the distance described by the body in a 
minute of time, at the distance of the moon, if the body 

were supposed to move from a state of rest. 

491. Let us now examine whether this result is confirmed 
by experience. For this purpose, let the moon when at its 
mean distance be supposed to describe the arc LM {FSff. 187) 
in a minute of time : if the Unes LQ. and QM be drawn 
respectively parallel to the sine and versed sine of the arc 
LM, we may regard LM as the diagonal of a parallelogram 
of which LQ, and LP will be the sides. If the moon were 
not solicited by the earth's attraction, it would describe the 
tangent Ld, and if solicited by this attraction solely, it would 
describe the line LP in the same time : this line LP will there- 
fore serve to determine the intensity of the earth's attraction, 
and it will evidently be equal to the versed sine of the angle 
LCM. 

But since the mean radius r of the moon's orbit undergoes 
but a very slight variation in a minute of time, this portion 
of the orbit may be regarded as the arc of a circle described 
with the radius r ; and since the moon, when at its mean dis- 
tance, moves with nearly its mean velocity, we shall have, by 
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calling T the lime of a sidereal revolution, or the time 
rei|iiiied by the moon to return to the same point of the 
lieaveris, 

T : 1 minute : : 360" : angle LCM ; 
whence, 

1 . r,-tt 360° 

angle LCM=— ^. 

This time of revolution being known from observation to be 
27 days 7 hours 43 minutes, or 39343', we will replace T by 
this value, at the same lime reducing the degrees to seconds, 
to render the division possible ; we thus obtain 



• 39343 

492. The question is thus reduced to finding the versed 
sine of an arc of 33" .94, in a circle described with the mean 
radius of rfhe lunar orbit. 

To effect this, let the perpendicular CI [Fig. 187) be drawn 
to the middle of the chord l.M: the right-angled triangles 



LMP, LGI, having the 
will give the proportion 

LC:IL 



angle L, will be similar, and 



LC:IL::2IL:LP: 



^VlieDCK, 



_ 2IL' 
"LC 



LP=^ W- 



kp^ 



Let I represent the angle Ld equal to |tCM, and t the mean 
radius LC, we shall have 

IL=r.sin*, 
the equation (249) will become 

LP=ar.sin'l; 
or, by substituting the value of the angle I, 

LP=2r.Bin'16".4r (250). 

]f a denote the mean radius of the earth, the mean radius 
the Itmar orbit will be expressed by 
r=(60.3U)o. 
R 
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•193. But the mean radius of the earth determined by ifatl 
measuremeni t>f a degree upon its surface, being etjuat lo 

2OSS6500 feel, 
we shall have, by substitution, 

LP=60.3l4x2x208865o6xsin' (WAT), 
and changing 

sine whose radius is unity - 



1 



tabular radius' 
for the purpose of using logarithms, we find 

lx)g 60.314 1.7804181 

Log 2 . , . - 0.3010300 

Log 20886500 7.3198657 

Log sin» {16" AT), or 3, log sin (16".47) 1 L8041388 

Corresponding number— I6,0492ft. - 1.2054536 

494. It thus appears that tlie moon falls towards the earth 
in a minute of time a distance of 16.0492 ft., correspondiag 
very nearly with that deduced on the supposition that tha ' 
intensity of gravity varies inversely as the sijuare of the dis- 
tance from the centre of the earth. The difference between 
the two results amounts only to about 0.16 ft. in the space 
&llen through by the moon in a minute of time, and will 
consequently become nearly insensible in the space described 
in one second. Moreover, this slight difference might fairly 
have been anticipated, since mean values of the several quan- 
tities which enter into the calculation have alone been em- 
ployed. 

495. The remarkable accordance exhibited by the preced- 
ing calculation between the results of theory and experience, 
justifies us in concluding that the force of gravity exerts 
an influence at the distance of the moon, but that its inten- 
sity is less than at the surface of the earth, in the inverse 
ratio of the squares of the distances from the centre of the 
earth. The truth of this supposition has been uniformly 
confirmed by experience ; astronomical tables calculated upon 
the hypothesis of Newton assign the positions of the celestial 
bodies such as they are determined by direct observation, 
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witbom presenting a siagle exception. This hypothesis may 
therefore be regarded as fully established by experience. 
Those general truths which are designated the laws of Kep- 
'er, and which have been repeatedly verified by observation, 
ierve to establish the hypothesis of Newton in the most clear 
and decisive manner. These laws may be enunciated as 
follows : 

1". Tke planets describe ellipses, having the centre of the 
stm at one of their foci. 

2°. The areas of the elliptical sectors described by tke 
radius vector drawn from the planet to the centre of tke sun 
are constantly proportional to the times of description.' 

3°. The squares of the times of revolution of the several 
planets are proportional to the cubes of tkeir mean distances 
from tke sun. 

496. The first of tliese laws, as wili be demonstrated, is a 
particular case resulting from the more general law of nature, 
which requires that a body subjected lo the action of a force 
which varies inversely as the square of the distance from a 
fixed point, should necessarily describe a conic section. 

The second law has already been noticed (Art. 435), and 
subsists in general for every body which is constantly at- 
tracted towards a fixed point. The question is thus reduced 

• In Ibo general course of reBsoning which i» here applied lo the motioni of 
ihe plnnets, iheM bodies >ie regsideil u mere malerinl pointi. Tba piopiietj 
of milking Ihia nippoBilion will not full; nppcu un'il after wa h»e difcussed 
Ihe circumalances of molioo of a solid body whole leveral paniclei nre acted 
npofi b; incensant forcei. ll will [hen be Tound that the tnolion of the ceniro 
of granlj of such a bodj will be pieciMly ihe ume u Ifaotigh tbe maea of the 
body were coneenlrated at il> cenlre of grasily, and tbe eeveral forces applied 
directly lo that poinL Thus the case will be rediiced to that of the motion of 
■ maleriiU point. It is, however, quite abvious that this hjpolhesii cannot 
differ much from the tnith ; for, since (he dimensions of the planets are eiceed- 
inglf minute nhen compared with their distances from the aun, it fallows Ihst 
■wry particle in tbe planet will be acted upon bj a force which is tery ne»rly 
equal and parallel to the force eierteJ Upon that panicle which coincides with 
llie cealn of giaTil; of the planet. Thui, Ihe partieles, being acted upon by 
parallel and equal forces, will have Ihe same idol ions as though they were Uncon- 
nected wiih each other; and the reasoning may be applied to any one of these 
paitictes, Ihe central one, for example. 

: E.2 
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to proving the truth of the first and third of Kepler's laws, 
after adopting the hypothesis of Newton. 

497. Let the origin of coordinates be placed at the centre 
of attraction (Fig-, 188). which corresponds to the centre of 
the sun, for the planetary system, and let R denote the value 
of the force of attraction exerted by the sun upon one of the 
planets, and ;■ the radius vector drawn to the planet. 

The force R coinciding in direction with the radius vector 

«iA, if we represent by ^ the ang-le otAP, which the radioi 

vector forms with the axis of x, the components of the force 

R in the directions of the axes will be 

X=Rcos^, Y=Rsinp. 

But in the right-angled triangle AwiP, we have 

AP T fflP « 

coa p~— r- , sm9= — r = -' 

wA r mA r 

Thus, the components X. and Yof the force R will be ex- 
pressed by 

X=r5, Y=Ri^: 
r r 

and since the incessant force is supposed to act in the dirM- 
tion from tn towards A, it will tend to diminish the co-ordi- 
nates AP=a:, and Pwi=y, of the point m : hence, the compo- 
nents of the incessant force should be affected with the 
negative sign (Art. 61) ; the two preceding squatiwia will 
thus become 

X=-Ri, Y=-R?^; 

or, replacing X and Y by their valaea given in e^aations 
(180), we obtain 

^-''? S^=-«? p^')- 

498. For the purpose of integrating these equations, let the 
I first be multiplied by y, and the second by x : taking the dif- 
ference of the producta, and multiplying by dt, there will 
result 
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the integral of which is 

1/dx — xdi 



dt 



the arbitrary constant introduced by integration being denoted 
by a. 

499. To obtain a second integral, we multiply the first of 
equations (251) by 2if j-, and tlie second by 2dy, and lake their 
sum ; we thus obtain, 

2dx . d'x+2dy . d'y_ 



di> 



_2r(?^±3^) (263). 



The second member of this equation containing the three 
variables jt, y, and r, we eliminate two of them by means of 
the relatioa a;*+y'=r', which gives, by diferentiation, 

xdx+ydy=rdri 
this value substituted in the second member of equation (253) 
reduces it to 

2dx.d'x+2dy.d''y _ _2^,. . 
dt' 
or, since di is regarded as constant, 

V di' / 

Integrating, and denoting by 6 the arbitrary consunt, we ob- 



^h -ZjRdr (254). 



^E ' dx*+dy* 

HF 800. The qiiapiity IWr is affected with the sign of integra- 
tion, the intpnsily of the force R being supposed a function of 
the distance r; the nature of this function will remain arbi- 
trary, so long as we do not adopt a. particular hypothesis. 

601. This equation still containing three variables, we re- 
duce the number to two {» and r), by introducing the values 
of J- and y, expressed in functions of r, and the angle ^ included 
between the radios vector and the asis of x ; these values 
are given by the formulas, 

i=r.cos ^, y=r .sin ? (255). 

Y differentiating, ^ 



dx = 



1 0d9-i-cos fdr 



dl/= reospdf+wafdrS 



■ (2S6) i 




. (257). 



and the values of x, y, dx, and dy |;tven by eqUKdons (SS 
and (256), being substituted iu equation (252), transform 
into 

,d0 

The sum of the squares of equations (256) givea, after i 
duction, 

dT''+rfy'=r"*i»+dr' (258) 

and by substituting this value in equation (264), we obtain 



dt' 



_=6_2/IWr. 



. (259). 



502. To determine the equation of the curve described I 
the moveable point, we eliminate dt between equations (251 

and (259) : the first of these gives 

this value, introduced into the second, transforms it into 



-2/Rdr I 



whence we deduce, 



adr 



. (260). 



r^(br»~a^ -2r'fKdr) ' 
This equation being integrated, and the values of the coi 
slants being determined, we shall have a relation between th 
radius vector r and the angle ^. 

603. To determine the constants a and ft, we will rasum 
the integrals, 

i^i^=a, :!*^=6-2/R* (261). 

The integral of the first of these equations is, by Art. 435, 

2 . sector 'LAm=at (262) ; 

consequently, by making (=1, we shall find that a is equal I 
twice the sector described in a unit of time. 

The same result may be obtained from the equation 

4:- «> 

fbi d^ being the infinitely small arc described in the time^ 
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by a point on the radius vector whose distance from the centre 
of attraction is equal to unity, rd/p will be the arc described in 

the same time with the radius r ; hence \r . rd^, or L^S.^ ^^^11 

represent the infinitely small sector described by the radius 
vector in the time dt ; but since the areas described are propor- 
tional to the times of description (Art. 436), we can find the 
area described in the time 1, by the proportion 

—- :dt :: area described in time imity : 1 ; 

^vhence, 

area described in time unity =——^ ; 

' 2dt ' 

T^d0 
and consequently, -— — , or its equal a, will be double the area 

dt 

described by the radius vector in the unit of time. 

It may be remarked that the change in the sign of the first 
member of equation (257) which converts it into (263), is 
merely equivalent to a change in the position of the fixed line 
irom which the areas described are reckoned : in the first 
case they are reckoned from the axis of y, and in the second 
from the axis of :r. 

From the equation (263) we deduce 

$=4 (264.) 

The quantity — expresses the angular velocity of the body, 

or the velocity of that point on the radius vector which is sx 
the distance unity from the centre of attraction ; and it ap- 
pears by the preceding relation, that the angular velocity 
'Varies in the inverse ratio of the square of the radium vector, 
504. From the first of equations (261), we may infer that 
the quantity a is independent of the law according to which 
the attractive force is supposed to vary ; but the quantity 6, 
which appears in the second equation, will evidently depend 
on the attractive force, which likewise appears in the same 
equation. It will therefore be necessary to adopt some 
hypothesis respecting the law of this force, such, for example, 



I 
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as the lav of Newton, which supposes that different bodies 
attract each other in the direct ratio of their masses, and the 
inverse ratio of the squares of their disfaaces. 

Let the force exerted by the unit of mass, at the distance 
k, be denoted by 1 ; the force exerted by the sun upon a 
body placed at the distance k will then be e^ressed by the 
mass M of the sun, or, in other words, by the number of uniu 
which its mass contains : but the mass of a planet attracted 
by the sua being denoted by m, this planet will exert an 
attraction upon the sun, which will, for a similar reason, be 
expressed by its mass m : moreover, siuce the two forces 
M and m tend to cause the approach of the two bodies, iheii 
effect upon the relative motion of the bodies will be the same 
as if the force M +m were concentrated in the sim, and acted 
on the planet at the distance k. When this distimce Taries 
and becomes equal to r, the intensity of the force will like- 
wise vary. Let R denote its intensity at the distance r : (be 
1 hypothesis will give the proportion 



H+mrR: 



I 



I 



p_ fr'(M+w) 



.0265)- 



Such is the value of the attractive force which, acting at the 
distance r, will cause the bodies to approach each other. 

505. The value thus determined corresponds to that of the 
incessant force which we have hitherto represented by R : 
we therefore have 

pntttng, for brevity, 

f(M+w)=Jr (266), 

the {ffeceding eqtiatioD will be reduced to 



J^r=f. 



}Adr 



.(867); 



bo! since the quantities M and hi and the distance it remain 
invariable, the quantity M' will be constant ; the eqaatioB 
f367) may tberefeie be readily tnte^raied, and vdl give 
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— M' 
r 
replacing /Rtfr by this value, and ft— 2c by h\ the equationB 
(259) and (260) will become 

!^^9^=6'+*^' (268), 

506. To determine the value of the constant 6', or its equal 
6— 2c, we observe that the equations (258) and (268) give, by 
comparison, 

and since ^(dx^+dy*) is equal to ds^ the element of the 

T^d0^'\'dr^ 
curve, it appears that the quantity -^ is equal to 

I — J , or equal to the square of the velocity estimated in 

the direction of the tangent to the curve ; thus, denoting this 
velocity by v, the equation (268) will become 

2M' 
,,i=6'+f^ (270). 

If V represent the velocity at a given instant, and a the cor- 
responding value of the radius vector, the equation (270) 
will contain but a single unknown quantity b\ whose value 

will result 

2M' 

A 

507. The constant a may also be determined in functions 
of the initial velocity ; for, by replacing — in the formula 

by its value — deduced from equation (264), we shall obtain 



••=£+^ m^ 



23 
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The quantity dr represents the infinitely small difference ml 
[Pig. 1S9) between two cousecutivc radii Am and An ; and 
by regarding the triangle mni as rectilinear, and right-angled 
at /, we shall have 

ml=mn . cos nnU, 



da. 



dr=ds. cos ntnl; 

substituting this value of dr in (271), and changing ^ into r, 

we shall find 

v' =u' cos' uTtU-i — . 

But if <■ denote the value of the angle nml, when v and r 
are transformed mto V and a, we shall have the relation 



:A=V'(l-C03'«) = A'y'! 



whence, 

and consequently, 

a=A.V.sin.. 
608. Having determined the constants which enter into 
equation (269), we proceed to integrate it, for the purpose of 
discovering the nature of the trajectory described by the ma- 
terial point. 

To facilitate the integration, make r=-, and the equation 
(269) will then become 

adz 



df=- 



\/[b'-{a'z*—ZM.'z)]' 



d^=- 



;7Ff=Kf)T 



making 



the jweceding equation Till be reduced to 
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V(A'-P')' 



and by integralin^, we find 

p 4" constant = arc It 



Replacing p and A by their values, suppressing the common 
fsctoF a, and denoting by if- the arbitrary constant, we obtain 



whence, 



A/ 

ssin 
onsi 
a'z-M' \ 



-M' 



=cos(ff + '^); 



I 



and by restoring the value of s in terms of r, we finally 
obtain 

a»— M'r=r^{a'ft'+M").cos (*+-J-) (272). 

509. The arbitrary constant «/- serves merely to change the 
direction of the axis with which the radius vector forms the 
variable angle: if, for example, the angle CAwt or (» [Fig. 
190), formed by the radius vector wiih the primitive axis AC, 
be supposed successively equal to 1°, 2°, 3", dec. and if the 
Tariable angle be reckoned from the axis AB, which forms 
with the axis AC an angle CAB='J', the angle included be 
tween the radius vector Am and the axis AB, will be succes- 
sively equal to 

10+^, 2^+i, 3° + .J-, &c. ; 
or, in general, to 

510. The angle *-f-if. will disappear from equation (272), 
'wben the polar co-ordinates are transformed into rectangular 
co-ordinates, by means of the formulas 

r"=a^s-t-y', x=rcos(t>+^), j/=rsin{'P+4') (273); 

for the first two of these formulas reduce the equation 
(272) to 

a'— MV(*'+y*)=^V'(a'6'+M'''); 
which gives, by transposition, 

MV(^+y')=a"-^-v/(a'6'+M") (274): 

squaring and reducing, we find 



This equation appertains to a conic section, or curve of G 
second degree ; it will be the equation of an ellipse or hyper- 
bola, according as b', upon which the sign of the second temi 
depends, is negative or positive; for, in the first case, the 
t43rms cooiaining the squares of the co-ordinales will have 
similar signs, whilst in the second, they will be afTected with 
contrary signs : when b' becomes equal to zero, the term con- 
taining X' will disappear, and the equation will then ai^t- 
tain to a parabola. 

51 1. If we resolve equation (275) with reference to y, there 
will result 

y=±^y[a'+b'x'~2T^ia'b-+M-')]; 

which proves that every rectangular ordinate is equally 
divided by the axis of x, and consequently that this axis must 
necessarily be the greater or lesser axis of the curve ; but by 
introducing into equation (274) the value of the radius vector 
given by the first of equations (273), we shall obtain 

K'r=a^—x^ia'b' + M''); 
hence it appears that the radius vector is coQBtantJy expreased 
in rational functions of the absciss x, and that the ongip 
therefore corresponds to the focus. Thus the co-onlinan 
axis of a: will coincide with the greater axis of the curve. 

512. The second law of Kepler is thus demonstrated to be 
a consequence of the hypothesis of Newton, and admits of a 
generalization wholly unknown to its discoverer ; he was in- 
duced, judging by analogy, to assign ellipHcal orbits to die 
planets, whereas it appears from the preceding demonstration, 
that they might have described either hyperbolas ot parabolas. 
If amongst the comets hitherto observed we have found no 
examples of a hyperbolic motion, it results from the fact 
that the chance of a body's describing a curve which shall 
be sensibly hyperbolic is found to be extremely small. " I 
have found," says Laplace, " that the chances are at least six 
thousand to one that a comet whit^ comes within the ^here 
of the Btat'a actioQ will desctibe an extremely «longated 
ellipse, or a hyperbola, which, iv ^w mngoiiiiU <ftf Mi tniw- 



verse axis, will be sensibly confounded with a parabola, in 
ihat portion of its orbit which can be observed ; it is not sur- 
prising, therefore, that the hyperbolic motion has not yet 
been observed." 

613. If in equation (275), we make ar=:0, and p=ip, we 
•hall obtain for the ordinate passing through the focus, or 
the semi -parameter, 

614. The equation (276) admits of siraplidcation, by 



W^' 



v'{a'6'+M'")=n...'. .(276), 
and transporting the origin to the centre of the curve : for this 
purpose we make.T=a:'4-»)^'^'^<^'spo^*'f 'he arbitrary quan- 
tity a by the condition that the coefficient of ihe first power 
of y shall vanish. Making these substitutions in equation 
(275), and dividing by a', we find 
M'» 



^^'"W +2n»\=0 (377). 

2« S -«' S 



-y" —b'x" - 

+2n 
itting the coefficient of a/ equal to zero, we have 



this value being introduced into the last term of equation 
(277) reduces it to 



But the equation (276) gives 



betituting this value for the last term of equation (277), 
I suppressing the second term, which by hypothesis is 
pal to zero, we shall obtain 

i by clearing the denominators, 



In this equation the origin of conardinales is at the centre 
of the curve ; hence, if we make y=0, and deduce the 
corresponding vahie of y, we shall have 

semi-axis major=— (279) ; 

and by making a similar supposition witli respect to x', we 
find 

semi-axis aiinoi=\/~~j-. 

This vaJue becomes imaginary when 6' is positive, agreeing 
with the result ia Art. 510, since the curve described is then 
a hyperbola; but the vklue is real when 6' is negative, the 
curve then being an eUipse. In this case, if we replace b' by 
— b', wfl shall have ^g^ 



. (290). 



515. This result corresponds with that which would hsTe 
been obtained from the consideration that the mmor axis is a 
mean proportional between the major axis and the parameter, 
the values of which have been already obtained, 

616. Having determined the principal elements of th« 
curve described, it will now be easy to establish the third of 
Kepler's laws. Let r denote the number 3.1416; then, the 
area of an ellipse whose semi-axes are represented by A and 
B will be expressed by »AB ; and if A and B be replaced by 
their values determined in equations (279) and (280), we 
shall find 

area of the ellipse described by the planets= *^° .... (231); 
or, 

area of the ellipse described by the P'*'i6'=— tj-jCtt) ■ 
But it has already been shown that if t represent the time 
required by a planet to describe the sector LAm (Fig: 188), 
the equation (262) will give 

2 sector LAm 

a 

\Vhen t beootoes the time of an eatire revolution, which we 
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will represent by T, the sector hAm will become the area of 
the ellipse, and we shall then have 

and since -j- represents the semi-axis major, we shall liave, 
by representing its value by D, 

v'M' 
or, replacing M' by its value (266), we obtain jBS 

■""T^M^) «■ 

In like manner, for a second planet w', which performs its 
revolution in the lime T', in an ellipse whose semi-axis major 
is denoted by D', we shall have, since the mass of the sun 
remains invariable, 

■^'=K^) '""''^ 

but the masses of the planets being extremely small when 
compared with the mass of the sun, we may neglect the 
quantities m and m' in comparison with M ; and the equa- 
lions (282) and (2S3), being then compared, will give the 
proportion 

T:T'::D' ;!>'», or T" : T" : ; D' : D" ; 
the squares of the times of revolution will therefore be pro- 
portional to the cubes of the greater axes of the orbits de- 
scribed, or to the cubes of the mean distances of the planets 
from the sun. 

617. The inverse problem may also be resolved, and the 
law of gravitation deduced, from the elliptical motions of ihe 
planets. For this purpose, we must adopt the hypothesis 
that the equation (260) refers to an elhpse : but the polar 
equation of the ellipse being of the form Cr cos p=B' —Ar, 
its differential will give 

■-_ B'rfr , 

^ r^[(CA-A')r*-B' +3AB»r]' ^^ 
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The condition of identity between this equation and equation 
(260) requires that we should have 

-r/fWr = AB» =a constant, or -/Rdr =££E[?!?55 ; 

differentiating, and suppressing dr^ there remains 

^ constant 

which proves that the force varies in the inverse ratio of the 
square of the distance. 



r 



Of the Motions of Projectiles, I • o 



618. If an impulse be communicated to a material point in 
a direction oblique to the surface of the earth, the point being 
at the same time solicited by the force of gravity, it will 
describe a trajectory, the nature of which it is proposed to 
investigate. To determine the circumstances of this motion, 
we will denote by Ax^ Ay, and Az the three co-ordinate axes , 
the axis kz being supposed vertical. The force of gravity 
will then tend to diminish the co-ordinates z which are 
reckoned positive upward, and if its intensity be supposed 
constant, we shall have 

X=0, Y=0, Z=-g. 

These values being substituted in the general equations (180) 
reduce them to 

d^x_^ rf>y___^ ^!f— _ 
~di^~ ' IF'" ' 'dF" ^' 

the first two of these equations being multiplied by rf/, and 

integrated, give 

dx dy , 

^-=a, -f=o: 
dt ' dt 

the constants a and h represent tlie velocities of the material 
point in the directions of the axes of x and y respectively. 
These velocities distingfuish the motion under consideration 
from that which takes place when the point is projected ver- 
tically, their values in the latter case becoming equal to zero. 
If the preceding equations be multiplied byri/, and again 
integrated, we shall obtain 
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and eliminating t between these relations, there results 

bx . aV^a'b 

y=— + . 

a a 

This equation appertains to a right line EC {Pig. 191), situ- 
ated in the plane of .r, y, and the trajectory ELC will therefore 
be contained in a vertical plane. 

519. Since the trajectory described is confined to a vertical 
plane, it will only be necessary to consider the two co-ordi- 
nate axes of X and y, the former being supposed horizontal 
and the latter vertical \ we therefore employ the two equations 



d^x ^ d'y 



dt^ ' rf^ 

Multipljring by dt, and integrating, we find 

J=a. |=-^m (284). 

If we multiply again by dt, and integrate, we shall obtain 

x=cU+a', y='-igt' +6/ + 6' (285). 

To determine the constants, we suppose the time to be 
reckoned from the instant at which the material point leaves 
the origin of co-ordinates ; whence, 

x=0, y=0, and ^=0; 
this supposition gives 

a'=0, ft'=0; 

and the equations (285) are thus reduced to 

x=zat, y^'-ifft^+bi. 
Eliminating t between these two equations, we find 

The equations (284) indicate that the constants a and b 
express the values of the horizontal and vertical compo- 
nents of the velocity at the instant from which the time is 
reckoned, or when /=0. If, therefore, V denote the initial 
velocity, and « the angle formed by the direction of the initial 
impulse with the axis of x^ the components of this ^' 
will be 

S 
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V • COS « parallel to the axis of x^ 
Y . sin « parallel to the axis of y ; ^ 
whence, 

a=T cos «, 6=sT sin «. 

These values reduce equation (286) to 

y^x tang ^-fe^^^-^-- ..... (287). 

620. This equation appertains to a parabolai having its 
origin at the point A (/^. 192), the vertex being situated at 
a point C, above AB, and the curve extending indefinitely 
below AB ; for. the equation (287) being of the form 

y^mx—nx^^ 

by making y =0, we shall obtain for the abscisses of the points 
at which the curve intersects the axis of x, 

ar=0, and ar=— . 

n 

But every value of or less than — will give a positive vihie 

n 

for y, whilst every value greater than — will give y a nega- 

n 

tive value. For, if we multiply by nx both members of the 
inequality 

m 

x<- 

n 

we shall obtain nx^'^mx, the condition which is obviously 
necessary, that the ordinate y may be positive. In like man- 

ner, it may be shown that when 2->— , the value of y will 

become negative. 

521. If h denote the height from which a body must fall to 
acquire the initial velocity V, we shall have (Art. 401) 

y=^/{2gh) (2^8): 

by means of this value, the equation (287) is reduced to 

y=x . tang «—-—?--_ (289). 

^ ^ 4h cos* « ^ ^ 

522, The distance from the origin A to the point B, at 
which the curve intersects the axis of x, is called the rcuige. 



PROJECTILES IN VACUO. 275 

To determme its value, we make y =0, and the corresponding 
value of IT, which is not zero, will express the range. Thus 
making y=0, in (289), we have 

ar=0, and ar=4A. tang «. cos' «; 

the second value of x gives, by reduction, 

x^Ah • sin « . cos « ; 

and consequently, 

range=4A . sin « . cos « (290) ; 

or, replacing 2 sin «. cos « by its equal sin 2^^ we have 

range=s2A . sin 2« 0^1)* 

This equation may be employed in the construction of tables 
which shall express the ranges corresponding to dilBTerent 
velocities, and different angles of projection. 

523. The greatest positive ordinate will express the maxi* 
mum elevation of the moveable point above the axis of x. 

To determine its value, we make ^=0; or, 

-/ =tang «— ST r— =0 ; 

dx ^ 2Acos»« ' 

from which we deduce 

x^2h . COS' « . tang «, 
or, 

x=2h . cos « . sin « ; 

and consequently, the absciss of the highest point of the tra- 
jectory will be equal to one-half the range. 

Replacing or by 2A . cos « . sin « in equation (289), we find 
for the maximum elevation of the moveable point, 

y=A . sin* «. 

524. The projectile may be impelled in two different direc- 
tions, so as to produce the same range. For, let a represent 
an angle equal to the complement of « ; the equation (290) 
will give the value of the range, 

4A . sin « . cos «=4A . sin « . sin « . 

But if the projectile be thrown in a direction forming an 
angle «' with the axis of or, the range will be expressed by 

4A . sin tf'. cos J==ih . sin « . sin «. 

S2 



I 

L 
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The identity of these expressions for theranges coir e s p M K lillg 

to the angles « and ■', evidently proves iliat the raii^s wdl be 
equal when the two angles of projection are complements of 
each other. 

535. To determine the angle of projection which corres- 
ponds to the greatest range, we remark that the range is in 
general expressed by 2A sin 2», and that this expression will 
become a maximum when the angle 2^ is eqtial to '90° ; 
lience it follows that a projectile in vacuo will have the 
greatest range upon a horizonial plane when the angle of 
projection is equal to 45°. 

The supposition of 2«=Q0°givessin3a=l; consequently, 
the expression for the range then becomes equal to 2A ; or 
the range corresponding to the angle of 45° is equal to twice 
th^ height due to the velocity of projection. 

Let this range be denoted by P ; we shall have 

h=^iP (292). 

To determine the value of the coefficient h, the projectile 
may be thrown in a direction forming an angle of in" with 
the horizontal plane, and the corresponding range may then 
be measured. If this range be represented by P, the value 
of A will immediately result from equation (SCfS). In'6re- 
arms, the coefficient A serves as a measure of the force of the 
powder, since the extent of the range evidently depends on 
the intensity of the force of projection. 

626. The quantity A having been determined by taking 
the mean result of a large number of experiments, we substi- 
tute its value in equation ^280), which will thus become 



c tanga— 



aPcos' a' 

If we represent by P' the range corresponding to an angle «', 
the equation (291) will give 

P'=gAsin2.' (293); 

or, replacing A by ila value JP (292), we find 

P'^Psin2.'. 
This relation will determine the range P' corre'^ponding to 
the angle «', when the value of the maximum range has 
been previously ascertained ; and, in general, we can calcu- 
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late the range F which corresponds to an angle « , from a 
knowledge of the range F' given by any other angle «'' ; for, 
since 

F=Psin2*', F'=Psin2*", 

we obtain, by division, 

F _ pin %J , 
F' sin2»"' 

if^ tharefore, the range F' corresponding to the angle « ' be 
datennined by measurement, the value of P' corresponding 
to «' will result immediately from the preceding ec^uation. 

627. The value of h (292), being substituted in equatioa 
(288), will give, for the value of the initial velocity, 

V-=^/(PS')=^/(32ift.xP). 

I^ for example, the range corresponding to an angle of 45^ 
were equal to 1000 feet, we should find 

V=:v/(1000ft.x32|ft.)==179.3ft., nearly. 

628. If, on the contrary, the initial velocity and angle of 
projection were givenj we might determine the range: for- 
example, let the initial velocity be supposed equal to 200 feet 
per second, and the angle of projection 15"^ ; we first determine 
\ from the following formula, deduced from (288), 

2g b4i ft. ' 

and the range F will then become, (293), 

F=2x621.7fi.xsin30°=261.7ft. j^ «- 

629. The problem may also be presented under'the follow- 
ing form : — Having given the initial velocity and the co-ordi- 
jjates ar'^AB, and y'ssBC, of a point C {Fig, 193), it is re- 
quired to determine the angle of projection such that the 
trajectory may pass through a given point C. The equation 
T=5:^(2gA) will determine the value of A ; and since the co- 
ordinates jf and ^ should satisfy the equation (267), we shall 
have by substituting x! and y' for x and y, 

j^^ar' tang-*--— ^^ (294). 

^ ^ 4A.cos«« 

h this equation the quantity « is alone undetermined : mak- 
ing taBff «ssZ| we have 



\ 



sec« y'(H-tang' -) ^{l+z 
and by substituting these values io equation (294) 



</■=!'.. 



u 



-J =-i—7^M 

+tang'-) ^{l+z')' ^H 
ilues io equation (294) we finl^^| 

(1+2') (295)- ^M 



This equation being resolved with reference to z, will giye 
two values which determine the two angles of projectioa 
corresponding to the directions in which the projectile should 
be thrown in order that it may strike the poiut C ; we select 
the greater of these two angles when we wish to crush tbo 
object upon which the projectile fails, as the vertical velocity 
at the point C will then be the greatest. 

It may occur, that instead of the line CB, we have given 
the angle CAB subtended by the object CB. Let this an^e. , 
be denoted by * ; we shall have 

CB~x' tang* =3^; 
this value of y", being introduced into equation (295), 
forms it into 



tangp= 
from which we dedute 



^v/( 



^,<l+.-); 



4A= 4Atang* 



1 



Of the Motiona of Projectiles in a Resisting Meditmk\ 

530. The theory of projectiles in vacuo, which haa been 
examined in the preceding paragraphs, affords results which 
differ greatly from those obtained by direct experiments per- 
formed in the atmosphere : these discrepances are very con- 
siderable when the velocity of projection is great, and are to 
be attributed to the resistance opposed by the atmosphere to 
the motion of a body. If this resistance, represented by R, be 
supposed, as in Art. 412, to vary in thedupUcate ratio of the 
velocity, we shall have 

The resistance R at each point of the trajectory will be 
exerted in the direction of the element of the curve, but in an 
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opposite diractioD to that of the motion ; and the force R 
will foim with the axes of co-ordinates the same angles as the 
element ds. Thus^ denoting by m, /b, and y the angles included 
between the tangent to the curve at any point and the co- 
ordinate axes, the components of R will be expressed by 

Rcos«, Rcos/9, Rcosy. 

To obtain expressions for these cosines, let tnm' (Fig. 194) 
represent an element ds of the curve : the projection of tliis 
element on the axis of z will be equal to m'n. But the tri- 
angle m'nm gives the proportion 

1 : cos mm'n : : mm! : m*n \ 
or, 

1 : cos y\\ds\dz\ 

boice, 

dz 
cosy--; 

and the component of R in the direction of the axis of z^ wiL 
therefore be expressed by 

We attribute the negative sign to this component, because the 
tendency of the force R, while the projectile is moving from 
fn to m\ will be to diminish the co-ordinate z. For a similar 
reason the other components of the resistance R should be 
affected with the negative sign. 

631. An analogous course of reasoning will give 

— R^- for the component of R in the direction of the axis of or, 
ds 

— ^R-p for the component in the direction of y. 
ds 

Thus, the equations expressing the circumstances of the 

motion will be 

d^x prfar 

*«"" ds' 

d^z ^dx 



From the fint two ii« obtain, fay disinon, :.>■•' 

or, 



:j 



■« * 



- ■ 1 
• •■••■ 



J ' • n 



l 



4,-^ W; 

tnd b7 ioitegnilioiii 

log d^Iog d^+log aaelog mJbr. 

Pteiiigftom logarithms to ntimbeni* wt find 
and by a second int^giationy 

henoe we oondode, that the projection of the trajectoiy on 
the plane of :r, y is a right line, and therefore that the tnjjee- 
tOTf is contained in a yertical plane. 

638. If we reaome the copgjderatiim of the prob|e);|| «i^ 
this restriction, that the carve shall be confined to a ?|6im4 
plane, it will only be necessary to employ the twoeqnaliDM' 

A* ds^ di» ds ^ 

It has already been remarked, that the vertical component of 

the resistance R^^ should be affected with the negative sign, 

as 

since this resistance tends to diminish the co-ordinate ; bat 
this tendency will only exist whilst the projectile is describing 
the ascending branch of the trajectory. If, on the contrary, 
the projectile be supposed at a point M" in the descending 
branch {Pig- 194), the resistance, being exerted in the direc- 
tion from M" to M', would tend to increase the co-ordinate y. 

It might, therefore, appear that the component R-~ should 

change its sign ; but since jy becomes negative in the second 
branch of the curve, the vertical component will still be ex- 
pressed by — R~, 

as 

If the quantity R in the preceding equations be replaced 
by its value mv', they will become 
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• dtf di^ ds ^ 



S81 



The quantity o* may be eliminated by means of the equation 



!?«=: 



dt»' 



and we shall have 



ds* ^.dx /oAwv 



ds* ^^dy 



S^^-'^^g-^ w 

633. The first of these equations being multiplied by dU 
gives 



d^x J dx ds 

=^-mds .^.—^ 



dt 



ds' dt' 



or. 



d^x , dx 

dt dt ' 



from this equation, we deduce 

d'x 



dt 



= — nwfa; 



and by integration, 



dx 
dt 



log -—=— »w+C. 



634. Let A represent the number whose logarithm is equal 
to C, and e the base of the Naperian system ; we shall have 

C=logA, log 6=1; 
the preceding equation may therefore be transformed into 



dx 

log ^=— "w log «+log A, 



or. 



dx 
log gj =log e-^ +log A=log Aff-^i 

passing from logarithms to numbers, we have 



^=A«- . . . . . (299). 



*^ » ' « .^- - 



635. To determine the constant A, let V represent the 

initial velocity, and « the angle formed by the direction of the 

initial impulse with the axis of a-. The component of V in 

the direction of this axis will be expressed by V cos «. But 

dx 
when s=0, — will express the component of the initial velocity 

along the axis of x : hence the preceding equation will, on 
supposition, be reduced to 

V cos«=Ae°=A. 
This value substituted in (299) converts it into 

p=\ cos - . e^ (300). 

E36. Since this equation contains three variablea, 
obtain a second relation between them, in order to render the 
integration possible. For this purpose, the equations (297) 
and (298) may be written under the form 



1 



dx 



dt' 



dy_ 



-(S'+O 



dt' dt' 

the quantity ds may be eliminated immediately by 



and we thus obtain 



d'y 



+g 
di^~' 



From this equation we deduce 



_rfy d*x d'y ^ 
^~di 'dF ^'' 

dyd'x—dxd^y 



. (301). 



or, by reduction, 
gdt* 

The second member being divided by —dx becomes the ex- 
act differential of -^ ; and the equation (301) may there- 
foie be vritten 



gdt*- 



-dx.d\ 



(i> 
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I£y for greater simplicity, we make ^=Pi there will result 

gdt^^z'-dx.dp (302); 

and eliminating dt^ by means of equation (300), we find 

^=— V» COS* -t . c-*~ . ^ (303). 

637. This equation still contains three variables ; but one 
of them may be readily eliminated by means of the relation 
cfc=y/(cte* +dy') ; in which, replacing dy by its value prfar, 
we obtain 

ds:=dxy/{l +;>«) (304) ; 

and consequently, by eliminating dx between this equation 
and (303), there will result 

dp^(l+p»)=Z^^ ..... (305). 

Integrating, we have 

4PA/(l+/'»)+4log[p + ^(l+p«)]=C-^^|^...(306); 

and by making C=^B,and suppressing^ the common divisor 
2, we obtain 

P^(l+/'»)+log b+v^(l+P*)]=B-^^|^ (307). 

To determine the value of the constant B, we observe that 

-^ expresses the trigonometrical tangent of the angle formed 
dx 

by the element of the curve with the axis of x. At the point 

A, the origin of the motion, this angle is denoted by « , the 

quantity t being at the same time equal to zero ; we shall 

therefore have 

ar=0, y=0, *=0, /)=tang*. 

These values of s and p being substituted in the preceding 
equation give 

B=tang «v/(l +tang«*) 

+log [tang -c+^(l+tang» .)]+-^-£_ : 

the value of the constant B in equation (307) may therefore 
be regarded as known. 
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638. If we eliminate i^ between the equations (303) and 
(307), we shall obtain 

• dx= == ^ = (308). 

fn[py/l+p* +log (p+v^l+|,«)_B] 

The two members of this equation being multiplied by the 
corresponding members of the equation 

dy 

there will result 

dy= = 1^ = (309). 

m\py/l+p^ +log (p+\/l+p^)-B] 

639. To determine the time t^ we substitute in the equaXion 

g 
the value of dx, given by equation (308), and we thus obtain 

*«= ~^P' = (310); 

«ng{p\/l -f p* +log (p + \/l +p« ) -B] 

or, by changing the signs of the numerator and denomi- 
nator, 



In extracting the square root of the two members of this 
eqiiationj the second might be affected with the double sign 
but in the present instance we shall attribute to it the nega- 
tive sign. For, since every equation between two variables 
t and p may be regarded as that of a curve, of which t is the 
absciss, and^ the ordinate, Up increases whilst t diminishes, 
the elements dt and dp will necessarily be affected with con- 
trary signs. But, in the present case, it is obvious that whilst 
t augments, the quantity p, which expresses the trigono- 
metrical tangent of the angle formed by the element of the 
curve with the axis of jt, constantly diminishes in the ascend- 
ing branch of the trajectory'-, which is the one at present under 
consideration ; hence, we shall have 

d^= ^^' ....(311). 

y/ms[-pVl+p^-\og{pW^'\'P')i-'S\ 
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540, The expression for the velocity can now be obtained 
in functions ofp ; for, the velocity resulting from the equation 

we obtain, after replacing dx and dt by their respective 
values, 



V=: . 



A/-Pv^(l+i>«)-log[p+^(l+p«)]+B 

611. We can also express the arc « in functions ofp ; for 
the equation (307) gives 

Taking the logarithms, and reducing, we obtain 

log^^—^l^p-pvT+p-log (/>+v'l+pt)]) 

*»- ■ ^ O 

jfggl !■ I.I ■ 111 I J I 11 I ■ — ^^Mi^ 

2m 

642. To obtain the equation of the trajectory, it would be 
necessary to integrate equations (308) and (309) : these inte- 
grations cannot be effected except by the aid of series. Never- 
theless, by employing equations (308) and (309), the curve 
may be constructed approximatively by points. 

For this purpose, we will write those equations under the 
form, 

dx=(pp .dp (312), 

dy=^.dp (313); 

in which ^ and ^^p represent certain known functions ofp. 
The first of these equations gives 

dx 

dx 
the quantity — represents the tangent of the angle included 

between the axis of abscisses and the element of a curve 
whose co-ordinates are denoted by p and x respectively. We 
will first construct this curve, which will serve to de**» 
points in the trajectory. It is distinguished by f 
the auxiliary curve. 
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Having drawn two rectangular nxes Ap and Ax {f^- 195), 
lay off from A to B adistance AB=tang.; the point B will 
appertain to the auxiliary curve, since the ordinate x=0 
corresponds to the absciss ;>=tang.. 

If Uie line AB be divided into equal parM B8', B'B", dtc., 
each of these parts being represented by rfp, it will be easy to 
construct approxiraaiively the points M, M', M", &.c. of the 
auxiliary curve, corresponding to the points B, B', B", && 
For, if we suppose the points U, B', B", A.C. to be exceedinj 
near to each other, we may regard the arcs M'B, M' 
M"'M", ice. of the curve as coinciding with the tangents 
drawn to the poinUs M', M", M'", &.c. The ordinatcs M'B', 
M"B", M"'B"', &.C. may then be calculated ; for, the trigono- 
metrical tangent of the angle formed by the element of the 

curve with the axis of p, being represented in general by rt 

its value will always be given by means of equation (SlSj^ 
whenever we assume a value for p. Thus, if we wish to 
determine the trigonometrical tangent of the angle M'B/i in- 
cluded between the tangent at M', and the axis of ab- 
scisses, since the absciss of the point M' is AB' = .iB— BB'= 
t&Qgtt — dp, it will be necessary io cbaiige p into tangs — <^ 

in the value fV=3-, given by equation (312): we thiu 
dp 

obtain 

tang M'Bp=p{tang «— rfp) ; 

whence, 

tang M'BB'=— ^tang .-dp). 

The ordinate M'B' being expressed by BB' X tang H'BB', ve 

shall have 

M'B'=BB'xiangM'BB'; 

or, 

TS.'R=dp X — ^{tang m—dp). 

Thus, the point M', of the auxiliary curve BC, may be cm- 
structed by means of the co-ordinates 
AB'=tang«— rfp, 

B'M'e^ X - f (tang .— 4>). 
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To determine a third point M", we make AB"=tang A—2dp ; 
and by the same course of reasoning prove that the trigo- 
nometrical tangent of the angle M"M'0 is expressed by 
— ^tang*— 2rf/)), and consequently, 

WO=dp X - ^(tang «— 2d/)) 

substituting this value and that of M'B' in the equation 

M"B"=M'B+M"0, 

given by an inspection of tlie figure, we find 

M"F'= — 4p . ^(tang .- dp) — d;> . f (tang *— 2d;?). 

To calculate the ordinate M'"B'" which corresponds to the 
absciss AB'''=tang «— 3dj9, it will only be necessary to add to 
the value of M"B" that of the portion M'"0', which, by an 
investigation similar to the preceding, may be proved equal 
to — dp • ^tang A— ^dp) : thus we have 

' B'"M"'= —dp . ^(tang «— dp) —dp . ^(tang m^2dp) 

—dp . ^(tang «— 3d/?). 

In this manner we may determine a series of points which 
will appertain to the auxiliary curve, the co-ordinatas of 
which are x and p. Connecting these points by right lines, 
we form a polygon BM'M"M'", dx., which will coincide more 
nearly with the curve, in proportion as dp has a smaller 
value assigned to it. 

By performing similar operations with reference to the 
equation 

dy='^p.dp, 

we may construct a second auxiliary curve BD, the co-ordi- 
nates of which will represent the quantities p and y. The 
co-ordinates mb and lb, which in these two curves correspond to 
the same value of p, will represent the two co-ordinates of a 
point in the trajectory ; so that by taking the co-ordinates 
B'M', B"M", B'"M'", &c. of the first curve as the abscisses 
of the trajectory, its ordinates will be represented by the lines 
FL', B"L", B'"L'", &c. 



DYNAMICS. 



different Melkods of ■meamriftg' the Effects of Porem 

u43. It has been remarked {Art. 3S8), that two fortxs F 
and F' applied to the same body are proportional to the veloci- 
ties which they can impress upon that body. Let it now 
be supposed that tiiese forces are applied lo different masses. 

If two equal forces acting in opposite directions be applied 
to equal and spherical masses M and M', they will commn- 
Dtcate to these masses the equal velocities V and V ; and if 
these masses be supposed to impinge directly upon eacll 
other, they will mutually destroy each other's motion, and'aa 
equilibrium will ensue, since the circumstances of motion in 
each are precisely similar. But if the mass M be supposed 
equal to nM.', and V greater than V, we may regard M U 

1 masses m', m", m'", m"", each equal W 

the mass M'- In consequence of the mutual connexion of 
the different parts of the system, each of the masses m', m", 

', &c. must move with the same velocity V, so that if tha 
body M be supposed to pass over the space of three feet in one 
second of time, each of the masses m', m'\ m"'l &c. will like- 
wise pass over ^ distance of three feet in one second ; or, if 
V represent the velocity of the mass M, V will likewise ex- 
press the velocity of each of the masses m', m", m'", &c. But 
if the mass m', moving with the velocity V, should impinge 
against the equal mass M', which moves with the velocity V', 
it would destroy a portion of the velocity of the second body 
equal to V ; and if, at the same instant, the mass m!', acting by 
its connexion with the other masses, should impinge against 
the body M', it would likewise destroy a portion of tfie velo- 
city V, equal to V : and the same may be said of the othei 
nwsses.m'", m", &c. Thus, the joint effect of the several 

masses m', m", w»"', m'"', would be to destroy in the 

mass M' a velocity represented by wT. If we suppose the 
velocity Y' to be entirely destroyed, an equilibrium will ensue, 
and it will be necessary that V'=nV. 

By eliminating n between this equation and the rel^on 
M=»M', we obtain the proportion 

M:M'::V':V: 
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from which we conclude thai an equilibrium unU efistte when 
two bodies are caused to impinge directly against each other^ 
with velocities inversely proportional to their masses, 

644 It may be readily demonstrated that the same propo^ 
sition is equally true when the mass M does not contain the 
mass M' an exact number of times. For, if the mass M be 
supposed to contain n masses^ each of which is equal to m^ 
and the mass M' to contain a number of these equal masses, 
denoted by n' ; each mass m contained in M, will destroy a 
portion V of the velocity V of a mass m contained in M' ; or, 
since M' is supposed to contain n' masses, each of which is 

equal to m, the mass tn^ moving with the velocity Y, will de- 

V 

stroy in M'=n'm a velocity expressed by — ; and since the 

other equal masses contained in the body M will produce 

similar effects, the entire velocity destroyed in M' by M will 

y 

be equal to —, repeated as many times as the mass m is con- 

V 
tained in M, or it will be equal to -7 Xn : if we suppose the 

velocity V to be entirely destroyed, we must have 

or, 

V : V : : n' : n : : mn' : mn ; 

and replacing mn, mn'^ by their values M, M', we obtain the 
proportion 

V:V'::M':Mj 

whence the truth of the proposition is manifest. 

645. Since the masses of the bodies are in the inverse ratio 
of their velocities when an equilibrium is produced, it follows, 
that if the bodies have equal volumes, and unequal densities, 
their velocities will be in the inverse ratio of their densities, 

646. Let P represent a force which impresses a velocity V 
»jpon a mass M : if the same force be supposed to act upon a 
mass M times less, and which will consequently be repre- 

sented by ^^l^ this force wiU conununicate to the mas^ 
M 

T S16 
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unity, a velocity M times greater than that communicated to 
the mass M : this velocity will therefore be expressed by MY. 
For a similar reason, the force F', which communicates to the 
mass M' a velocity V, would communicate to the mass 

M' 

— = 1, a velocity represented by M'V. 

The velocities represented by MV and MT' being com- 
municated by the forces F and P to the mass unity, it follows, 
from the principles enunciated in Art. 388, that we shall haie 
the proportion 

F : F : : MV : M'V: 

The expressions MV and M'V are called the quantUies of 
fiwtion communicated by the forces F and F' ; and it should 
be recollected that the characters M, V, F, M', V, and P 
represent abstract numbers, which merely express the number 
of times which the quantity under consideration contains the 
unit of its own species. 

547. The unit of force being arbitrary, we may represent 
it by the quantity of motion which it produces. Thus, by 
supposing P to represent this unit, we can replace F'by MT 
in the preceding proportion ; and we thence infer that 

F=MV. 

548. When tlie force (p acts incessantly, it has been showTi, 
Art. 388, that this force will be represented by the velocity 
which it would communicate in a unit of time, if the value 
of the force should become constant ; hence we obtain, by 
substituting for V its value ^, 

F=M<J>. 

If the mass M be supposed equal to unity, we shall have 

F=^; 

consequently, ^ represents the force exerted upon the unit of 
mass ; the quantity ^ is usually called the accelerating force, 
and F is called the moving force. When F is given, the 
value of ^ can be determined by simply dividing by M, the 
mass moved. 

549. It has been shown, Art. 163, that if g represent the 
force of gravity, P the weight of the body, and M its mass, 
we shall have 



P=Mg; 
elitninating M between this equation and the preceding, there 
results 



and if (he incessant force f be that of gravity, we have ^=g ; 
henc^ 

F=P; 
aiid in this case the moving force is measured by the weight 
of the body upon which ihe force is exerted. 5. 

550. The writers upon Mechanics were long divided in 
opinion as to Ihe proper measure of forces. TJiis disagree- 
ment, like many others, arose entirely from a misapprehen- 
siou of ihe signification of words. 

The nature of forces being known to us only by ihe effects 
which they produce, we may with propriety measure these 
effects in different ways, according to the object which it is 
desired to accomplish. If, for example, it be proposed to 
determine the load which a man can support for an instant 
of lime, it is evident that the force exerted by Ihe man will 
be proporlional to the weight which be can sustain, and may 
therefore be measured by this weight : bnt if we wish to 
measure the force of this man by the work which he can 
perform in a given lime, we must adopt a measure for Ihe 
force entirely different from the preceding: for, it might 
happen that a man absolutely weaker, but endued wilh a 
greater capacity of sustaining a continued effort, would give 
by his labour a result greater llian that given by the first 
man, and might therefore be considered as actually possessed 
of greater force. 

In this second method of considering the effects of forces, 

we regard Ihem as proportional to the weiglit raised, and the 

y Iw ght to which it is elevated in a given time ; it being always 

^■yderstood tliat the effort necessary to overcome the weight 

BPBnot supposed to vary with the elevation. 

If, for example, two men raise the same weight, in the same 
time, to the heights of 600 and 200 yards respectively, we 
would, according lo this method of estimating the effects of 
^ T8 
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forces, regard the first as possessed of three tunes the force of 
^e second. 

Again, if, in the working day, one man can raise a weight 
of 60 lbs. through a height of 200 yards, and a second a weight 
of 251bs. through a height of 400 yards, we should regard the 
two men, according to the present hypothesis, as possessed of 
equal strength, although the absolute strengths of the two 
might be very different ; the strengths of the two individuab 
are here considered only with reference to the work done. 

This method of estimating forces was adopted by Descartes. 
The difference in the opinions entertained by him and other 
geometers rested entirely on the definition of the word farce. 
He contended that a force should be measured by the product 
of the mass into the square of the velocity. This conse- 
quence may be deduced from the definition of the effect of a 
force, adopted by Descartes, in the following manner. 

Let P represent a weight, and h the height to which it can 
be raised in a given time : the force employed to raise it, ac- 
cording to the definition of Descartes, will be measured by 
the product 

PxA. 

We can replace P in this expression by its value Mg- (Art. 
163), and we shall have 

Ph=Mgh ; 

or, multiplying by 2, 

2PA=Mx2^A; 

and since the velocity v due to the height h is expressed by 
y/(2^/i) (Art. 401), the preceding expression becomes 

2Ph=Mv'. 

Having given a definition of the word force different from 
that adopted by Descartes, we shall not say that the force is 
measured by the product Mi;^, but that it is measured by the 
quantity of motion Mv which it is capable of producing, as 
has been explained in Art. 547 ; and to avoid confusion, we 
shall, according to ordinary usage, apply the term living force 
to the product Mv', of the mass by the square of the velocity. 
561. The consideration of Uving forces is of great utility 
in estimating the effects produced by a machine. Thus, if 
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it were required to calculate the effect of a given fall of water, 
the force necessary to move a carriage on a given piece of 
ground, or the effort requisite to raise a given mass of coals 
from the bottom of a mine, we might in each case compare 
the effect of the moving force to the product of a certain 
weight by a given height, or to an expression of the form PA, 
the double of which, as has been before shown, is equivalent 
to the product Mt;'. 

v\ ■ 

. Of the Direct Impact of Bodies. 

662. Bodies are usually distinguished as elastic or unelastic 
An elastic body is that which, when compressed by the appli- 
cation of an impulse, will resume its original figure with a 
force equal to that of compression, in virtue of a quality pos- 
sessed by the body. An unelastic body, on the contrary, is 
one whose figure either undergoes no change by the action 
of a force applied to it, or which, if compressed, has no tendency 
to restore itself to its original form. 

All natural bodies are found to partake more or less of these 
two quaUties ; there being none which are perfectly elastic, 
or perfectly unelastic. 

Of the Direct Impact of Unelastic Bodies. 

663. Let M and M' {Fig- 196) represent two spherical un- 
elastic bodies, which move in the direction from A to C. If 
the velocity of M be supposed to exceed that of M', the former 
will overtake the latter, and will communicate to it a portion 
of its motion, until the velocities of tlie two bodies become 
equal. Let F and P represent the forces which communicate 
to the bodies M and M' their respective velocities V and V ; 
since these forces can be represented by the quantities of mo- 
tion which they produce (Art. 547), we shall have 

P=MV, F=M'V'; 

and by compounding thne two forces, their retaltant will bo 

by 

P+F«inr+MT'. 
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To obtain a second expression for F+F', let v represent Che 
common velocity of the two bodies after impact : we may 
legard the mass M+M' as a single body, to which the velocity 
V has been imparted by the exertion of a force F+P. We 
shall then have 

F+F'=(M+MOr. 

By equating these two values of F+P, we obtain 

(M+M')r=MV + MT'; 
whence, we deduce 

_ MY+MT^ 
^ M + M' • 
664. If the bodies move in opposite directions, we regard 
ione of the velocities Y' as negative, and we then have 

_MV--MT' 
^ M+M' ' 
"The body M' being supposed at rest, and impinged against 
by the body M, V will become equal to zero, and the pre- 
i^eding formula will reduce to 

^ M V 

If the bodies have equal masses and move in the same direc- 
tion, we shall have M=]\r ; and consequently, 

t^=i(V + V'), 
or, if they move in contrary directions, 

and when the body M imping^es upon an equal mass M'at 
rest, this expression reduces to 

v=iY 

Of the Direct Impact of Elastic Bodies, 

555. We will first consider the circumstances of motion 
when an elastic spherical body impinges upon an immoveable 
plane AB (F/'iT- 197) in a direction perpendicular to the sur- 
face of the plane. At the instant when the body comes iri 
contact with the plane, it will begin to experience a com- 
pression in the direction of the diameter ED, the point D 
being caused to approach the centre of the sphere. This 
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effect will continue until the velocity of the sphere is entirely 
destroyed ; then, in virtue of the elasticity possessed by the 
body, an equal velocity will be generated in an opposite direc- 
tion, the body at tlie same time resuming its original figure. 
Hence, the body will recoil with a velocity precisely equal to 
that with which it impinged upon the plane. 

556. Let us next consider the impact of two elastic bodies 
M and M' {Mg. 196), which move in the same direction 
from A towards C, with velocities represented by V and V. 
That an impact may be possible, it is necessary that the 
velocity of M should exceed tliat of M'. When the body M 
overtakes M', a mutual compression will commence, and will 
continue until the bodies have acquired a common velocity ; 
so that a material point D of the body M {Fig. 198), which, 
in virtue of the velocity V, would have described the line DE, 
being retarded in its motion by the effect of the compression, 
will, instead of having reached the point E at the instant of 
maximum of compression, have only arrived at a point F : 
then the force of restitution, beginning lo act upon the mate- 
rial point, will communicate to it a velocity in a direction 
opposite to that of the motion, equal to that which it has lost 
by the compression, and which would transfer it to the ex- 
tremity G of a line FG=EF, whilst the body is resuming its 
original figure. 

The velocity of the body being common to all its points, 
(Art. 443), if we represent this velocity before impact by DE, 
it may be represented after impact by 

DE-GE=DE-2FE. 

557. To express these conditions analytically, let u repre- 
sent the velocity common to all the particles of the two 
bodies at the moment of maximum compression. At this 
instant, the bodies may be regarded as unelastic, and the 
velocity u will therefore be given by the formula < 

The velocity lost by the body M during the compression, 
being equal to the velocity V diminished by that which 
remains at the instant of greatest compression, it will be ex- 
pressed by Y— tf. Such will be the velocity lost at the 
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moment of greatest compression, but the force of elasticity, 
tending to restore the figures of the bodies, will cause the 
body M to sustain an additional loss of velocity* represented 
by V—M ; thus, the total loss of velocity experienced by H 
will be expressed by 2(7—14). Let v denote the velocity of 
the mass M after the impact ; we shall have 

v=V^2(V-w); 
or, by reduction, 

t?=2u-V <316); 

The body M', at the instant of greatest compression, may 
likewise be regarded as unelastic, and will then have gained 
a velocity expressed by w— V : for the velocity gained is evi- 
dently equal to the velocity n which the body has at this 
instant, diminished by the original velocity V^ The force of 
restitution, being then exerted, will cause the body to gain the 
additional velocity w— V ; whence, the entire gain of velocity 
by M' will be equal to 2(m— V), and the velocity of M', after 
collision, will therefore be expressed by 

V'h-2(w--V0=2m— v. 

Representing this velocity by t/, we have 

v'=2u--Y' (316). 

By substituting in equations (315) and (316) the value of 
u given by (314), we find 

2(MV+MT2_v ,_2(MY + MT0 
M + M' ' M+M' ' 

from which, by reduction, we obtain 

V(M-M')+2M'V' , V'(M'-M)+2MV ,-,^ 

*= M+WT ' " = MTW~- (3^^- 

If M=M', we shall have 

v=Y', v'=y (318). 

These equations indicate, that when the masses are equal, 
the impact will cause them to excliange velocities. 

558. If the l)odies move in opposite directions, the velocity 
V may be regarded as negative in the preceding formulas, 
which then become 

V(M-M')~2MT' , V'(M-M')+2MV ^.^. 

""^ W^W' ' ""^ M+M^ ^^^> 
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559. The bodies being supposed equal in mass, and moving 
in opposite directionsi we make M=M' in equations (319), 
which are thus reduced to 

v=-V', «'=V (320). 

Hence we conclude that the bodies will recoil, having ex- 
changed velocities. 

560. When the bodies impinge in opposite directions, with 
equal velocities, the masses of the two being unequal, we 
make V'=V in equations (319), and thus obtain 

_ V(M~3M0 V(3M-M0 

^ M+M' ' M+M ' 

In this case, the motion of M will be entirety destroyed by 
the impact, if its mass be supposed triple that of M' ; for 
when M=3M', the first equation reduces to v=0 : the same 
supposition gives v'=2y. 

561. Lastly, the body M' being supposed at rest, and 
impinged against by an equal body M, we make M=M', and 
V'=0, in equations (317), and we thus have 

t,=0, t/=V: 

hence, the body M will be brought to rest, and M' will acquire 
its entire velocity. 

Of the Preservation of the Motion of the Centre of Oravity 

in the Impact of Bodies. 

562. Let the two bodies M and M' be supposed to have 
arrived at the positions B and C {Piff. 199), immediately before 
impinging upon each other ; and let S and S' represent their 
distances from the point A, and X the distance of their com- 
mon centre of gravity from the same point. From the known 
property of the centre of gravity, we shall have 

(M+MOX=MS+M'S'; 

and since the distances X, S, and S' vary with the time /, we 
shall obtain, by differentiating with reference to t, 

(Mt-Mof-llf+M'f. 



The differenlial coefficients -r- and — represent the velo- 

cities of the bodies M and M' at the instant when they hare 
arrived at the points B and C, the distances tif which from the 
point A are represenled by S and S' respectively. Let these 
velocities be denoted by V and V, and that of the centre of 

gravity by W=--^ : we shall obtain, by subsliiution, 

w=»!j±Er (321). 

Such is the expression for the velocity of the common centre 
of gravity before the impact: bnt immediately after the im- 
pact, the bodies, being found at the points B' and C, will have 
experienced a change in their velocities, and it is required to 
determine wiiat elTect has been produced upon the velocity 
of their centre of gravity. Let w denote the velocity of the 
commoncentreof gravity afler impact, and J' its distance from 
tile point A, in the new positions of the bodies ; the distances 
of the bodies from A being represented by J and *■ respectively, 
and their velocities by U and U', we shall have, as above, 

and by differentiating with reference to t, we find 

.,ds' 

- by their respective values v>, U, and 



U', there results 

MU+M'U' 



. (322). 



M+M' 

563. Two different cases may now be presented for exami- 
nation ; viz. the bodies may be elastic, or they may be un- 
fllastic ; when they are nnelastic, we have 

U=M=U'; 
whence. 

M+M' 
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But it has been shown (Art. 653), that the velocity w common 
to the two bodies after the impact wil] be equal to 

M+M' ' 

this velocity being precisely equal to the velocity W, it fol- 
lows that we shall have w=W ] or, the velocity of the coffi- 
man centre of gravity of two unelastic bodies is not affected 
by their impact. 

564 When the bodies are elastic, their velocities after im- 
pact will be expressed (Art. bo7) by 2m— V, and 2u — V. 

Substituting these values of U and U' in equation (322), 
we find 

M(2m--V)+M^(2m-Y0 
^^ M+M' ' 

or, by reduction, 

replacing the second term of the second member by its value 
ti, there will result 

or, 

MV+M'V 

tr= • : 

M+M' 

and ehminating the second member of this equation by 
means of equation (321), we find 

i£7=W: 

hence we conclude, that in the impact of elastic bodies, as in 
that of tmelastic bodies, the velocity of the centre of gravity 
is the same before and after impact. 

Of the Preservation of living Forces hi the Impact of 
Elastic Bodies — Relative Velocity before and after Im- 
pact — Loss of living Force in the Collision of Unelastic 
Bodies, 

666. The principle of the preservation of living forces in 
the collision of elastic bodies may be enunciated as follows : 
When two elastic bodies impinge on each other, the sum of 
their MviMff^fifress is the same before and after (mpodU 
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Let y and V represent the velocities of the bodies befittt 
collision, and v and v' their velocities after collision ; the suin 
of the living forces before the impact will be expressed by 
MV* +!V1'V'' ; and it is required to prove thai this sum is 
equal to Mr* +MV^, the sum of the living forces after the 
impact. 

It has been shown (Art. 557), that the velocities v and v\ 
after impact, are given by the equations 

v=2u—V, v'=^2u-V'; 
hence, 

Mi'*+MV'=M(2;i— V)^+M'(2m— V')» ; 
and by performing the operations indicated in the second 
member, we have 

M»'+MV«=:MV»+M'V'* 

+ 4(Mu'+M'«"— MV«-M'V'm) (323): 

but the terms included wiihin the brackets mutually destroy 
each other, in consequence of the relation (314), 
_ MV+M'V ' 
" M+M' ' 
for, by clearing the denominator, and multiplying by u, m 
find " 

Mw" 4-M'M' = MV«+M'V'u ; 
consequently, the equation (323) will reduce to 

M»' + MV»=MV''+M'V>. 
This equation may be written under the form 
Mu'+MV^ -MV -M'V" =0 ; 
from which we conclude that when elastic bodies impinge 
on each other, the difference between the sums of their living 
forces before and after impact, will be equal to zero. 

566. The relative velocity of the two bodies is the velocity 
with which they approach towards, or recede from, each 
other; and another remarkable property of elastic bodies oon- 
aists in the equality of iheir relative velocities before ajid after 
impact. This may be proved by subtracting the equationa 

v=2u-V, t/=2u-V'; ^™ 

from which we obtain ^^^| 

„_i;'=_(V-V'); ^Bj 

hence v' exceeds v by the same quantity that V surpasses V i 



ytt,m 

I 
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ind the bodies will therefore separate after impact, with a 
(Telocity precisely equal to that with which they approached. 

667. In the collision of unelastic bodies, the difference be- 
tween the sums of the living forces before and after impact 
nrill not be equal to zero ; but it will be equal to the sum of 
the living forces of the bodies when moving with the veloci- 
ties lost or gained. 

This theorem is due to Camot, and may be demonstrated 
in the following manner : 

The velocities lost and gained by M and M' respectively, 
being equal to V— m, m— V, if the masses were moved with 
these velocities, their living forces would be expressed by 

M(V-t/)«, M'Cw-V)'; 
performing the operations indicated, we shall have 

M(V-.w)«+M'(w-VV = 
MV»+M'V'»+(M+M0m»-2w(MV+M'V') (324); 

eliminating MV+M'V, by means of the equation 

^ M+M' ' 
the second member of equation (324) will reduce to 

MV« +M'V'«-(M+M')m«, 
and we shall therefore have 

M(V-ti)«+M'(tt-VO^=MV«+M'V'«-(M+MOM« ; 
hence the truth of the theorem enunciated becomes apparent. 

Principle of n Alembert. ' . 

568. When the several bodies which compose a system are 
connected together in any manner, and subjected to the action 
of different forces, this connexion will in general prevent 
each body from taking the motion which would have been 
communicated to it if the connexion had not existed. For 
example, if several material points M, M', M", &c. {Fig. 200) 
be attached to an inflexible right line AL, moveable about the 
point A, it is evident that these points, being unable to move 
except with the line AL, will, when acted on by the force of 
gravity, oscillate together about the point A, describing arcs 

26 
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proportional to their distances from A, and will at the end of 
a certain time be brought into the positions K, K\ K"j&cj; 
whereas, if the points were unconnected, being merely attached 
to the point A, they would, from the principles of the simple 
pendulum, explained in Art. 471, oscillate in very unequal 
times, depending on their distances from the point A. More- 
over, if we resolve each of the several forces which are exerted 
in vertical directions upon the points M, M', M", &c., into 
two components, one of which shall act along the line AL^ 
and the other in a direction perpendicular to this line ; the 
latter component will alone tend to communicate motion to 
the point ; and since the several perpendicular components, 
exerted on the different points, will be equal to each other, 
they would communicate in the instant of time dt equal veloci- 
ties to the points M, M', M" &c., if these points were uncon- 
nected. But in consequence of their connexion, the veloci- 
ties assumed are evidently proportional to their distances from 
the point A. 

569. It thus appears, that the effective velocities assumed 
by the several parts of the system differ from the velocities 
impressed, and hence the circumstances of the motion can 
only be discovered when we have succeeded in expressing the 
effective velocities in functions of the velocities impressed. 
This object is readily accomplished with the assistance of a 
dynamical principle first employed by D'Alembert. 

570. Let Vj v\ v'\ 6ic. represent the velocities which would 
be impressed by certain forces on the bodies M, M', M", &c., 
if they were perfectly free, and //, n\ u'\ 6cc. the velocities 
assumed by these bodies in consequence of their coimexion. 
The velocity v being resolved into two components, one of 
these components may be assumed arbitrarily, and the second 
will then become determinate. Let the effective velocity u 
be assumed as the arbitrary component of the impressed 
velocity r, and denote the other component by U. Making a 
similar decomposition of the other velocities v\v'\ (fcc, we have 

u and U for the components of r, 
u' and U' for those of v\ 
u" and U" for those of v'\ 
&.C. (fee. &c. ; 
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and the quantities of motion impressed upon the system, 
which are Mv, MV, MV, &c., will become, after the de- 
composition, 

Mw, MV, MV, &c., 

MU, M'U', M"U", &c. 

But, in consequence of the connexion of the different parts of 
the system, these quantities of motion will be reduced to 

Mw, MV, M V, &c. ; 

hence, it is necessary that the quantities of motion MU, M'U', 
M"U", &c. should destroy each other, or should produce an 
equilibrium. For, if it were otherwise, we might combine the 
resultant of the quantities of motion MU, M'U', M"U", &c. 
with the quantities of motion Mw, M'm', M"?*", &c. ; thus the 
effective velocities of the several parts of the system would 
no longer be represented by w, w', u", <kc., which is contrary 
to the hypothesis. 

571. It may be observed that the products MU, M'U', 
M"U", dw5. express the quantities of motion due to the veloci- 
ties lost or gained by the several bodies. For the velocity v 
may be replaced by its two components u and U ; the former 
of which expresses the effective velocity of the body M, and 
the latter represents that velocity which, combined with u, 
would produce the impressed velocity. Thus, U is a velocity 
introduced or destroyed in the system by the connexion of its 
parts. 

The general principle may therefore be enunciated in the 
following manner: It is necessary that the quantities of 
motion due to the velocities lost or gained should he such as 
would maintain the system in equilibrio, 

572. It has been remarked that the quantity of motion Mv 
may be resolved into the two components Mw and MU; and 
since an equilibrium will always subsist between three forces, 
one of which is equal and directly opposed to the resultant 
of the other two, it follows that the forces represented by Mw 
and MU will sustain in equilibrio a force equal and opposite 
to Mv ; and consequently, that the force Mv will sustf 
equilibrio two forces which are respectively equal 9Df^ 

site to Mfi and MU. 
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The same reniEFks being applicable to ihe oth«r force*, it 
appears that the forces Mii, MV, M"tf", &.c. will sustain in 
ecjiiilibrio two systems of forces which are equal and direclljr 
opposed to the forces 

Mi/, M'«', M"«", &c., 
MU, M'U', M"U", &,c. 
But the forces MU, M'U', M"U",&c. destroy each other ; ud 
hence we obtain a second enunciation of the principle of 
D'Aleinbert, viz. ; An equilibrium will sitlsist between iht 
quantities of motion Mv, M'w', M''^", ifc. impressed upon lh» 
several bodies, and the effectioe qtiatUitiea of motion Mu, 
M'«', M'm", ^■c, tlie latter being applied in directions am- 
trary to those of the motions actually assumed. 

673. This principle is equally true, whether the velocities 
V, I'', v", JSi,c. are finite velocities, acquired by the masses M, 
M't M", &<:. during a linite time, or communicated instanta- 
neously by forces of impulsion ; or, when these velocities are 
infinitely small, being generated by incessant forces ; or, 
finally, when some of these velocities are finite, and some of 
. them infinitely small. , 

574. To apply this principle, let us consider the impact of 
two unelaslic bodies M and M', which move in the same 
direction. Let v and v' represent their velocities before im- 
pact, and w the common velocity after impact. The veJocity 
lost by M being equal to its original velocity diminished by that 
which remains after collision, it will be expressed by v — u: 
in like manner, the velocity lost by M' will be expressed by 
tf— II. The quantities of motion due to these velocities being 
such, by the principle of D'Alembert, as to produce an equi- 
libriutn, we shall have 

M(w— «)+MV-")=tli 

whence we deduce for the velocity after impact, 

__Mr + MV 

"~ M+M' • 

When the bodies move in opposite directions, t/ will become 

negative. 

576. As a second example, let it be required to detennine 
the circumstaucei of motion of two bodies H and Sf, whidi 
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rest on two inclined planes AB and AC (Fig. 201) having a 
common altitude, and are connected by a thread MEM', pass- 
ing over a fixed pulley. 

If the vertical line Mg^ drawn through the centre of gravity 
of the body M, be supposed to represent the intensity of the 
force of gravity ; the component of the force in the direction 
of the plane will be represented by MR ; this component will 
alone tend to urge the body down the plane : its value will 
be expressed by 

gXcos BMg=g . cos BAD=:g"j—: 

In like manner, the component of gravity, which tends to 
cause the descent of the body M' on the plane AC, will be 

expressed by gj^^. 

Let the lines AD, AB, and AC be denoted by h, ^ and P 
respectively; the incessant forces exerted upon the bodies 
will then be 

^ and €* 
— , ana —. 

But if we suppose the motion to take place in the direction 
M^M, and the velocities to be reckoned as positive in this 

direction, the force —-, which is opposed to the motion, must 

be regarded as negative ; and the incessant forces will there- 
fore be expressed by 

The general expression for the value of an incessant force 

being 

dv 

we have 

dv=pdi : 

hence, the velocities imparted to the bodies in the time dtf 
when they are unconnected, will be expressed by 

D 



^^tat 



the quantities of motion due to these velocities will be 

It tlie bodies being supposed connected by a thread of inva- 
riable lengLh, if M should descend through any distance on 
tlie plane AB, SI' will necessarily ascend through an equal 
distance on the plane AC ; or, in other words, the velocities 
of the bodies at any instant will be equal to each other. Da- 
noting by V their common velocity at the end of the time (, 
the effective velocities communicated to them in the succeed- 
ing instant dl, will be expressed by dv, and the effective 
quantity of motion imparted in the same time, will there- 
fore be 

(M + MOrfr. 
By the principle of D'Alemben, this quantity of motion when 
applied in a contrary direction, will produce an equilibrium 
with the quantities of motion impressed on the bodies : hence, 
the sum of these quantities of motion will be equal to zero, or 

-(M+M')d« + Mffydi-5^'rf(=0 (325) : 

from which ve deduce 



■gdt; 



and by integration, 

■'-4w:^'+° <^'')^ 

or, if we denote by G the coefficient of t, we shall have 

v=Gt+C (326). 

Let X represent the distance OK of the body M from the 
point 0, the origin of the spaces, at the end of the time ( ; 
the general expression for the velocity gives 
dx 

and therefore, 



» 
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from which, by integration, ve obtain 

x=iGe'+Ct + C' (327). 

The formulas (336) and (327) indicate that the circumstances 
of motion in this system are precisely similar to those which 
attend the fait of heavy bodies ; the only difference consisting 
in the value of the incessant force, which in the latter case is 
denoted by g, and in the former by G, 

576. If the planes AB and AG be supposed to become ver- 
licalj the case will be reduced to that of two weights con- 
nected by a cord which passes over a fixed pulley : the quan- 
lilies A, /, and I' arc then equal, and the equations (325 a) and 
p27) may then be reduced to 

577. These formulas will serve to explain the principle of 
Atwood's machine, which is employed for the verification of 
the laws of constant forces. 

This machine consists essentially of, 1'. A fixed pulley, 
over which passes a very fine flexible thread, having its ex- 
tremities attached to two equal brass basins ; 2^. A vertical 
graduated scale with a moveable stage to mark the space 
passed over by the descending basin ; and, 3'. A seconds 
pendulum, by means of which the time of descent may be 
accurately observed. 

When the two basins are loaded with equal weights, they 
will sustain each other in equilibrio ; but if an addition be 
made to either, it wilt immediately preponderate, and will 
produce a motion imiformly varied. Moreover, by rendering 
the difference M— M' of the weights M and M' attached to 
the extremities of the thread, very small in comparison with 
their sumM + M', the space described and the velocity ac- 
rquired in a given time which result from equations (327 n) 
may likewise be rendered small, and the observations will 
thus become susceptible of great accuracy. 

For the purpose of observing the velocity acquired at the 

end of any time, we give to the additional weight placed in 

Uic descending basin the form of a flat bar, and the basin 

being allowed to pass through a sliding ring attached to the 

U2 



h* 



Biertical scale, Uie bar may be removed at enj instsQt duri^ 
the descent. The equality of the weights in the two baaiiis 
being restored by the removal of the bar, the motion becomes 
uniform with the velocity acquired at the instant when the 
bar was removed. 

By comparing the spaces described, the velocities acquired, 
and the times elapsed, we fiud that when the basins move 
from rest under the influence of a constant force, the velocities 
are corislanlly jn-oportional to the limes, and that the spaces 
are proportional to Uie squares of the times. 
>, 578. For a third example, let it be required to investigate 
the circumstances of motion of two weights M and M', which 
are attaclied to cords passing around the respective circum- 
ferences of a wheel and of its axle. 

If we suppose the body M to prevail, and reckon the veloci- 
ties positive in the direction of its motion, the force of grav- 
ity will impress upon the bodies M and M', in the instant dt, 
which succeeds Ihe time t, the velocities g-dt and —gdt ; and 
the quantities of motion impressed will therefore be 

M^A, and —M'gdt. 
But if V and v* represent the velocities of M and M' at the ex- 
piration of the time t, the eflective velocities communicated 
in the succeeding instant dt will be expressed by dv and di/. 
Thus, denoting by R and r the radii of the wheel and axle, 
we shall have 

MniM trnpnaid TclodUtL EBbdne TtlecltlH. Dltfldw ft« tb( Ufa. 

M . ... gdt dv R, 

M' . . . —gdt dt/ r. 

The effective quantities of motion, being applied in directions 
contrary to those of the motions assumed, will sustain in equi- 
librio the quantities of motion impressed ; and since the equi- 
librium is maintained through the intervention of the wheel 
and axle, it is necessary that the sum of the moments with 
reference to the axis should be eqtial to zero : hence, we 
obtain 

HLBgdt-JA'rgdt-URdv-JA'rdv'-O (328). 

This equation containing the two unknown quantities t> and 
i/, it will be necessary to discover a atoond relation betireea 
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them. For this purpose, we remark that the velocities v 

and t/ bear to each other the constant ratio of R : r ; thus, we 
have 

V Iff ::R:r] 
or. 



differentiating, 



^ ^ 
*'=,^: 






substituting this value in equation (328), we find 
MRg^ctt— M'rg-A— MRdi?- M^v=0 ; 

MX 

or, by reduction and transposition, 

MR!dr+M'r*dv=]JfR?5^(ft- M'Rrgdt ; 
whence. 

Denoting by K the constant coefficient of di, this equation 
becomes 

dv=Kdt \ 
and by integration, 

dx 
Replacing v by its value -7-, and performing a second integra- 
tion, we find 

These results indicate that the motion is uniformly varied, 
the circumstances of the motion being similar to those of a 
body falling under the influence of the force of gravity. 

Of the Motion of a Body about a Fixed Axis. 

679. YIThen an impulse is applied to a system of material 
points connected together in an invariable manner, and sub- 
jected to the condition of turning about a fixed axis, which 
we will suppose to pass through the point A {Fig, 202), per- 
pendicular to the plane of the figure, the several particles m^ 
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l{mv cos^.p); and hence, by the conditions of equilibriiim 
before enunciated, we shall have 

2(mt? .cos^.p) -—m^mr^ ) =0. 
This equation gives the value of the angular velocity 

_ j:(mv . cos ^ . p) oggx . 

* limr') ^ ^' 

and the motion of the body about the fixed axis will there 
fore be uniform. 

580. When the forces mr, wV, mV, &c. are exerted in 
planes perpendicular to the axis, the angles ^, ^, ^'\ &c. 
become equal to zero, and we have 

sin ^=0, cos ^=1, 

sin ^'=0, cos 0'=1, 

sin^"=0, c&^"=l, 

ice. &C.; 

consequently, the equation (329) reduces to 

2{mvp) 
2(mr«) 

581. If equal velocities be impressed, in parallel directions, 
upon the several particles m, m', tw", (kc, we shall have 

and the moments of tlie quantities of motion impressed will 
become 

?nvp + rn'vp' + /n"vp"+6cc. = v{??ip+m'p' -f m"jy' -f ifcc.) : 

the sum of these moments may be represented by vl{mp]y 
and the equation (329) will be transformed into 

vl{mp) 



»=• 



(330). 



2(77?r^ ) 

Let a plane AK be now drawn tlirough the axis Az {Fig, 
204), parallel to the directions of the several forces mr, 7nV, 
7n"v", (kc. : the perpendiculars /;, p'j p'\ &c. demitted from the 
points A, A', A", <kc. upon the directions of these forces, are 
evidently equal to the perpendiculars 77iq^ mVy', vi"q'\ (kc, let 
fall from the points m^ in\ vl'\ (kc. upon the plane AK. Let 
^, q\ q"y (kc, represent these perpendiculars, and Qthe perpen- 
dicular demitted from the centre of gravity of the system, upon 
the plane AK ; then, denoting by M the sum of the particles 
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^'hich compose the system, or the entire mass of tlicj body, 
Ure shall have, by tlie property of the centre of gravity, 

and since 

p=y, p'=5r', p''=y", &C-, 

the preceding equation may be written 

MQ=m/) +w»'p'+m"p"4-&c.=x(mp). 
This value being substituted in equation (330), there results 

a,=^ (331). 

582. It may happen that the velocity v has been impressed 
upon only a Umited number of the particles m, m', m", &c : 
then, M will no longer represent the entire mass of the sjrstem, 
but merely the sum of those particles upon which the velocity 
has been impressed ] and Q, will express the perpendicular 
demitted from the centre of gravity of this part of the system 
upon the plane AK. 

The quantity z(mr*) is called the moment of inertia : the 
method of determining its value will be explained in the next 
section. ^,,1 

683. It is frequently necessary to consider the effects pro- 
duced upon the fixed axis by the application of an impulsive 
force to any point of the system. For this purpose, let the 
axis of rotation Az {Fig* 205), be assumed as the axis of jt, 
^Od resolve the impulsion P, which is supposed to be applied 
*t a point 0, into two components F and F', which shall be 
''©spectively parallel and perpendicular to the plane of x, y. 
I^t the axis of y be then assumed parallel to the direction 
^f P, and denote the co-ordinates of the point by a, 6, and 
^ : since the force P may be applied at any point in its line 
^f. direction, we can always suppose the point of application 
O to be contained in the plane otxjz: this supposition gives 
6=0. 

Instead of regarding the axis as fixed, let such forces be 
introduced as may be necessary to retain it. These forces 
^ be equal, and directly opposed to the impulsions expe- 
ne&ced by the axis, and may in general be reduced to three 
^^oes respectively parallel to the axes of x, y, and z. Let X, 
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T, and Z represent the impulses communicated to the taia, 
and cail AB=«, AC=fl. 

The particle m will describe a circle parallel to the plans 
of 7, y, and its velocity in the direction of the tangeDt ml wiQ 
be expressed by ra {Art. 679) : the cosines of the angle* 
formed by this direction with the axes of i and y respectively, 

will be-^ and — — ; hence, the effective quantity of motion of 

the parlicle m will be mru, and its components in the direction 
of the axes of x and y will be mj/u and —mxm : the sama 
remarks apply to the other particles m', m", m"\ &.c. 

But, by the principle of D'Atembert, an equilibrium will 
subsist between the effective forces and the force P, tlie latter 
being appUed in a contrary direction ; thus, we shall bars 



— P I 

X X 

Y 

Z 

*nr« my* 

ffiV* m'y* - 
&c. 



&c 



&c. 



The general equations (66) and (67), which express the 
conditions of equilibrium of forces lying in difierent piano, 
and acting upon various points of a body, may be written 
tmder the form 

i:(X)=0, s(Xy— Y3:)=0, 

z(Y)=0, X(Zs—Xjs)=0, 

l(Z)=0, 2(Yz-Zy)=0; 

and vhen applied to the system under consideration, will 

give 

X+.i(ffly)=0, 

y +P cos *>— «i:(bw)=0, 

Z-Psin*>=0; 

•(l(mr*)— P cos 9a=0, 

XM+mZ{myz)+P sin 1)0=0, 

y^+P COi W -•x(«»Ki:) <*0. 
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Let M represent the mass of the body, x^ y^ and z, the 
co-ordinates of its centre of gravity, and Mv the quantity of 
motion which the force P is capable of communicating : these 
six equations will be reduced to 

Y=«»Mx,— Mv.cos^ V (331a); 

Z=Mt;.sin^ ^ 

i^z(mr') =Mv .cos ^. a ^ 

X«= — i»x(myz)— Mv . sin ^ . a > (331 6). 

Y|5 =«z(w2:z) — Mv . cos ^ . c ^ 

From the fourth equation we deduce the value of n, which 
being substituted in the first and second, the values of X and 
Y become known : the third determines the value of Z, and 
the fifth and sixth give the co-ordinates » and jS of the points 
B and C, at which the forces X and Y are applied. The 
solution of the problem is therefore complete. 

When we wish to communicate the impulse P in such a 
manner that the axis shall receive no shock, we make X, Y, 
and Z equal to zero. This supposition reduces the equations 
(331 a) and (331 b) to the following forms : 

y^=0, i»2(mr»)=Mua, 
€tx, = u, ^{rnyz) = 0, 
sin ^=0, ^{mxz) =]!l(Lr,c. 

The third equation indicates that the direction of the impulse 
Hiust be parallel to the plane oi x,y\ the first, that the centre 
of gravity of the body must lie in the plane of ar, z, perpen- 
dicular to which the impulse is applied ; the second deter- 
mines the angular velocity ti ; and the fourth and sixth make 
known the values of the co-ordinates a and c of the point O. 
iTie point O is then called the centre of percussion^ which 
tnay be defined to be that point in the plane passing through 
the centre of gravity and the axis of rotation, at which an 
xmpulse must be applied in a direction perpendicular to this 
plane, in order that the axis may receive no shock. 

684. The equation l{myz)=0 expresses a relation which 
is evidently dependent on the figure of the body and the 
position of the axis of rotation. This relation will exist only 
in particular caseS| and it therefore follows that a body 



t^ptUaini 



led by a fixed axis will not necessarily have a centre of 
percussioD. 

585. The distance of the centre of percussion from llie 
axis of rotation being equal to the absciss AN=ii, its value 

be ^^m 

_*i(«ir') _ i(wir') ^^^1 

" m Mr, ' ^^ 

586. Although the axis will receive no impulse al the ip 
stant of impact, yet the motion of rotation will immediate]) 
give rise to centrifugal forces which will exert 
upon the axis. 



Of the Moment of Inertia 



preanm 



• 687. The moment of inertia being the sum of the products 
formed by multiplying each material point of a syston l>y 
the square of its distance from a fixed axis, it has been repre- 
sented in the preceding section by i{mr^). In this cxprw- 
sion, we may replace the particle m by rfM, the element of the 
mass ; and the moment of inertia will then result from tfM 
integration of an expression of the fonn7>-*rfM, 

5S8. For example, let it be required to determine the 
moment of inertia of a material right line CB {Fig. 206), with 
reference to an axis AZ perpendicular to the plane CAB. 

Let AB=A represent the perpendicular demitted from the 
point A upon the right line, and BP=z the distance of a 
point P assumed arbitrarily on this line, from the point B: 
we shall have 

PA'=A»+*». 
Iliis expression being multiplied by the differential of the 
mass, the integral of the product wiU express the moment of 
inertia. The volume, in the present case, being a right Uoe, 
the element of the volume will be represented by the infinitely 
small difference dx between two consecutive abscisses BP=« 
and BV=s->rdx; and the element of the mass dUi will 
therefore be expressed by dx muItipUed by the density D, or 
by Ddx. Thus, by moldplying A' •{•x* by Ddx, aiul intv- 
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grating, we obtain for the expression of the moment of inertia 
of the right line, 

/D(A'+i')rfi=D(A'a:+Jj:»)+C. 
In the present disposition of the figure, the integral should be 
taken between the Hmits of the point B, where x=0, and the 
point C, at which x=a; the moment of inertia thus becomes 



(..,+-)d. 



la eSecting this integration, we have regarded the line as 
homogeneous, or the density D as constant : but if the differ- 
ent parts of the Hne be supposed unequally dense, the quan- 
tity D will be variable, and may in general be regarded as a 
function of r. The form of this function will depend on the 
law according to which the density is supposed to vary. 

689. When the body is homogeneous, it is frequently con- 
venient to regard the density as equal to unity ; and the factor 
D is then replaced by 1, in the general expression for the 
moment of inertia. Having determined the moment of inertia 
of a body whose density is equal to unity, we can determine 
that of a similar body whose density is equal to D, by simply 
multiplying the former moment by the density D. In the 
succeeding examples, we shall regard the density as equal to 
unity. 

590. As a second example, we will detennine the moment 
t>J inertia of the area of a circle CBD (J-^g- 207), tcilh refer- 
ence to the axis \7. passing through Us centre, and perpen- 
dicular to its plane. 

Let m represent a point in the plane of the circle, at a dis- 
tance mA.=x from the fixed axis : the areas of the circles 
described with the radii x and x-\-dx will be expressed 
respectively by 

wx', and r{x+dx)* ; 
and the ditference between these areas, by neglecting the infi- 
nitely small quantities of the second order, will be 2rx . dx. 
This expression will represent an elementary ring, every 
point of which will be at tlie distance x from the axis : hence, 
by roulliplyiog this element by x*, we shall obtain 2irx'dx fiw 
IhedijfereDtialof the moment of inertia. Taldjaglfaea 



#. 



, x=0 to x=r we shall find jir* as ihe momenl of 
lia of the area of a circle whose radius is denoted by r. 
„91, Lei it be required to determine the moment of inertia 
a sphere with reference to an axis passing through Hi 
centre. If the sphere be cut by a plane EE' perpendicular to 
Oie fixed axis AB {Fig. 20S), the section will be a circle 
whose cenire will be found at the point D. Denote by x the 
absciss AD of this section, and by y the ordinate DE, or the 
radius of the section. The moment of inertia of the area of 
this circle taken with reference to the axis AB, will be expressed 
(Art. 590) by 

i»y*; 
and if this expression be multiplied by dx='DD', the product, 

will express the moment of inertia of the elementary toIodu 
EE'F'F bounded by parallel planes drawn through the con- 
secutive points D and D'. The inle^al of this expression, 
being taken between the limits a-=0 and ar=AB=2r, will 
give the moment of inertia of the entire sphere. 
But by the property of the circle, we have 

y =2rjr— x» ; I 

and therefore, J 

fiTy*dx^irf{2rx—x*)'dx I 

=Tf{2r*x^ ~2rx^ + \x')dx ; 1 

or, 1 

f'^Ty'dx='^x'[\r^—\rT+^\x')JrO. 
The constant C will be equal to zero, since the moment ti 
zero when :r=0: and by making i=2r, we obtain for the 
moment of the whole sphere, 

These examples are sufficient to explain the manner in 
which the determination of the moment qf inertia is reduced 
to a simple problem of the integral calculus. 

592, When the moment of inertia of any body with refer- 
ence to an axis passing through its centre of gravity hti 
been determined, its mometit with respect to a parallel axil it 
readily ibund. 
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For let 6F and CE {Fig. 209) represent two parallel axes, 
the first of which passes through G, the centre of gravity of 
a body : let the origin be assumed at the point G, the line 
GF being the axis of z. Through a point m, assumed arbi- 
trarily within the limits of the body, let the plane mKF be 
drawn, parallel to the plane of x, y ; this plane will cut the 
axes GF and CE at two points F and E, and the distances 
of the point m from these axes will be represented respect- 
ively, by the right lines wK and mF, which we shall denote 
by r and f. From the point m let the perpendicular mE be 
demitted upon the plane oi x,y\ the triangles EGG, mEF will 
be equal in all respects, and the sides of the former may there- 
fere be substituted for those of the latter. Denote by 

a and jS, the co-ordinates GD and DC of the point C, 
X and y, the co-ordinates GP and PE of the point E, 
a, the distance between the axes : 

we shall have 

GC« =GDi -f DCS GE» =GP« -f PE«, 
or, 

a« =«a -f /a», r'^ =ar» -f y (332). 

Again, the right line CE passing through points whose 
co-ordinates are x and y, « and /s ; the value of CE=r will 
result from the equation 

r»=(:r--)»H-(y-p)S 

or, by developing the terms of the second member, 

and reducing by means of equations (332), we obtain 

r»=»r'*— 2-j;— asy + a" ; 
maltipl3ring by cfMand integrating, we have 

/r»(M=/r'>dM-2«/x(M— 2/3/ydM+a«/rfM ..... (333). 
The expressions fxdUL and TyrfM which enter into this equa- 
tion, are equal to zero ; for, let x and y represent the co- 
ordinates of the element rfM of the mass M ; the moments of 
this element with reference to the planes of 2-, z and y, z will be 
ydSL and xdSi : hence, the co-ordinates x, and y, of the centre 
of gravity of the mass M will be determined by the equations 
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But in the present instance, the centre of gravity is situated 
in the axis of z ; and the co-ordinates x, and y, are therefore 
equal to zero : hence, 

Reducing equation (333) by means of these values and sub- 
stituting M for its equal yif M, we shall obtain 

/r»(M=/i-'»dM+Ma» (334). 

The expression fr^^cM being the moment of inertia with re- 
ference to the axis passing through the centre of gravity, we 
conclude that when the value of this moment has been found, 
that of the moment of inertia yr^t/M, taken with reference to 
a parallel axis, may be immediately determined, by adding to 
the former the product of the mass of the body by the square 
of the distance between the two axes. 

The equation (334) may be written under the form 



/,.dM=M(-^+a'), 



and this expression maybe simplified by putting " ^ — =Jfc«, 

Adopting this notation, the moment of inertia taken with 
reference to any axis will be expressed by the formula 

//•2rfM=M(/v^+a-^). 



0/ the Motion of a Body about a Fixed Axis when acted 

upon by Incessant Forces, 

593. Let us now suppose that the several material points 
of a system which is retained by a fixed axis kz {Fig. 210), 
are acted upon by incessant forces : each particle 7n will 
describe about the fixed axis, the arc of a circle mno^ the 
plane of which will be perpendicular to this axis, and will 
intersect it at a point C. Let <f denote the incessant force 
acting upon the particle m, and ^ the angle TmP formed by 
its direction with the tangent to the circle mno at the point m. 
The force <f may be resolved into three components ; one 
parallel to the fixed axis, which will have no tendency to turn 
the body about this axis ; a second directed along the radius 
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mC, which will be destroyed by the resistance of the axis ; 
and a third coinciding in direction with the element of the 
curve described by the particle m : this last component will 
be expressed by ^ cos J", and will be the only portion of the 
force ^ which tends to turn the system about the axis Az. 

Let « represent the angular velocity of the system at the 
expiration of the time /, and r the distance Cm of the particle 
m from the axis of rotation : the absolute velocity of m, at 
the end of the time i, will be expressed by r*f (Art. 579), and 
in the succeeding instant dt, this velocity will be increased or 
diminished by the action of the incessant force. 

If the particle m were unconnected with the other parti- 
cles, the force ^ cos ^ would communicate to it in the instant 
dtj the velocity represented by ^ cos ^. ctt ; consequently, the 
velocity of the particle m, at the expiration of the time t-^-dif 
would be expressed by 

r« + ^cos J'.c/^; 

but this particle being connected with the other parts of the 
system, its effective velocity at the end of the time t+dt 
will actually be represented by 

rt^+rcU ; 

and the effective quantity of motion of the particle m will 
be {ri»-\-rdii)m. 

The same remarks being applicable to the other particles 
which compose the system, it is necessary that the quantities 
of motion impressed, or 

2[(r«+^ cos J". dt)m] 
should, by the principle of D'Alembert, sustain in equilibrio 
the effective quantities of motion 

l[(rti+rdii)m], 

the latter being applied in directions contrary to those of the 
motions assumed. 

But, in order that an equilibrium may subsist between 
these two sets of forces, it is necessary that the sum of the 
moments of the several forces taken with reference to' the 
fixed axis, shall be equal to zero : and since these forces arc 
exerted in the directions of the elements of the circles described 
by the material points, the radii of these circles will represent 

X 



the perpendiculars demitted upon the directions of the seveiai 
forces. The equation of the moments will thus become ■ 

£[{r<>^+r^cos^.(ii)m]—2[{r'»+r'iL)m]=0; fl 
or, by reduction, ^B 

£!r' dm. m)=l{rfi cos i^.dl.Jti) (335). 

The quantities dl and d" being Ihe same in all the terms 
of lliis equaiioii, they may be placed without the sign 2 ; and 
when the number of terms is regarded as iiifiuile, the value 
of eacli being infinitely small, ihe character 2 may be re- 
placed by the iiitegrai sign /, and the particle m by dJii, (fa^- 
differential of the entire mass : thus we shall have 

di/r .^ cos S-.dM =d»fr*dM ; 
from this equation we deduce 

di~—JFdM- ^^> 

To complete the integrations here indicated, it is necessary 
to know the positions of the elements which compose the 
body, and the directions and intensities of the incessant Eonet 
exerted upon each particle. These parliculars will be exam- 
ined in the following section. 



; re- 

I 



0/ the Compound Pemttdum. 



-\ 



694. Thecompoimd pendulum, represented in Piff. 211, is 
composed of a body, or a system of material points, connected 
together in an invariable manner, and supported by a hori- 
zontal axis KL. When the body is turned around this axis, 
the points m, m', m", dec. describe arcs of circles mn, «'«', 
m"n", &;c. ; the centres of these circles are situated in the axis 
KL, and their planes are perpendicular to it. 

595. The motion of the pendulum being referred to thne 
rectangular axes, let the axis of z be supposed to coincide 
with the horizontal line Cz {Mg. 212), about which the body 
turns, and the axis of « to be vertical ; the plane of z, y will 
then be horizontal. If we suppose the incessant force exerted 
upon each particle to be that of gravity, we shall have 
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The direction of the force which solicits a particle m, being 
parallel to the axis of Xj the intensity of this force may be 
represented by a portion mg of a vertical line ; the angle I 
will be equal to Tmg ; and if the perpendicular tnD be de- 
mitted upon the axis of x^ the angles CmD and Tmg will be 
equal to each other, being each the complement of the angle 
T.<7iD: hence, CmD = J"; and consequently, the equation 

mD=C»i Xcos CmD 
will become 

mD=Cm.cos J"; 
or, 

y=r. cos J". 

The values of cos J" and p being substituted in equation (336)| 
we obtain 

(U_ fgyd!A^ 

dt fr'dM, ' 
or, since g is constant, 

dm__gfydM. 

dt fr^dia: 

The expression ydM represents the moment of the elementary 
mass (BA taken with reference to the plane of or, z ; if, there- 
fore, we denote by y, the distance of the centre of gravity of 
the entire mass M from the same plane, we may replace fydM 
by My,, and the preceding equation will then become 

di,_ gTAy, ^07.. 

and since fr^dH expresses the moment of inertia with refer- 
ence to the axis Cz, this moment may be represented (Art 
592) by M(A;>+a'). Substituting this value in equation 
(337), we find 

^=./?^ (338). 

696. It has been shown (Art 692), that the quantity a in 
the expression M(a'+A;*) represents the distance CG {Fig. 
209) between the axis CK and the parallel axis 6F passing 
through the- centre of gravity. But, by the motion of the 
8]^tem, the centre of gravity describes a circle having its 
radius CG=a {Fig. 213), and its plane xCL perpendicu* 

xe 
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Uie axis CK ; hence, the ordinate DG will represent ibe 
quantity y^ and we sliali have from the properly of the circle, 

Again, if s denote the arc described by tlie point G, the velo- 



will also be expressed by tm (Art. 579). Hence, we shall 
liave 



and consequently, 

"-adt- 
The values of « and y, being substituted in equation (338), 
convert it into 

adp k'+a' 

597. If we multiply each member of this equation by 2ads, 
the first member will become an exact differential, and we 
shall obtain by integraliou, 

W-' """=/|^'^V(2»^-».-) (339)- 

The integral of the second member can only be obtained 
after eliminating one of the two variables which it contains: 
this may be effected by means of the equationo 

da=y'((tr,*+dy,"), y,= ^{2ax, — x*); 
and by proceeding as in Art. 465, we find 
, __ — adx, 
~ ^{2ax,-x.')'' 
sabstituting tliis value in equation (339), we have 






whence, by integration, 
2a*i 

To delermiue the value of the constant C, let EB=& lepn- 



"■=-^+0 m- 
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sent the valae ofx^ at the instant when v=0 ; the supposition 
of 0=0 and x=b gives 






and the equation (340) will therefore become 



whence, 



, ds* 2a'g ,, . 



*=— 77-or^ r (341). 



n/(f?J •(*-)) 



This equation can be readily integrated when the oscillations 
are performed through very small arcs, as usually happens ; 

for, by replacing ds by its value — . * . obtained on the 

supposition that x, may be neglected as exceedingly small in 
comparison with 2a, in the expression 

cfo= ""^^^ ; 

y/(2ax,^x-y 

the equation (341) becomes 

which may be written under the form 

. --*v/C^)x^f^ (-).M' 

598* By comparing this equation with the equation (228), 
it will appear that they differ only by the constant factor, 

which in the former is \ yy ( ^ — ^ 1 , and in the latter 

- W^^. Hence, the integral of (342) may be immediately 

obtained from that of (228), the constants being determined 

by the same condition, that when ^=0, ar,=6. Consequently, 

if we denote by / the length of a simple pendulum, or if we 

a I 

replace — in equation (228) by -., and determine I by the con- 

S S 

dition 28 



n 



\ :'■ 



an sTNAxim, 

g or ' 

ths Bitnple pendulum and the compound pendulum will pel* 
form theii oscillations in the same time. The pre 
equation gives 

Thus, by means of this formula we can al ways find the length 
of the simple pendulum which will perform its oscillatioiu 
in the same time as a g-iven compound pendulum. 

699. If, at the distance / from the axis of suspension AB, a 
line EF {Pig. 214) be drawn parallel to the axis AB, this 
parallel will enjoy the property, that all points contained in it 
will perform their oscillations in the same time as though 
they were unconnected with the other points of the body. 
When the line EF is contained in the plane passing through 
the axis of suspension AB and the centre of gravity of tha 
body, this line is called the axis of osdUaiion, and its several 
points are called centres of osallalion. 

600. The axes of suspetisioit and oscillalimt are reciprO' 
cat; that is to say^ if we lake the axis of oscillalron EP 
(Pig- 214] as a new axis of suspension, the corresponding 
axis of oscillation will coincide with the original axis of sus- 
pension. 

To demonstrate this properly, we resume the expression for 
CC^ the distance between the axes of suspension and oscilla- 
tion given in Art. 598, 

1=^1+^ (343). 



i 



If we then assume the line EF as an axis of suspension, 
and represent by /' and a' the corresponding distances of tbe 
centres of oscillation and gravity from this axis, we shall have 
by the nature of the centre of oscillation, 

f =£!±^ (344). 

And since the equation (343) indicates that the distance I 
exceeds a, it follows that the centre of gravity will be situated 



I 
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between the axes of suspension and oscillation. We shall 
therefore have the following relation, 

or, 

By means of this value, the equation (344) becomes 

^=(b^!J±. (345). 

Again, from equation (343) we have 

l-^a= — : 
a ' ' 

and the value of t may therefore be changed into 

r=r _- 1 



A» 



or, by reduction, 



a 



consequently, when the line EF is taken as the axis of sus- 
pension, the axis of oscillation KH is situated at a distance 
MX from the line EF, precisely equal to that which separates 
the axes AB and EF. 
601. The equation (343) gives 

a(Z— a)=A*» ; 

and by replacing I— a by its value a', we have 

but the value of A:*, which is dependent on the moment of in- 
ertia taken with reference to an axis passing through the centre 
of gravity, and paraUel to the axis AB, will remain constant 
so long as the direction of the axis remains unchanged : hence 
it appears that if the body be caused to oscillate about any 
axis parallel to AB, and at a distance from the centre of 
gravity represented by a, the corresponding axis of oscillation 
will be found at a distance a! from the centre of gravity ; thus 
the value of a+a'^ or the length of the equivalent simple 
pendulumi will be the same as when the oscillations were per^ 



I 



formed about the axis AB. A similar remark is appUcaU«lft 
rII those axes parallel to AB which are situated at a dislanott { 
o' from the centre of gravity. If, therefore, the body be sui- 
pended successively from any number of axes parallel to Aft 
and at a distance from the centre of gravity equal to a or o', 
the limes of oscillation about such axes will be equal to each 
other. 

These parallel axes of suspension about which the oscilla* 
tions are performed in equal times, will evidently be foutid 
in the surfaces of two cylinders having a common axis pass- 
ing through the centre of gravity. 

602, The expression for the distance / between the axes of 
suspension and oscillation may be put under the form 

M(fl^+A-') _s(,»r-), 
Mrt Ma ' 

and since this value is precisely equal to that which wu 
obtained for the distance of the centre of percussion from the 
axis of rotation (Art 585), it appears that the centre of pe^ 
cussion, when it exists, will be found upon the axis of 
oscillation. 

Of the Motions of a Body in Space when acted uptm by 
Impulsive Forces. 

603. In the preceding sections, the circumstances of 
motion of a body retained by a fixed axis have been alone 
discussed ; it now becomes necessary to consider the motions 
of a body in space when unconnected with fixed objects. 

Ijet m, m', m", &c. represent material points composing a 
system whose several particles are unconnected, and let t?, tf, 
v", Sec. represent the velocities respectively impressed upon 
these particles in directions parallel to each other : it is 
required to determine the motion of the common centre of 
gravity of the system. 

If a plane be passed through the primitive position of the 
centre of gravity parallel to the common direction in which 
the impulses are applied, the sum of the moments of the 
particles m, m', m", &c., taken with reference to this plane, 
will be equal to zero at the commenc«!liait of the motion ; 
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and it is likewise evident that this sum will remain equal to 
zero during the motion, since the distances of the bodies from 
the assumed plane remain invariable. Hence, the motion of 
the centre of gravity will be confined to this plane ; and since 
the same may be said of any other plane drawn through the 
primitive position of the centre of gravity and parallel to the 
direction of the motions, it follows that the centre of gravity 
will continue in each of these planes, or in their line of inter- 
section ; and we therefore conclude that the motion of the 
centre of gramty of such a system is rectilinear, and parallel 
to the direction of the motions of its several parts. 

Let a plane be drawn perpendicular to the direction in 
which the bodies move, and represent the distances of the 
several bodies from this plane at the commencement of the 
motion, by S, S', S", &c. : their distances, at the expiration of 
the time ^, will be expressed by 

S+vt, S'+v'tj S"+v'% ike. 

If a and x, represent the distances of the centre of gravity 
of the system from the perpendicular plane, at the commence- 
ment of the motion, and at the end of the time t, we shall 
have, by the property of the centre of gravity, 

mS+m'S'+7n"S"+&c,={m+m'+m"+6cc,)a, 

m{S+ vt) + mXS' + v't) + m''{S" + v"t) + &c. = 
{7n+7n'+m"-\-icc)x, ; 
and by subtraction, we obtain 

(7n+i7i'+wi"+&c.XT,--a)=(mu+wV+77iV'+(fec.)/: 

hence, it appears that the space passed over by the centre of 
gravity is proportional to the time, or the motion of the centre 
of gravity is uniform. 

It is to be understood that those velocities are regarded as 
negative, whose directions are opposite to such as we con- 
sider positive. 

604. The preceding equation may be written under the 
form 

(w+m'+m"-f-(kc.)-^^^=mD+mV+mV-f-&c. ; 
the expression ■ '~ represents the velocity of the centre of 



gravity, and is iudependeat of the positions of the particles 
m, m', m", iic, to which the quantities of motion mv, m'li, 
7>t"t", dec. are respectively applied : it follows, therefore, thai 
if we suppose a mass M equal to the sum of the masses m, 
m', m", &.C. to be concentrated at the centre of gravity, the 
quaiitiiy of motion of this mass will be equal to the sum of 
the quantities of motion in the entire system. 

We also conclude, that Ihe centre of gravity will have the 
same motion as though the several tnasscs m-, m', m", ^'C- 
were concentrated in this pointy and the several forces apjttied 
immediately io it in directions parallel to those along uAmA ' 
they were originally applied. i-* 

605. When the forces applied to the different particles «*r^'l 
not parallel, they may be resolved into components parallel to 
three rectangular axes, and since the eflecis produced by each 
system of parallel components will be independent of tha 
other two systems, it may in like manner be shown that the 
motion of the centre of gravity parallel to each of the axes 
win be uniform, and equal to that which would be produced 
by concentrating Ihe masses at the centre of gravity, and 
applying the several forces directly to that point. 

606. Let the several masses be now supposed connected in 
an invariable manner, the same property will be equally true. 
For, let wti', mv', m,"v", &c. represent the quantities of motion 
impressed upon the particles m, m', m", &c., and let each of 
these quantities of motion be resolved into components mu 
and ml], &,c., the first of which shall be the effective quantity 
of motion retained by the particle, the second being destroyed 
by the mutual connexion of the parts of the system : then, 
since the quantities of motion mu, m'u', m"u", &,c., commu- 
nicated to the masses m, m', m", &.C., produce their {till effects, 
these masses will move under their influence, in the sanM 
manner, whether we regard them as free or connected. 

Hence, it appears that the centre of gravity of the system 
will move in the same manner as though the quantities of 
motion mu, m'u', m"u", &.c. were applied directly to it. The 
quantities of motion wiU, m'U', m"U", &c. being such as to 
destroy each other when applied to the different points m, wl, 
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tn"^ dDC., they must (Arts. 64 and 130) destroy each other 
^when applied to the centre of gravity. 

But the two systems mw, m'u'^ m"u'\ &c., fnU, mlJ', m"U", 
&c, may be replaced by the original sjrstem mv^ m'v\ mV', 
&c.y and we therefore conclude that the centre of gravity will 
have the same motion as though the several masses had been 
concentraied at that pointy and the original quantities of 
motiofi mv, m'v\ m"v"^ ^c, impressed immediately upon it. 

607. If an impulse P be communicated to any point of a 
body in a direction not passing through the centre of gravity, 
this centre will assume a motion precisely equal to that which 
would have been produced by the direct application of the 
force to it But a motion of rotation will also be commu- 
nicated to the body ; for, if an equal force Q, (JFV^. 216) be 
applied to the centre of gravity in a parallel and opposite 
direction, the joint action of the two forces P and Q, will 
maintain the centre of gravity at rest. From the centre of 
gravity G demit the perpendicular GA upon the direction of 
the force P, and lay off on the opposite side of the point G a 
distance GB=:AG. liet the force Q, be then resolved into 
two components, each equal to ^Q, or ^P, appUed at the 
points A and B. The forces P and f Q applied at the point 
A, and acting in contrary directions, will have a resultant 
equal to JP ; thus the body will be acted on by two forces 
each equal to ^P, acting at the distance AG=BG from the 
centre of gravity, and tending to turn the body about that 
point. And since the point G may be regarded as fixed, the 
two forces will have the same effect to turn the body about 
that point as the single force P acting at A. The effect of 
the force Q, will be simply to destroy the motion of transla- 
tion, without affecting the motion of rotation. 

Hence we conclude, that when a body receives an impulse 
in a direction which does not pass through the centre of gra- 
vity^ that centre will assume a motion of translation as though 
the impulse were applied immediately to it ; and the body 
will likewise have a motion of rotation about the centre of 
gravity, as though that point were immoveable. 

608. The circumstances of motion of a body which is 
divided 83rmmetricaliy by a plane passing through the direo- 
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tion of the impulse can now bo readily determined. For, the 
iQolion of translation of Ihe centre of gravity will be similu 
to that of a material point to wbich an impulse is applied; 
and the motion of rotation being precisely the same as thai 
wliicii would take place if a lixed axis passed through the 
centre of gravity, perpendicular to the dividing plane, it will 
merely be necessary to apply the results obtained in Arts. 681 
and 582. 

Let Mil represent tJje quantity of motion impressed upma 
body whose mass is represented by M {Pig. 21(5), and j) Ibc 
perpendicular distance from the centre of gravity G to the 
hne of direction of the impulse. The centre of gravity will 
assume a uniform motion with the velocity v, in a direclion 
parallel to that of the impulsive force. The angular velociiy 
will result inmiediately from equation (331), and wiA be 
expressed by 

609. The absolute velocity of each point oi the bodywiil 
be compounded of the two velocities of translation and rott 
tion. Thus, the point O, for example, to which the force it 
applied, has two velocities ; a velocity of translation Oi equal 
to that of the centre of gravity, and a velocity of rotation ih 
about that point ; so that if we assume any point oti the line 
OGC, at a distance a from the centre of gravity, its velocity 
will be expressed by v±<ui: the superior sign applies lo 
those points which are situated upon the same side of the 
centre of gravity as the point 0; and the inferior sign to 
points situated on the opposite side. 

610. If we consider the motion of the point O for an ex- 
ceedingly short interval of time, the path OtA described by 
this point, whilst the centre of gravity describes the line Gff, 
may be regarded as a right line r thus, the line OGC will 
assume the position fiG'C, the point C remaining at rent 
during this interval. This point is called the centre of span' 
taneous rotaliim : its position may be determined by the con- 
dition that its velocity of rotation shall be equal to that of 
translation : indeed, whilst the point C would be carried for- 
ward over the tine CC by the motion of translation, it would 
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be moved backward through the same distance by the motion 
of rotation : this condition will give the absolute velocity of 
the point C 

whencfc, 

and we therefore have 

OC=OG-f GC=»+a=o+- ; 

P 
from which we conclude, that the centre of spontaneous rota- 

Hon will coincide with the centre of percussion^ if the axis of 

rotation be supposed to pass through the point O. 

611. When the plane passing through the direction of the 
impulse and the centre of gravity divides the body into two 
portions which are not symmetrically situated with respect 
to this plane, it will usually occur that the axis about which 
the body revolves will not retain an invariable position. 
For, the rotatory motion of the body will develop in each 
particle a centrifugal force, producing a pressure upon the 
axis ; and unless these pressures are such as to destroy each 
other, the direction of the axis will necessarily be changed. 

Of the Motions of a System in Space when acted upon by 

Incessant Forces. 

612. We will next investigate the circumstances of motion 
in a system whose different particles are acted upon by inces- 
sant forces. Let the force acting on a particle m be resolved 
into three components X, Y, Z, respectively parallel to three 
rectangular axes ; that acting on mf into the three X', Y', Z', 
&c. Let a, 6, and c represent the variable co-ordinates of the 
centre of gravity referred to the fixed axes, and let three axes 
be drawn through the centre of gravity, parallel to the fixed 
axes, and moveable with the system in space. Then, if Xj y, 
z, x*, y'i z', &c. denote the co-ordinates of the points m, m', 
971", ice. referred to the moveable axes; a+x, b+y, c-^-z, 
a+x', 6+y', c+z'f &c. will express the co-ordinates of the 
same points when referred to the fixed axes. 
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613. The velocity of the particle m in the direction of Ib^ 
axis of a-, at tlie expiration of the time (, will be expressed I 
_ d{a+x) _ da+iiT ^ 
^~ dt ~ dl ' 
and in the succeeding instant dt, this velocity would receii 
the increment Xdt, by the action of the incessant force X,i 
the praticle m were entirety free ; but in consequence of tbt 
connexion existing between the different parts of the system, 
the effective velocity communicated to the particle fn in th» 
time d(, will be expressed by 

, J da+dz 

dv=d i — ., 

dt 

and the velocity destroyed in the particle m, by the connexiai 
of the parts of the system, will therefore be 

Xdt-d ^^. 
dt 

The same remarks being applicable to the velocities paraM 

to the axes of y and z, we shall have for the quantities of 

motion destroyed in the particle m, parallel to the three azMi 

, da + dx' 




Similar expressions may in like manner be obtained for the 
quantities of motion lost by the other particles ; and we shall 
therefore obtain, for the sum of the quantities of motion lost 
parallel to the axis of x. 



^[m(xdl-d ^^)] (316) 1 

r the differentiation indicab 
ave 

the sums of the quantities oi 
1 to the axes of y and z, will 

.[»(y*-*^)] (347), 



or, by completing the differentiation indicated, regarding dt 
as constant, we have 



In lika manner, the sums of the quantities of motion lost in 
directions parallel to the axes of y and z, will be expressed by 



2 
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[m(zA.*£±*?)] (348) 



335 



The quantities of motion (346), (347), (348), or the forces 
capable of producing them, being such as to destroy each 
other, they must satisfy the general equations of equilibrium 
(66) and (67), which appertain to a system of forces having 
▼arious directions and applied to different points of a body. 

The equations (66) indicate that the sum of the components 
parallel to each of the axes will be equal to zero ; we shall 
therefore have for those components parallel to the axis of x 

or, by multiplying by dt, and changing the form of the expres* 
sion, we have 

0=(mX+mX+m"X"+<fcc.)&« — (Pa(m+m'+m"+<fcc.) 
— (md«ir+m'd«:r'+m"d«:r"+<fcc.) (349). 

But, by the natiu'e of the centre of gravity, 

»ur+mV+mV+<fcc.=0 

and by difierentiating twice, we find 

i7ui«ir+m'rf«x'+m"d»:r"+<kc.=0 

The first of these values being substituted in (349), and the 
mass of the system being denoted by M, there will result 

MU« a= (OTX+m'X'+m"X"+ikc.) A% 
or, 

M^=2(mX): 

the same being true with respect to the components parallel 
to the axes of y and jr, we shall obtain, for the three first 
equations expressing the circumstances of motion of the 
system, 

M^=:^«Y) I 
M*f=2(»Z) 






(360). 



336 DYNAMICS. 

These equations serve to determine the motion of the centre 
of gravity of the mass M ; for when integrated, they will ex* 

press the velocities -j^ -j} -j of the centre of gravity, par- 
allel to the three axes. 

614. The equations (350) make kno^m a remarkable 
property of the centre of gravity. For, let the particles m, 
m'j m", iuc. be supposed concentrated at their common centre 
of gravity, and let the forces mX, iwY, wiZ, in'X', wi'Y', m'Z', 
&c. be applied directly to that point, parallel to their original 
directions. These forces may be reduced to three, MX,, ilY^ 
MZ„ the values of which will result from the equations 

MX=2(mX), MY=2(mY), MZ=2(mZ.) 

Eliminating the second members of these equations by means 
of equations (350), we have 

^=X„ p=Y, p=Z (351). 

But when the forces MX,, MY,, ^IZ, are applied to the centre 
of gravity regarded as a material point whose mass is M, the 
circumstances of its motion arc expressed by tiie equations 
(180), which are precisely similar to the equations (351) ; 
hence, we conclude that the centre of gravity of the system 
has the same motion as though the forces iccre applied direcilj^ 
to that point. 

615. To determine the circumstances of motion of th€^ 
several particles m, m', m!\ &c. with respect 1o the centre of^ 
gravity, we resume the equations (67), which express tb 
conditions that the forces have no tendency to turn the sys 
tem about either axis : that this may be the case, it is neces 
sary that the sum of the differences of the moments of th< 
components parallel to any two of the axes, as x and y, take 
with reference to the corresponding planes of y, ;:; and x^sr^ 
should be equal to zero. But if we consider tlie particle nr ^ 
the distance of the component X, which acts upon it, fronr^ 
the plane of jt, z will be equal to y+h^ the co-ordinate of th*^ 
point m, parallel to the axis ofy: in like manner, the distance 
of the force Y from the plane of y, z will be expressed by 
«-i-a: we shall therefore have, for the difference of the 

Its, 
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16 same remarks being applicable to the particles m', m'', 
t., we shall obtain a similar expression for each. By 
cing the sum of these expressions equal to sero, ai in 
lation (67), performing the multiplications, and reducing 
means of equations (349 a) and (349 b), we shall obtain 

bl(mX) ^M6|j+2(myX) -2 (my^) 

~a2(mY)+Ma^-S(wurY)+s(mx^) =0. 

is equation admits of simplification ; for, if we multiply 
first of equations (350) by b, and the second by a, and 
e their difierence, we shall have 

bl{mX) -a2(mY)— M6|^+Ma^=0. 
is relation reduces the previous equation to 



ence. 



sf m 



xd^y — f/cPx\ _ 



di 



j =2[m(Yar— Xy)(ft], 



a int^al of the first member, taken with reftrence to the 
.6 /, is 



llm 



xdy-^ydx 



dt 



) 



[ by adopting the same process with teibrence to the other 
> axes, putting, for brevity, 

2[my(Yaf — Xy)(ft] =s=L, 
2[my(Zx— Xz)A]=:M, 
2[m/|;Zy-Y;»)A]=N, 

shall obtain the three equations of motion 



(381a). 



,(.i*=f*)=N J 
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The equations {331 a) are independent of the co-ordinates of 
the centre of gravity, and would undergo no change if forcci 
were applied at tliat point suflicienl to destroy its motion of 
translation, since sucli forces would not enter into the ex- 
pressions L, M, and N; thus, the motion of rotation about 
the centre of gravity, delermined by iheae equatious, is pte- 
cisely similar to that which would take place if the centre of 
gravity were immoveable. 

Hence we conclude, that lohen any hndy is ucled upon by 
incBssatU forces applied to ils several parliclcs, the body will 
receive two motions: one of tratislalion, in virtue of which Us 
centre of gravity wilt be transported in space as Ihough the 
forces were applied directly to that point ; and a second, of 
rotation about Ihe centre of gravity, as though that point itere 
absolutely at rest. 

General Etpiattons of the Motions of a i^slem of Bodies. 

616. Let/, I', I", &.C. represent the velocities lost or gained 
by the several material points which compose a system, in 
consequence of the mutual connexions of its parts ; the cor- 
responding quantities of motion lost or gained will be nd, 
m'V, m"l", &.C., and, by the principle of D'Alembert, these 
quantities of motion, when impressed upon the particles 
m, m', m", &.c. are such as will produce an equilibrium : hence, 
they must fulfil the conditions of equihbrinm expressed in 
equations (66) and (67). 

The components of these quantities of motion, or the 
forces capable of producing them, estimated iii the directions 
of three rectangular axes, will be 

mlcos», mlcosfi,' mlcosy components of mL 

m'V cos ■', m'l' cos l>', m'l' cos y' components of m'L 

m"i" COS*", m"l" cos fi", wi'7"cosy" components of m"/". 

&C. &.C. &.C. &c. 

We shall therefore have for the equations of equilibrium, 
2;(m/.cos«)=0 1 

l{ml. coap)=0\ (352). 

Z(i»a.cO5v)=0) 
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2[m/(x COS fi — y cos «)] =0 i 

2[in/(z cos •—JT cosy)] =:0> (353). 

l[ml(y cos y — jT cos fi)] =0 y 

617. If the S3rstem is retained by a fixed point, the three 
equations (352) cease to be necessary ; the equations (353) 
being alone sufficient, provided the origin be placed at the 
fixed point. 

618. When there are two fixed points within the system, 
we connect them by a right line, and assume this line as one 
of the co-ordinate axes, z for example ; the first of equations 
(353) will then be sufficient to ensure the equilibrium (Arts. 
132 and 133). 

619. The velocities lost or gained are here indicated by the 
letters /, /', T, ice. ; but to express these quantities in functions 
of the incessant forces which solicit the several material 
points, we shall first consider the particle m, and suppose that 
the forces acting upon this point have been reduced to three, 
X, Y, and Z, respectively parallel to the co-ordinate axes. 
The velocity of the particle m, parallel to the axis of :r, at the 

expiration of the time /, will be expressed by —- (Art. 430) ; 

at 

and at the end of the time t+dij this velocity will become 

-J — f-rf-T-J this will be the expression for the efiective 
di dt 

velocity of the particle m. 

But if the particle m were perfectly free, the incessant force 
X would communicate to it in the time rf/, a velocity repre- 
sented by Xdt (Art. 391), and the velocity of tw at the expira- 

dx 
tion of the time ^-frf/, would be expressed by -^-fXrf/; 

hence, the velocity lost or gained by the particle m will be 
equal to 

dx 
and by reduction, we shall find that X-dt—d^vfiW express 

the velocity lost or gained by the particle m, in the direction 

of the axis of x. This velocity being multiplied by the mass 

01, gives 

Y2 



.(x.,-4'). 



for the quantity of motion lost or gained by m, ii 
tioa of the aais of x: we shall therefore have 



»(--^)- 



. (354). 



la like manner, by considering the velocities lost by m, in 
directions parallel to the axis of y and z, we shall find 



ml .cx}sfi=m^Ydt- 



=m\Zdt■ 



' dt) ' 
' dl) ' 



.(355). 



Similar expressions may be obtained for the quantities of 
motion lost or gained by the particles m', m", &c. ; and by 
including their sums under the sign Z, Uie equations (352) 
and (3S3) may be reduced to 



.(^)=.(„X, 



=I(mY) 



.(357). 






iHf^^^l£^!f)l=i[^(X=-Zx)] V (358). 

S^m(s/d'z—zd'y)] _ 



dl' 



=X[m{Zy-Yz)] 



Such are the most ^neral forms of the equations expressing 
the circumstances of motion of a system. 

620. The expressions Yx—Xy, Xz—Zx, Zy—Yz, ic 
become equal to zero under the following circumstances : 1°. 
when the incessant forces acting on the particles m, m', m", 
&c. are equal to zero ; 2°. when all the forces are directed 
towards the origin of co-ordinates : 3°. when the forces are 
such as arise from the mutual attractions of the different parts 
of the system. 



—- f 
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. In the first case, the incessant forces being equal to zero, 
their components must likewise be equal to zero ; and hence 

X=0, Y=0, Z=0, X'=0,&c: 

the second members of equations (368) will therefore dis- 
appear. 

621. The second members will likewise disappear, when 
the forces are directed towards the origin of co-ordinates. 
For, it has been shown (Art. 436), that when the fixed point 
towards which the forces are directed does not coincide with 
the origin of coordinates, if we represent by a, 6, and e the 
co-ordinates of this point, and by />, p', p", ice. the distances 
of the several particles from the fixed point, the components 
of the forces P, F, F', d&c., in the directions of the co-ordi- 
nate axes, will be expressed by 

P P P 

but, by hypothesis, the origin coincides with the filed point 
towards which the forces are directed, and we the^ore have 

a=C, 6=9, c=0 : 

hence, the preceding expressions are reduced to 

P:r Far' FV . 

py py Fy. 

p p p 

Fz PV F"z" . 

P P P 

And by substituting these values of the components for Xj 
X', X", Y, Y', Y", Z, Z', Z", &c. m the expressions 

Y^r^Xy, Xr-Zx, Zy-Yz, YV-Xy, &c (369), 

we shall find each of these expressions equal to zero. Con- 
sequently, when the incessant forces which act upon the 
several particles are constantly directed towards the origin, 
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che expressions (359) become equal to zero, and tlie second 
members of equations (3jS) will Iherefore disappear. 

622. The same consequences may be deduced when the | 
material panicles are subjected only lo their mutual anr34> < 
tions. For, by putting the second members of the equalioiis 
(358) under the following forms : 

m{Yx-Xy)-\-m'(Y'j;'-Xy)+&,c. i 

m[Xz-Z2-)+m'(X.'z'-Zj:') + &,c.\ (360), 

m{Zj,-Yz)+m-{Zy-Y'z-)-i-&.C. ) 
and considering the material points two by two, il is evident 
that the moving force exerted by the point in upon m' is equal 
to that exerted by m' upon m. Hence, if X, Y, Z, X', Y',Z', 
&c. represent the components of the incessant forces P, F, 
P", &.C., wc shall have 

m'X'=— wiX, m'Y'=— mY, m'Z'=—mZ,&c: 
elimioating X' and Y' by means of these values, the first of 
the expressions (360) becomes 

mYix-x') ~mX(i/-i/') (361) : 

but the force whose components are X, Y, and Z being 
denoted by P, and the distance between ihe points m and m' 
by pt the cosines of the angles formed by the direction of the 
force P with the co-ordinate axes, will be represented respect- 
ively, by 

x—x' y—y' z—z'_ 
P ' P ' ~^' 
and we shall have 

X^P"^^, Y=P^^^, Z=P^^. 
P P F 

Substituting these values in the expressions (361), we obtain 

mP.^^(s-x')—mP.^^^(v-y^ ; 
P P 

a quantity evidently equal to zero. 

In like manner, it may be proved that the other terms of 
the expressions (360) destroy each other; it Iherefore follows, 
that when the material panicles m, m', m", &c. are subjected 
only to their mutual attractions, the second members of the 
equations (358) will disappear ; and since this result is inde- 
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pendent of the position of the origin, that point may be 
selected arbitrarily. 

623. Wtien either of the three cases just considered 
presents itself, the equations (358) will reduce to 

l[m (z d' X —x d^ z)] _^ 

dT- "' 

2[m{yd*z-'zd't/)] _Q 

The quantities included within the brackets being exact dif- 
ferentials, these equations may be written under the form 

l[m . d{xdy—ydx )]_^ 
7\m.d{zdx—'xdz)\^^ 
2[m . d{ydz—zdy)] 

And by multiplying by rf/, and integrating with respect to the 

time, denoting the arbitrary constants by a, a', and a", we shall 

have 

7^\m{xdy —ydx)] = adt ^ 

l[m{zdx-'xdz)]^a!dt \ (362). 

'{[miydz —zdy)] -a"dt ^ 

624. To understand the signification of these integrals, 
draw the three rectangular axes Ax, Ay, and kz {Fig' 217), 
and call AP=^, PCl=y : let AQ, the projection of the radius 
vector Am on the plane of ^, y, be denoted by r, and the 
angle formed by AQ with the axis of jr by ^ ; the infinitely 
small arc QQ' described with the radius r will be expressed 
by rd$ ; the right-angled triangle APQ gives 

3r=r. cos ^, y=r. sin ^; 

and, by differentiating, we obtain 

ir=— r.sin ^. A+cos 9.dry 

dy=r . cos ^ . di+sin . dr. 

Substituting these values in the expression xdy^ydxj we find 

xdy-y(ir=r»*=2xirxrA=2.area OAa'; 
and tberelbrei 



fH(jrfy-y(ir)=2rn(arefi OAQ'). 
By forming similar products for the other masses m\ m", &<:., 
we shall find that the quantity l[m{xdy-t/dj:)] is composed 
of the sum of the products formed by multiplying each mass 
m, m', m", &.c. by twice the area of the elementary surface 
described by the projection of its radius vector An* on the 
plane of :r, y, in the time dl. 

625. If we integrate again with respect to the time, the 
equations (362) will give 

fl[m{j:dy-ydx)]=ai + b ) 

/i[m{z<h:-xdz)]=a't + b' \ (363); 

p:[Tn(f/dz-zdi,)]=a"t + b" y 
and if the areas described be supposed to commence from itie 
instant when i=0, the constants 6, b', and 6" will be equal to 
zero, and the preceding equations will reduce to 
/l[m{xdf/—ydx)]=at, 
/l[m{zdx-xdz)]=a% 
/^^mii/dz-zdtf)]=a"t. 
These equations express that (he sums of the products formei 
by mtdtiplying each mass by the pryeciion of the area de- 
scribed by its radius vector, are constantly proportioruU to 
the times employed in describing these areas. 

This enunciation contains the principle of the preservation 
of areas in its most general form. 

626. The system here considered has been supposed free ; 
but if it were retained by a fixed point, the equations (358) 
would only be apphcable when the origin was taken at this 
point : the same may be said of equations (363), which result 
from (358). Thus the principle of areas then becomes less 
general, the origin being no longer arbitrary. 

627. It has been shown (Arts. 132 and 133) that when the 
system contains two fixed points, it will be necessary to sat 
isfybut one of the general equations of equilibrium (67). 
The same is true with respect to equations (368) ; and there- 
fore but one of the equations (362) will be satisfied ; thus, the 
principle of ateas is only true in this case with respect to one 
of the coordinate planee. 

G28. By compBring the results obtained in Art 156 with 
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those of Art. 163, we shall find that the quantities A, B, and C 
represent^ in Art. 166, the sums of the moments of the pro- 
jections of the forces on the co-ordinate planes, these mo- 
ments being taken with reference to the origin. Thus these 
sums will be the same as those denoted by a, a', a" in equa- 
tions (362). Hence, the sum of the projections on the prin- 
cipal plane given by equation (79), will, in the present instance, 
be expressed by 

This expression may be simplified by putting it under the 
form 

and replacing the functions A, B, and C in equations (81) by 
their values a, a', and a", we obtain the following expressions 
for the cosines of the angles formed by the principal plane 
with the co-ordinate planes : 

a a' 

a" 

COSy= . 

The angles «, /i, y are constant ; and hence we conclude that 
the position of the principal plane remains invariable during 
the motions of the several particles of which the system is 
composed 



OenercU Principle of the Preservation of the Motion of the 

Centre of Gravity. 

629. In discussing the circumstances of motion of a sys- 
tem of material particles, acted upon by incessant forces, it 
was proved that the centre of gravity of the entire system 
has the same motion as though the several forces were 
applied directly to that point. Thus, denoting by or,, y^ and 
z, the variable co-ordinates of the centre of gravity, we shall 
have, as in Art. 614| 
MX,=x(«I), MY,«J(»iY), MZ,*xOfiZ) (366> 



and, 



d'l, 
111- 



=X,, 



dl' 



.=Z,. 



630. If the material points which compose the system ba 

subjected ouly to the action ofTorces arising from their mauul 
attractions, tlie equations (367) will reduce to 

^=0, ^'=0, ^=0; 
lU* dl' dl' ' 

these equations being integrated give 

dx, dy, , dz, 

— -'=a, ~^—b, -T-^=c, 
dt dl dl 

and by a second integration we find 

x,=at+a', yi~bl + b', 2,=c/+c,: 

eliminating t, we hare 

I,-a'«!(»,-.0, y,-6'=-(=:,-<0. 
c c 

These equations appertain to a right line in space, and iha 

motion of the centre of gravity will therefore be rectilinear. 

This motion will also be iinirorm ; for wo have the velocity 

of the centre of gravity expressed by 



/(dx* , rfy* , dz^\ 



v/(a'+6'+c'). 



which is evidently a constant quantity. 

631. If the masses wi, m', m", &c. be subjected to the action 
of constant forces whose direciions are parallel lo a given 
line, we may adopt this line as one of the co-ordinate ax«, z 
for example, and llie equations expressing ihe circumstances 
of motion of the centre of gravity, then become 

^=0, ^=0, ^=Z; 
dl^ dt' dl* 

and it may then be proved, as in Arts. 618 and 319, that the 

trajectory described by the centre of gravity is a parabola. 

632. Finally, it may be shown that if two or more of the 
bodies composing the system impinge against each other 
during the motion, the velocity of the centre of gravity will 
remain unchanged. For, by the nature of the centre of grav- 
ity, we have 
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Mv=l[mj), Mi/=l{mi/), Mz=l{mz) : 
differentiating with respect to the time t, we obtain 

4--(4). -f-K-l)- <'<"%)■ 

And if we denote by a, a', a", ice. the velocities of the parti- 
cles m, m'j m", (fcc. before the coUision, and by A, A', A",&c. 
the corresponding velocities after collision, these values, sub- 
stituted in the first of the preceding equations will give 

l{ma)= the value of M -- before collision, 

at 

2(mA)= the value of M -f-^after collision. 

at 

Thus the sum of the quantities of motion lost by the impact, 

ia the direction of the axis of .r, will be 2(ma)— Z(mA). In 

like manner, the sums of the quantities of motion lost in the 

direction of the axes of y and z respectively, will be 

l{mb)—l{mB), and 2(7nc)— 2:(mC) : 
but, by the principle of D'Alembert, these quantities should 
maintain the system in equilibrio ; and we therefore have 

2{ma) — 5(mA) =0, l{mb) - 2:(mB)=0, 2(mc) -2(mC) =0 j 

fjtjp du dz 
hence, the expressions — -', ~, -y\ which represent the velo- 

at at at 

cities of the centre of gravity parallel to the co-ordinate axes, 
remain unchanged by the act of collision. 

633. This property of the centre of gravity, in virtue of 
which its motion is independent of the mutual actions of the 
parts of the system, constitutes the principle of the preserva- 
tion of the motion of the centre of gravity. 




PART THIRD. 



HYDROSTATICS. 



THE PRESSURE OF FLUIDS. 



634, A fluid is a. collection of material particles, ■wS 
yield lo the slightest effort, and which move freely among 
^ach other in all directions. 

When the material particles adhere to each other in any 
degree, the fluid is said to be imperfect ; in the following 
Pages the particles will be supposed entirely destilule of any 
adhesion. 

635. Fluids are divided into incompressible and compressi- 
ble or elastic Quids. 

Incompressible fluids are such as always occupy the same 
Volume at the same temperature ; such are water, mercury, 
wine, dec. 

Klastic fluids are those whose volumes admit of change by 
the application of pressure ; such are the vapour of water, 
atmospheric air, and the different gases. 

636. Let ABCD (Fig.2l8) represent a vessel entirely closed, 
and filled with a fluid destitute of weight: if two apertures 
EF and HI, having equal surfaces, be pierced in this vessel, 
and if pistons K and L be applied lo these apertures, and urged 
by forces RK and SL, equal in intensity, and directed per- 
pendicularly to the surfaces HI and EF, these forces will re- 
main in equilibrio. Hence, it is necessary that the pressure 
exerted upon the surface EF should be communicated ro the 
surface H!, through the intervention of the fluid medium ; 
and this can only happen provided the particles of the fluid 
experience the same pressure at every point of the fluid mass. 
Adopting the result of this experiment as a basis, V9 an 
wtablish the following principle : 
' 30 
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The cAaracterhlic properly o/Jti'^i-^ 's '/'«; theij tranmit 
a pressure applied to them, equulty iit uU liirccfions, 

637. To express analylically [liis propeiiy, whicli u 
termed ttie principle of equal preastire, we t>\\9i\ cotiaidei i 
fluid inass euclosed in a vcssd AL {Fi^- 219) having llm 
form of a reclaiigulac paralldopijied, llie base of winch ii 
horizoiilal. Let a piston be applied lo tins upper surface 
KU of ihe fluid, and lei it be urged downward by a furc« P, 
acting ill tht vertical direction : the base of iho vessel <nli 
experience the same pressure as though tlie force were a^ 
plied directly to it ; and each porliori oflliebase will support 
a pressure proportional to it» extent ; so that ifAdetiutvlhe 
area ABCD, and a Ihe area Abed, of a portion of ibis base; 
and if p denote the pressure susi;iiui:d by u, the value of p 
will result from the following proportion, 

A : o : ; i* : p. 
Let a represent the unit of surfac« ; we shall then have 
P 
^=A' , 

hence, if « represent the ratio between the snrface Ab'c'i, 
and the surface Atci assnnied as the unit, the pressure P | 
supported by tlie surface Ab'c'd, will be expressed by 

F=P- (3Sl) i 

and since all portions of the fluid mass must snsiain equal 
pressures for the same extent of surface, il follows that ilthe 
surface containing * nails were situated iu any other portion 
of the vessel, on the sides for example, it woiila still suslain 
the same pressure pt^. 

638. When the surface pressed is indefinitely small, it may 
be represented by the elementary rectangle dxdy; and the 
pressure exerted by the piston on thiselemeiilary portion of 
the surface of the vessel, will be expressed hy pd-rdy: this 
expression will be equally applicable in whatever portion of 
the vessel the element may be situated, and whether the sur- 
face be plane or curved. 

639. in the preceding paragraphs, the fluid has been sup- 
posed subjected merely to the action of the pressure applied 
at its surtace ; but when the particles of the fluid are acted 



■ EqCILIBRIUM OF FLUIDS. '3bl 

opon by incessant forces, the pressure will cease lo be con- 
Mam ihroiiglioiil the mass. In this case, the pressure siis- 
iniiied hy the fluid arises from two distinct causes : V. a 
pressure resulting from the force P apjlied to the surface, 
aiid equally dislribuled throughout the mass ; and, 2". the 
jiressnre ariMii^ from the action of tlie incessant forces. The 
lailer pressure is usually different in diiTerent parts of the 
fliild mass, since each particle may be acted on by a force 
having any intensity. 

OW. To offer an example of this second kind of pressure, 
Ici tlie fluid contained in the vessel ABCD [Pirr, 218) be con- 
iiiiered heavy : then we must regard each particle as acted on 
by the force of gravity. 

We shall find in the sequel, in discussing the properties of 
'iea\-y flinds, that the principle of equal pressure is greatly 
modified by this circnmslance. It follows from the preceding 
remarks, that the pressure p should in general be regarded as 
^■anable, in passing from one point to another of a fluid mass, 
when the particles are acted upon by incessant forces. In 
this case, the pressure p exerted at any point whose co-ordi- 
lates are x, y, z, when referred to the unit of surface, must 
I* understood to denote the pressure which would be exerted 
upon a unit of surface, if every point in this unit should sus- 
tain a pressure equal lo that exerted at the point x, ij, z. 

General E<juations of the Equilibrium of Fluids. 

641. Let a fluid particle solicited by incessant forces be 
iiipposed to rest in equilibrio iu a fluid mass, and let it be 
required to determiue the equations necessary to establish the 
state of equilibrium. 

For this purpose, let the co-ordinate plane of r, y 1 
assumed horizontal and above the fluid mass, which we will 
suppose divided into infinitely small rectan»uiar parallclo- 
pipeds by planes parallel to the co-ordinate planes. Let dM 
represent one of these elements whose co-ordinates are t, y, and 
z : the volume of this element will be expressed by dxdydz; 
and liy multiplying this volume by the density D, supposed 
throughout the element, we shall have V). dxdydz 
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fbi the expression of the elementary mass of the diiid : h«BC^ 
we derive ihe equation 

dM^D.dsdifdz (382). 

If X, Y, and Z represent the incessant forces which act npon 
the element tfM, and which are supposed constant throug'hoat 
the extent of this element, XdiA, YrM, and ZrfM will eiprea 
the moving forces exerted npon the eSemenlary parallelepiped 
and these forces, acting conjointly with the pressure sat' 
tained by the several faces of the element, should maintain 
this element in equilibrio. Let the superior surface didyo! 
the parallelepiped be extended (Fig. 220) until its am 
becomes equal to the assumed unit represented by BCj and 
let the pressure p sustained throughout this unit be con- 
ceived constant, and equal to that exerted at each point of the 
face dj-dy. When the ordinate BD=z is changed into 
D'E=z+dz, the pressure p, which varies with 2, will become ' 

and will express the pressure exerted on the unit of snr&ce, 

each point of which sustains a pressure equal to that sup- 
ported by the points in the base EF of the parallelopiped. 
Cotisequently, to obtain the total pressures on the superior 
base BG and on the inferior base EF of the element, we 
must multiply the surfaces BG and EF, each of which is 
equal to dxdt/, by the respective pressures exerted upon their 
unit of surface : thus, we shall obtain for Ihe pressures sup- 
ported by BG and EF, 

pdxdij, and {p-\-^dz)dxdy; 

the hrst of these pressures is exerted downwards, and the 
latter upwards. Their difference will be a pressure exerted 
upwards, if we suppose the pressure to increase vfith the 
co-ordinate z, and it will be expressed by 



and since this difference should sustain in equililmo the w- 
deal force Ziffll, we shall have 
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df 



V 



'-dzd3:dt/=Z<m : 

subsliluling for cfM its value ^reo by equation (382), and 
reduciug, we fiud 

*=.DZ. 

lo like Dionner, by denoting the lateral pressures on a unit 
of surface exerted against the laces dxdx, djfdz, by q and r, 
we shall obtain 



»DY, 



dx 



=DX. 



^" 



ft has been shown (Art. 640) that the pressures exerted upon 
any one of the faces is composed of the pressure uniformly 
distributed throughout the fluid, and of the pressure due to 
the inc£ssant forces. Thus, to estimate the pressure qdrdz, 
exerted upon the face dxdz, it is obvious that lliis pressure 
may be considered as resulting from, 1°. The pressure exerted 
upon the superior base, which is transmitted equally through- 
out liie parallflopiped ; and, 2=. The pressure due to thn 
inceessnt forces exerted upon the particles which compose 
the pvrallijlopiped. liut the pressure exerted upon the upper 
base being pdxdij, it will l(e transmitted to the face Axdx, 
exerting a pressure pdidz pmporiinnal to [lie area of ibis 
fece. 

The incesBant forces being XdM, YdM, and ZdM respect- 
ively, the pressure arising from their joint action will be a 
^QCtion of their iulensllies, which we shall represent by 

F(XrfM, YdM, ZdM) ; 
and we shall thus obtain 

qdxdz=pd3:dz + F(K.dm, Ydm, Zdm) (3S3). 

function represented by 

F{Xdm, Ydm, Zdm) 
mnat be such that it will disappear when the forces are sup- 
posed equal In zero : hence it is necessary that every term of 
the function should contain at least one of the factors XrfM, 
V(M, crZrfM: and by arranging the terms with reference 
10 the powers of rfM, commencing with the least, we may 
Mppose 
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P(X/M, YtfiU, ZrfM)=LXiM + NY(ffl+PZ<fla+&t 
Substituting this value iu equation (383), we shall hare 

gdxdz=p<irdz + L\<m+]!iydM+PZtm+SiC.; 
and replacing dS/l by its equal Dtirrfyrfs, thia equation wID 
become 
qthdz^ptLcdz + TiL^dxdydz+DliYdxdi/dz 

-j-DPZ(fj:rfydi+&c- 
dividing by dxdz, there results 

^=p + DLXrfy+DiV^-rfy+DPZdy+4:c (3S4). 

Tlie term; DLXJy, DNYdy, DPZdy, &c. being infinildT 
small with respect to p, it follows that the equation ^64) 
may be reduced to 

q=p. 
In like manner, it may be demonstrated that r=p ; and 
hence, the equations of equOibrium will become 

$=DZ, ^^=DY, f=DX (3S5). 

dz dff ' dx ^ 

if we multiply these equations by dz, dy, and dx respectirely, 

and take their sum, we shall obtam an expression for the 

differential of the pressure, when the coordinates x, y, and 

X are supposed to vary together ; thus, 

dp=^dr+^dy+^<fe=^D{X<tc+Yrfy + Zrfj:) (386). 

Such is the equation which, when integrated, will determine 
the pressure upon the unit of sur&ce at any point of the 
fluid. 



Application of the General Equations of Equilibrium to 
Incompressible Fluids. 

642. Let us suppose an incompressible homogeneous fluid 
to be in equilibrio in a vessel capable of opposing an indeS- 
nite resistance to pressure : the pressure p exerted upon the 
unit of surface, at a point whose co-ordinates are x=a, y=b, 
x=C will be determined by substituting the values a, b, and c 
for X, y, and z, in the integral of aquation (386) : and if the 
density D be suppoied constant, the detennination af the 
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value of p vill depend on the possibilily of integrating tiie 
formula 

Xdx-i-Ydy + Zds (387). 

This integration will always bo possible, when liie pre- 
ceding expression is an exact differential of the variables 
X, y, and z. 

Let it be supposed that this condition is fulBlled, and that 
ihp pressure at any point on the sides or bottom of the vessel 
has been determined; this pressure will be destroyed by the 
resistance of the vessel. But if we consider a point in the frefl 
surface of the fluid, and suppose that no exterior pressure is 
applied to the fluid by means of a piston or otherwise, it is 

■ obvious that the pressure at such point will be e^ual to zero. 

■ The same being true for every point in the free surface of the 
fluid, it follows that in passing from any point in the surface 
of the fluid to a consecutive point in the same surface, the 
pressure^ will remain invariable, being equal to zero at each 
of these points; hence (i^=0, and the equation (386) con - 
dered aa applicable to points situated in this surface, will 
reduce to 

X(ir + Yrfy+Zrfz=0 (388). 

This equation will likewise appertain to the surface of the 
fluid when this surface experiences a constant pressure, that of 
the atmosphere for example, since we shall still have rfp=0. 

It will also subsist for those points within the fluid mass 
which sustain equal pressures. 

043. When the expression (3S7) is ati exact differential, 
and the equation (38S) is satisfied, we shall have dp=0, and 
the pressnre, if it exist, must be constant. But, in this case, 
in order that the equilibrium may be preserved, it is neces- 
sary that the resultant of the forces exerted upon each par- 
ticle in the surface, and directed towards tlie interior of llie 
fluid, should be normal to the surface of the fluid: for if it 
were not, we might decompose this resultant into two forces, 
one normal and the other tahgent lo the surface ; and it is 
evident that the latter would impart a niolion to the fluid par- 
ticle. 

644. This condition is likewise indicated by the equatiob 
~ Z8 
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(388) ; for, let V, f/iBxid s' represent the co-ordinaleacfapw- 
licle in the surface of the fluid, and X, Y, and Z the incKBBtl 
forces applied to this particle. The general equations of the 
normal to a curved surface at the point j,', y', z, are 
rfs', 



i3f 



{z-z') 



.(389); 



and if we substitute in these equations tile values of ^^ 



d^ 



determined by equation ( 



, the equations (389) i 



become those of the normal to the surface of which (388) ia 
the equation. But by regarding X, Y, and Z as fuDctiooi 
of the co-ordinates a,; y, and sr, and employing the usual nota- 
tion, the equation (38S) will give 

dx'~ 7.' dt/ Z * 

Substituting these values in (389), we find, for the equalioia 
of the normal at the point jr', y, zf^ 

X, ^ , Y 



x—x'= 



y{z-zf), y-i/^ -(z-z'). 



These equations are precisely similar to those of the result- 
ant cf the forces X, Y, and Z, found in Art 57. 

645, The equation (388), when susceptible of being inte- 
grated, leads to several remarkable consequences. For, if we 
represent the integral of this equation by F{x, y, z)+C, and 
make C =— A, we shall have 

Y(x,y,z)=&.. 
If we assign to A arbitrary valnes successively increasing, 
such as 0, a, a', a", &.C., we shall obtain the equations 

F(»-,y,^)=o, 

F(i,y, i)=o', 
F(i,y,j)=a", 



F(i, y, z)=^, 
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Each of these equations being differentiated will produce 
equation (38S), and araong them wiii be found that apper- 
laiaing to the surface of the lluid, which is supposed to have 
produced equation (388) by differentiation. 

Let this eijuation be represented by F{r, y, a)=o'"' : then 
tho other equations will appertain to different surfaces, each 
of which will possess the property, that the resuhantR of the 
forces X, Y, Z, exerted upon any particle situated in such sur- 
face, will be perpendicular to tlie surface. 

The directions of the forces being cut perpendicularly by 
the surfaces of constant pressure, such surfaces are said to be 
level. If we suppose the arbitrary' constants 0, a, a', d', &c. 
lo differ by indefinitely small increments, the fluid mass will 
be divided by these level surfaces into a series of extremely 
thin layers, which are denominated level slrala. 

646. It follows, from the preceding remarks, that when the 
particles of the fluid are solicited by forces constantly di- 
rected towards a fixed point, its exterior will assume the 
spherical form. The same consequence may be deduced ana- 
lytically. For, let the origin be taken at the centre of attrac- 
tion, and denote by x, y, z the co-ordinates of a particle dM in 
the surface of the fluid : the distance of the point x, y, z from the 
origin will be expressed by ^{x'+y' +z''). If this distance 
be denoted by r, and the force of attraction exerted upon the 
particle rfM by x, the cosines of the angles formed by the direc- 
tion of tliis force with the co-ordinate axes will be expressed 



by—, ", and ~ ; and the components of the force * 



nllb 



r r r 

the negative signs are prefixed to these comj>onenls because 
they lend to diminish the co-ordinates of the panicle rfM, 
By substituting these values in equation (398), we shall 
obtain for the differential equation of the surface of the fluid 



-(xd3:+ytly+zdz)=0 . 



. (390). 



tppressing the common &ctoi , and integrating, we find 
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652. By combining equation (393) wilti the equtitioa 
rff-D(X(/j:+Yi(y+Ziit), 
there results 

dp JXdz+Ydy+7dz 



P P 



.(394); 



and hf iutegnition, we hare 'J^^^H 

ic„=/j!?i±MiS!+c. ^m 

653. The temperature being supposed constant ihroiighoal 
the mass, and the nature of the fluid particles everywhere 
the same, the quantity P will be constant, and may iherefon 
be placed without the integral sign : thus, by represenlinf 
the constant C by log C, we shall have 

at, if we denote by e the base of the Napeiian system, this 
equatioB will reduce to 

log p =log e^ ^ + log C : 

reducing, and passing from logarithms to numbers, we find 

P=c: '" . 

This value being substituted in equation (393), we obtain 

P'o I" 



The pressure and density being both functions of the qus.a- 
tity /{Xdx+Ydy+2^z), they will become constant at th« 
same time ; and hence, the density of the fluid throughout 
each level stratum will remain invariable. The value of the 
density in any stratum results immediately from the pia- 
ceding equation. 

654. It should be remarked, tliat in the case of elastic 
fluids, the equation 

Xdx+Ytif/+Zdz=0 
cannot be deduced from the hypothesis of ^=0; for, if we 
suppose p=0, the equation will give D=0; and hence, we 
perceive that it would be necessary that the density of the 
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1 should be likewise e^ual in zero ; a supposition which 
vould destroy the existence of the fluid. 

We conclude, therefore, that in an einstic fluid, the pressure 
cannot be equal to zero at the surface of the fluid, as is the 
case with tu compressible iliiids. Thus, a mass of elastic 
lluid cannot be in equilibrio unless contained in a close 
vessel, or extended indefinitely in space. 
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. Of ike Pressure of Heavy Fluids. 

655. It is now proposed to examine the circumstances of 
equilibrium in fluids whose panicles are acted on by the force 
of gravity. For this purpose, fet it be supposed that a vessel 
is placed upon a horizontal plane, and filled with water, or 
other heavy fluid, to a certain height. The surface of the 
fluid, as has been demonstrated, will assume a horizontal posi- 
tion ; let this surface be assumed as the plane of x, y, and let 
the co-ordinates z be reckoned positive downwards ; the force 
of gravity being the only force exerted upon the fluid parti- 
cles, we shall have 

X=0, Y=0, Z=g; 

and the equation (3SG) will become 

dp=\igdx. 

The density of the fluid and the intensity of gravity being 

supposed constant, the integration of this equation will give 

j,=T)gz+C (395). 

To determine the value of the constant C, we make ^=0, 
Bnd since the pressure p is equal to zero at the same time, we 
deduce C=0 : thus the equation (395) is reduced to 
P^\)gz (396). 

656. If a horizonial plane be drawn below the surface of 
:^e fluid, every point in such plane will have a common ordi- 
ijtte 2 ; and the pressure p-Hgz will therefore be constant 
iViroughout this plane. 

657. Let A represent the distance between the surface of 
the fluid and the horizontal base of the vessel ; the pressure 
supported bjrthe unit of surface of the base will bs determined 
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by equation (396), in which we replace = by A, and Ihni 
obtain 

p = Dgh (3971. 

Let p' represent the pressure sopporied by- the entire base, 
whicti is supposed lo contain b units of surface : the quantily 
p will be contained b times in p': we therefore have 

;'=»;' (39S), 

and by substituting for p its value given in equation (397), 
we find 

p'=T>gf,b (399). 

Bill i/i represenis the volunie of a prism whose base is 6, 
and height A ; and by multip^ing ibis volume by the density 
D, we obtain fcAD for the mass of the prism : therefore bghd 
will express the weight of such prism ; and hence, it appears 
thai the base 6 supports a pressure equai to the weight of tbc 
cohimn of fluid which rests immedittlely upon it, 

658, The pressure p', exerted by tlie same fluid, being 
dependent only on the base b and height ft, it follows that the 
pressures supported by the bases of different vessels will be 
equal, whatever may de the forms of the vessels, provided 
their bases, and the heights of the fluid above them, be 
respectively equal. 

659. To determine the lateral pressure exerted against the 
sides of the vessel, let di represent the element of this sur- 
face, and z the distance of the element from the surface of the 
fluid ; the pressure p (referred to the unit of surface), which 
is supported by the element du, will be determined by equa- 

^ tion (390) : this value being substituted in equation (399), 
' and the area b being replaced by da, we obtain D.gz.dm for 
the expression of the entire pressure on the element dm. A 
similar expression may be obtained for the pressure upon 
each element ; and since the pressures will be exerted in par- 
allel directions when the side of the vessel is supposed plane, 
we shall have, for the total pressure exerted against the side, 

p'=/Ogzdm. 
The second member of this equation contains two variables, 
one of which must be eliminated before the integration can 
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) effected. This elimination is readily accomplished when 
le figure of the surface is known. 
660. Let it be required, for example, to determine the pres- 
ire exerted against the inclined rectangle AGDB {Fig. 221), 
hose sides AB and CD are parallel to the horizon. Denote 
r 6 and I the base AB and length BD of the rectangle, and 
^nceive its surface to be divided into an infinite number of 
ements, by lines parallel to AB or CD ; the pressure will be 
le same upon every point of the same element. Let v denote 
le distance D/* of any one element af from the base CD ; 
le height of this element will be expressed by dv=ae, and 
le surface of the element by 

aby,<ie=^bdv] 

ibstituting this value for dmia the expression /Dgzdm, we 
)tain 

fDgzd^=fDgzbdv : 

ich will be the expression for the pressure exerted upon the 
irface ABDC. The integral should be taken between the 
mits v=0 and i?=Z, the variable z being previously elimi- 
ated. To effect ttiis elimination, let ^ represent the angle 
DL included between the plane of the rectangle and the 
ertical line NL, and a the distance DN of the superior base 
!D from the surface of the fluid ; we shall have 

K/orLN==ND-i-DL; 

z=a-\-v. cos ^: 

ence, the pressure exerted upon the surface will be ex- 
ressed by 

p'=fDg{a+v . cos ^)bdv ; 

nd by performing the integration indicated, we find 

p'=T>gb{aV'\-iv^ cos <f)+C. 

The integral being taken between the limits v=0, and v=4 
re obtain 

p'=zDgb{al+il^ cos <p). 

661. To determine the point of application of the resultant 
f aH the pressures exerted upon the rectangle, we remark, 
a the fibrst place, that thia point must be situated upon the line 
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EH, which bisects the sides AB and CD. We nexl l^ul 
the prc5siiri» exerted tijioii the diffureni poinlBof 
ABI>C as parftllel (oictis, and d«?termiiie ihdr 
rererence to a vertical plane passinj; ifaroiigU ttM' 
lino CD: the pressure siisuined by tbe ekmeat 
T>^:/>dr, its raomeni vill ba cxpreswdby DgzkdvXv.mafi 
and by denoting the distance EG of ibo pi>u» of sppUcRtioi 
pftbe resultam from the lios CD by v^ the principla ot nfr 
meots will give 

;)'c, sin f =8in «/D|'s*prfi' ; 
or, 

^ ' r, =/ D »3 6i!(/p. 
If, in this expression, we replace z by its value deternuoed a 
t^e preceding Art., we shall obtain 

p'v,=DgbJ{avdD +COS p , v*de) ; 
whence, by inlegralioii, 



p'v=Dgb^—+0OB9jf 



+ C. 



The integral being taken between the lirails »=Oand »=!, 
there results 

p'v, ^Itgb ^— +C0S *- J ; 

and by substituting forjs' its value, we find, after reduction, 



« + C03^ - 



Having found the pressures exerted upon the base and 
upon each of the sides of the vessel, we combine these pres- 
sures, and delermiue their resultant: such resultant will 
express the entire pressure produced by the fluid. -^ 

662. We will next consider a body immersed in a homo- 
geneous heavy fluid : the pressure exerted by this fluid 
against any portion of the surface of the body may be deter- 
mined by the method for finding the pressure against the 
sides of a vessel ; but when it is required to consider the 
total pressure exerted against the sarfiioa of a body immarsed 
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in a fluid, we comnionly employ the foUowiDg theorems, the 
irulli of which will be demonsiraled. 

1°. The pressures einrted upon the surfacr of a binly m- 
lirtly immersed in ajluid have a single rtauitaiU, whidi is 
vertical and directed vpjeards. 

2^. The resultant of all the pressures is equal in irUetrnty 
to the weight of the fluid displacud. 

3°. The line of direction of this resultant passes through 
the centre of gravity of the displaced fluid, 
A". The horizontal pressures destroy each other. 
To establish the truth of these propositions, let us suppose 
a vessel ADE (/-V^. 222) lu be iilled with a lieuvy fluid in 
equilibrio, and lul a portion of this fluid KL !« conceived to 
become solid, lis derjsiiy remaitiing iinchaii^'ed: [he state of 
equilibrium will not be disturbed by this change. But this 
Eoltd is urged downwanls by a. force equal to its weight, 
applied at irs centre of graviiy. This force can only ba 
destroyed by ihe resultant of all the pressures esertcd by iim 
fluid against the solid ; hence, it follmvs that tlie&e pressures 
must have a single resultant equal in intensity lo llie weiijhl 
of ihe displaced fluid, and that this resultant must be applied 
at the centre of gravity of the displaced fluid, and be directed 
vertically npwards. Moreover, as the direction of ifje rexult* 
ant is vertical, the horizontal pressures will mutually destroy 
each other. 

When a body is partially iniiDerted in a fluid, an e<]uilibrinm 
cannot subsist unless the centra of gravity of the body and 
of the fluid displaced be situated upcm th« Mune vertical lixie : 
this condition will neceaaarily be fulfilled when tlie bodf i» 
entirely immersed, provided it be homogetiemia ; siiic« itB 
centre of gravity will liien coincide with ilist of llie fluid 
displaced. 

The buoyant efibnexemd by the fluid lieiiijf directed aloni^ 
B liae which passes thronsb the centre of t^viiy of IIh! HB' 
placed dutd, that poiiU b called Iht cmtre of buoyanry. 

663. JicC V represent (he volume of fluid d»pliu»^. and v* 
that of the body ; D the d^oaity lA (lie fluid, arid lY thai at 
ihe body : lb* weigfau of the toIuiw: of diylacid fluid, mid 
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G71. Let us HOW suppose thai a body floating tip»B the 
surface of a duid {Fig. 22'1) is deranged in a very slight dt- 
gree from its poatlioii of e(]uilibrium, by tlie Bp{>)icatK>u of 
siiy force, aud lei us examine whether the body will lendlo 
return to its original position, or, on the contrary, to deviate 
lartlier from it. Lei ADB lepreeent ttie iiantersed juut of tin 
body before dcraugomeul, und abD that iniinerMd alW dfr 
rttngemeiil ; we sujipose tlie new position of llie l<ody to b« 
such, that the weight of the Uuid displaced shall still be sqtwl 
to the weight of the body, or llial ABD=aiD, The «ai« 
of gravity G may be regardtid as fixed during the roiaiJM^ 
since [he forces will tend to turn the system abont iljAt pouli 
as liinngh it were immoveable. The centre of hiwyancj 
will not retain il4 position 0, but will he fonnd nearer lo lllf 
portion <JB6, which, by the rotation, hiu become imiuenn] io 
the fluid : and if we suppose, for the sake of syiijplifyi»g tlx 
question, that the hody is divided symmetrically by the pltne 
j^BU, the centre of buoyancy will obviously be found in llut 
plane after tlie deraugenieut. Let o represent tlie ceirira of 
buoyancy in llie deranged positioa, and through o and G let 
perpendiculars oi and Gk be dcinitled upon the line ab. II' 
an equilibrium siihsist, the weight of the body and tbe up- 
ward pressure of the fluid will be equal and directly op()9sed. 

The first condition will necessarily be satisfied, $inc« w9 
have supposed the volume of fluid displaced to remaJQ un- 
changed: the second condition will be fulfilled Vfltea Ute 
points i and k coincide with each other : but if this coinci- 
dence should not take place, the point t may fall either to the 
right or to the left of the point k. In the first case, the pres- 
sure of the fluid applied at o and acting upwards, will evi< 
denlly tend to restore the body to its pruoitive position, or to 
render the line DG vertical. But if the point t should iall to 
the left of k, this pressure would tend to turn the body ia a 
contrary direction about tlie point G, and would thus cause 
it to deviate farther from i(s original position. 

If the body, when deranged in a very slight degree from its 
position of equilibrium, should tend to resume its former posi- 
tion, the equilibrium is said to be stMe ; but if, on the con- 
trary, it should tend to depart still Ikither from Um ppsitioO] 
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th« equilibrium is called unslable; when the body neither 

tends to return to its original position, nor to deviate farther 

from it, the equilibrium is said to be one of indifference. 

U|! 672. By examining the directions of the pressures before 

^^^d after derangement, we shall find that the lines OG and 

^4$ perpendicular to AB and oft respectively, are inclined to 

each other, and bein^ contained in the same plane, they will 

intersect in some point m {Pig. 225). 

This point is called the f«e(acen(re ; and it appears from 
Aft. 671, that when the point G is situated below m, the 
extremity fc of the perpendicular Gftwill fall to the left of the 
point i, and the equilibrium will be stable ; but if the point O 
be situated above the point m, the extremity k of the perpen- 
dicular Gk will fall to the right of the point i, and the equi- 
librium will become unstable. If the points t and k coincide, 
the equilibrium becomes one of indifference. / 

673. Let it now be required to determme the position of 
(he metacentre. This point being found upon the line con- 
necting the centre of graviiy and centre of buoyancy in the 
primitive position of the body, it will be sufficient to determine 
its distance from (he point G, or the point O. 

For this purpose we remark, that when the body is slightly 
inclined, the line AB (Pig: 226) which represents the profile 
of the plane of floatation in the primitive position, assumes a 
position inchned to the new plane of floatation ab in a certain 
angle ■, the portion ACa being at tlie same time withdrawn 
from the fluid, and the portion BCb being immersed. Hence, 
the immersed portions of the body in the two positions will be, 

aCBD-f-ACa in the primitive position, 

aCBD-f-BC6 after the derangement. 

hit if y, g, and g' represent the respective centres of gravity 
f the volumes aCBD, aCA, and bCB, the centre of gravity 
O of the volume ABRD will be found by dividing the line gy 
in the inverse ratio of the volumes aCBD and ACa; and in 
like manner, we may find the centre of gravity o of the 
Tolume abSli : thus, we shall obtain the proportions 

L vol aCBD : vol aCA : : O^ ; Oy (400), 

I vol aCBD : vol 6CB ; : tg' : oj. (401) ; 
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but the second terms of ihese proportions are equal to Mci 
otiier : for, the floating body being supposed to displace the 
same quantity of fluid after it has been deranged as it did in 
its primitive position, the volumes ABRD and abRD willle 
equal to each other ; and if from these equals we subtraH 
the common part aCBD, there will remain the vohimes uCi 
and BCb equal to each other. Hence, we deduce from the 
proportions (400) and (401), 

Ogiog' ::OY:oy; 
which proves that the lines gy and g'y are cut proportionally 
by the right line Oo, which line is therefore parallel togg'. 

But, the derangement of the body being, by hypothesis, 
extremely slight, the line gg' may be considered as nearly 
coincident with the primitive plane of floatation ; and sinct 
Oo is parallel to gg", this line may be regarded as parallel (o 
the same plane. 

674. To determine the value of Oo, we deduce, from the 
proportion (400), 

vol oCBD+vol aOA : vol aCA : : Og+O y.Or, 

' vol ABRD : vol aCA : : gv : Or. — 

But the similar triangles gg'y and Ooy give 

gyiOr-.-.gg'-.Oo; 
and by comparing this proportion with the preceding, ve 
obtain 

vol ABRD : vol aCA :: gg-:Oo (402); 

whence, 

°«='-^^^r «■ 

676. Having determined the value of Oo, we can readily 
obtain that of Om (Pig. 227) ; for, the lines Cm and on 
being respectively perpendicular to CA tmd Co, the angles at 
C and m will be equal ; and since these angles are exceed- 
ingly small, we may regard the triangles ACa and Omo as 
similar and isosceles : hence, we shall obtain the proportioa 

Aa : Oo : : Ca : f»0 ; 
and therefore, 

-^-^ (404). 
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B76. To obtain the analytical expressions for Oo and mO, 
wo remark, that the plane of floatation AB (Fi^. 228), which 
Jimits the iiQinersed part of the body iji its primitive position, 
is replaced by the plane at/ after the derangement : these two 
planes, being intersected by a vertical plane perpendicular to 
their common intersection, will exhibit the section ACa rep- 
resented in Fig. 226 ; and if we continue to draw other par- 
allel vertical planes, we shall divide the solid included 
between the planes KAh, Kah (Fi^. 228} into an infinite 
Dumber of elementary lamin^B parallel to the plane ACa. 

But it is evident, that when the plane KAL, which in the 
primitive position of the body coincided with the surface of 
the Suid,shall have been detached from the surface, revolving 
around the line KL, each right line in this plane, as CA, will 
have described the sector of a circle ; so that the sections of 
the solid included between the planes ALB and aLb {f^. 
328) by the system of parallel vertical planes, will be repre- 
sented by the sectors ACa, A'C'o', A"C"o", &.c. (Fi^. 229). 
But if we assume the line of intersection KL as the axis of 
JT, and place the axis of y in the plane KAL, the ordinates y 
will be the perpendiculars AC, A'C, A"C", itc. The infinitely 
small angle formed by the planes KAL and KaL being every- 
where the same, let the arc described by a point at the distance 
unity from the line KL be expressed by « ; the arc described 
by the point A will then be determined by the proportion 

1 : • : : AC or y : arc Ao ; 
whence, 

arc Aa=*y (405). 

This arc being multiplied by the half of the radius y, we 
shall obtain Jsy' for the area of the sector ACa ; and this 
area being multiplied by CC ~dx, the portion of the line KL 
intercepted between two consecnlive sectors, we shall have 
for the volume of the solid 

Aaa'A'=imy'dx, 
which will express the element of the solid included between 
the planes KAL and KaL, Hence, we shall have {Fig. 226) 

vol ACa = i-/y>dr {406). 

Such will be the analytical expression for the second term of 
,lbe proportion (402). 
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To detennine the value of the third term, we rematk ihil 
the line Cg {Fig- 236) being the distance of the axis KL 
{Fig- 229) from the centre of gravity of the solid KaLA, we 
shall determine this distance, by dividing; the sura of the mo- 
ments of the elementary solids by the voiume KaLA. 

If we consider the elementary sector ACa {Fig. 229), the 
centre of gravity ^ of this sector will be found upon ihe 
radius CR=CA [Fig. 230), at a distance from the point C 
(Art. 184) expressed by 

chordAj 
arc Aa 
but the angle C being supposed extremely small, the arc Ka 
may be regarded as equal to the chord ; and since CR is equal 
to CA or y {Fig. 228), the preceding expression will give Jy 
for the distance of the centre of gravity from the axis KL. 
Multiplying the elementary solid \»y*dx by this distance, ths 
moment of this solid with reference to this axis KL will 
becoms i«y'rfx : thus, we shall have 
/l.fy'(iT=the sum of the elementary solids, 
/i«y^rf.r— the sum of the momentsof the elementary soSidsr 
and from the property of the moments, the distance Gg of ibe 
centre of gravity of the small solid CAa (i^. 286), « 
KAIiff {Fig. 229), will be expressed by 

the quantity u being constant, this expression may be re- 
duced to 

677. The value of Cg will result from the int^rations here 
indicated ; and that of Cg" {Fig. 226) may be obtained in ■ 
similar manner ; but, if the floating body be symmetrical with 
respect to a vertical plane passing through the axis KL, as 
will always happen in the case of a ship, we shall have 

and therefore, 
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The ydume of the part immersed, which likewise enters 
into the equation (403), can be calculated directly, when the 
figure of the vessel is supposed known. Let this volume be 
denoted by Y, and let its value and those of the volume ACa 
and gg*^ given in equations (406) and (407), be substituted in 
equation (403) : we shall thus obtain 

3V 

and lastly, by substituting in equation (404) this value, and 
that of the arc Ao, given by equation (406), replacing Ca by 
y, we find 

Such is the formula expressive of the distance of the meta- 
centre firom the centre of buojrancy. 

678. When the floating body is homogeneous, and of such 
figure that its parallel sections will be similar, we may rea* 
dily determine the position of the metacentre, without the 
necessity of performing an integration. For let a' represent 
the area of ihe section AEB (Fig* 231), which is supposed to 
have been determined by direct measurement, and let b repre- 
sent the half-breadth CA of this section : the half-breadths of 
the sections A'E'B', A"E"B", &X5. will be represented by CA', 
C"A", &c. or by the ordinates y of the curve KAL. These 
sections being by hypothesis similar figures, they will be 
proportional to the squares of their homologous sides ; and 
hence, we shall have 

section AEB : section A'E'B' : : AC« : A'C*, 
or, 

a* 2 section A'E'B' : : 6* : y«; 
whence, 

section ATEfB!^^^. 

b* 

The distance CO between two consecutive sections being 
denoted by dx, we shall have 

br the expression of the elementary solid. 

32 
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679. Let g represent the centre of gravity of the section 
AEB, which, in consequence of the symmetry of the fi^n^ue, 
will be found on the vertical CE. The centre of gravity of 
this section having been determined, let its distance from the 
sur&ce of the fluid be denoted by n : we shall then have, 
from the similarity of figures, 

,. ^, ( the distance of the centre of gravity of the i ,, 
' ^ " I section A'E'B' from the sur&ce of tfie fluid \ "* ' 
whence, 

Multipljring this distance by the elementary solid, we shall 
obtain for the moment of this solid, taken with reference to 
the sur&ce of the fluid, 

b ^ b*^' 
and therefore the expression -j— fy^dx will represent the 

sum of the moments of the elementary solids taken with refer- 
ence to the surface of the fluid, lliis sum being equal to 
the product of the volume Y of the solid immersed by the 
depth H6 of its centre of gravity, if this depth be denoted 
by 6, we shall have 

whence. 

But it has been shown (Art. 677) that the distance mO of 
the metacentre from the centre of buoyancy is given by the 
formula 

c. 2/y'dr 

and if we compare these two expressions, we shall flmd 
G: mO:: ^-^, y^Jy^dx: ^ X-'iy-, 

or, 

G:mO::3«a»:26»; 
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mO=^-^ (408). 

680. For the purpose of applying this formula, let it be 
required to find the metacentre of a rectangular parallelo- 
piped ML. Let AP represent the intersection of the body 
by the surface of the fluid (Pig. 232), supposed parallel to 
the base NL. The depth AN, to which the body must be im- 
mersed in order that it may be .sustained in equilibrio, will 
depend on the weight of the parallelopiped and the density of 
the fluid (Art. 664) : this depth may be considered as deter- 
mined by experiment : the quantity a', which represents the 
section BN. and which will be constant for all parallel sec- 
tions, will be determined immediately ; for we have 

a'=ABxCB. 
Again, the semi-breadth of the section being equal to jAB, 
there results 

and since the centres of gravity of all the sections are equally 
distant from the surface of the fluid, the centre of gravity 
of the fluid displaced will be situated at the same distance ; 
60 that we shall have 

«=G = iCE. 
By substituting these values in formula (408), the distance 
of the metacentre m from the centre of buoyancy will bo 
£)UDd equal to 

2AC' 



mO= 



3ABXCE 



OX, by reduction, 



mO: 



AC* 
"5CE" 



For example, if the semi-breadth of the parallelopiped be 
supposed equal to 9 feet, and the depth of the part immersed 
4 feet, we shall find the height of the metacentre above the 
centre of buoyancy equal to 6j feet ; jf, therefore, we subtract 
from this height, 2 feet, the depth of the centre of buoyancy, 
there will remain 4( feet, for the height of the metaoentn 
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above the surface of the fluid. Hence, the centre of gravity 
of the parallclopiped should not be more Ihao 4f feet above 
the surface of the fluid, if we wish the equilibrium to be of 
the stable kiad. 

681. As a second example, let us consider a vessel whose 
vertical sections below the surface of lite fluid are equal right- 
angled isosceles triangles, such as AEB {f^. 233). 

If the perpendicular EC be demitted upon the base, the 
triangle AKG will likewise be isosceles, and the height EC 
will therefore be equal to one-half the base AB : tlius, the 
quantities which enter into the formula (408) will be, in the 
present case, 

a*=area of the triangle .\EB=AC", 

„=G = |CE, 

6=AC=CE; 
oonaequently, by subetituting these values in formula (406),ll 
will reduce to 

and if from thia value we subtract that ol the distance of tht 
point O below the surface of tlie fluid which is equal to iCE, 
there will remain ^CE for the distance of the metacentn 
above the surface of the fluid. Hence, in a prismatic vessel 
whose vertical sections are right-angled isosceles triangles, 
the metacentre will be found at a distance above the surface 
of the fluid equal to the distance of the centre of buoyancy 
below the surface. 

682. K we suppose the body to be slightly deranged from 
a position of stable equilibrium, and conceive the resultant of 
all the upward pressures of the fluid to be applied on its line 
of direction, at the metacentre, we can determine the circum- 
stances of oscillation of this body about the centre of gravity, 
by a method entirely analogous to that employed in consider- 
ing the motion of the compound pendulum. For this pur- 
pose, let the origin of co-ordinates be placed at the centre of 
gravity, and let the proper value of y, be substituted in fbr- 
n^a (337), which may be put under the form (338) 

<^^ gSf. 
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This fonnula admits of simplification in the present ease, 
from the consideration that the oscillations are performed 
about the centre of gravity ; and the general expression of 
the moment of inertia M(A;'+a^) is therefore reduced to 
Uk* : hence, we obtain 

^=^ (409). 

dt k* ^ ^ 

This equation, when integrated, will serve to determine the 
angular velocity, and the time of performing a complete oscil* 
lation. 

683. To determine the value of y,, which represents the 
perpendicular distance from the axis passing through the cen* 
tre of gravity, about which the oscillations are performed, to 
the line of direction of the upward pressure, we remark, that 
the distance of the metacentre from the centre of buoyancy 
is expressed by 

2/y»dr 

Let this distance be denoted by A, and the distance GO {Fig. 
234) by B ; we shall then have 

Qm=A+B; 

or, since the point G may fall above O, we may Ukewise have 

Gms=:A— B ,• 
hence we may comprise the two cases under the double sign, 
by writing 

Gm=A±B. 

If the angle LmG {Pig. 234), formed by the vertical mh with 
the new direction of the line GO, be represented by I, we shall 
have the relation 

GL^Gmsinl; 

or, replacing the sine by the arc, since the arc is supposed 
extremely small, and substituting the value of Gm, this equa* 
tion will become 

GL=(A±B)l; 
and by introducing this value of y, in formula (409), we 
shall obtain 

(L g{A±B)$ 
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684. But the angular veJociEy • being thai which com»- 
ponds to the arc I described with a radius unity, this velocity 

will be expressed by — ; and since the arc I (Fig- 234) is a 

decreasing function of the time t, dt should be afTected with 
the negative sign ; hence, 

• dl ' 

Multiplying the corresponding terms of these equations tOf^ 
ther dt will disappear : and there will result 

A" 
Putting, for brevity, 



.(410). 



. (411), 



and multiplying by 2, we obtain 

2Eidi+2md»=0. 
lategrating, we have 

whence, 

Substituting this value in equation (410), we oUaia 
dt= 



or, by reduction, 



dt= 



v'(C-E*')' 



^^n7(I=^' 



and, by migration, 

(=- 
\ 
fiom which we deduce 



-^M-'^h-- 



l!^=c<.s[(l-C1^E], 
and, finally, 

686. When E is ue^tive, the value of I becomes imagm- 
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SJTt and the oscillatory motion cannot take place ; but in 
order that E may be negative, the first member of equation 
(411) must likewise be negative ; and consequently, 

A±B=a negarive quantity : 
this case occurs when B exceeds A, and is ad'ected with the 
negative sign; and since A±B represents the distance of the 
ceutreof gravity from the metacenlre, it follows that the mela- 
centre will then be situated below the centre of gravity, and 
the equilibrium will be uustable. On the contrary, if A±B 
be positive, the metacentre will be found above the centre of 
gravity, the value of E will be positive, and the values of * 
and n will be real : thus, the oscillations can be performed, 
and the equilibrium will be of the stable kind. 

686. The time of oscillation being determined by a method 
entirely similar to that employed in investigating the circum- 
stances of motion of the compound pendulum, we may con- 
clude that this lime will be independent of the extent of the 
arc through which the oscillations are performed, provided 
the arcs be extremely small. 

Spedjic Gravily—Hydroslalic Balance — Hydrometer. ^'\\'c . 

687. Let P represent t!ie weight of a body M : if this body ba 
inmiersed in a'fluid, the buoyant effort exerted by the fluid will 
tend to support the body, and the force P necessary to sustain 
it will be less than P, that required previous to the immer- 
sion, by a quantity equal to the weight of the fluid displaced. 

For example, if M be supposed a sphere of lead whose 
weight is equal to eleven pounds, and if it be found to weigh 
but ten pounds when immersed in water, we should conclude 
that the weight of an equal volume of water would be one 
pound ; and therefore that the weight of lead was to that of 
water as eleven to one. 

The apedjk gravity of any substance is the ratio 
between its weight and the weight of an equal volume of 
some other substance assumed as the standard. 

Thus, m the preceding example, if water be adopted as the 
standard of comparison, the weight of the sphere of lead 
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being eleven times greater than that of an equal volume of 
watei, the specific gravity of lead will be represented by iht 
number 11. 

The density of a body has been defined (Art. 161) tobe the 
ratio between the quantity of matter contained in the body and 
that contained in an equal volume of some other substance 
assumed as the standard ; and since tho weights of bodies are 
proportional to the quantities of matter which they con- 
tain, it follows that the ratio of the weights of two bocUes 
will be equal to the ratio of their quantities of matter. 
Hence, the number expressing the specific gravity of a body 
will be tlie same as that which expresses its density, provided 
we refer the density and sjrecific gravity to the same sub- 
stance as a standard. 

In practice, it is usual to adopt water as the standard in 
determining the specific gravities of solids and incompressible 
fluids ; and for the purpose of rendering the comparison mote 
exact, the water is first deprived, by distillation, of any im- 
purities which it may contain. The specific gravities of 
gases and vapours are generally referred to that of atmo- 
spheric air. 

669. The dimensions of all bodies being more or less 
afiected by changes of temperature, it becomes necessary to 
adopt a standard temperature, at which experiments fer the 
determination of specific gravities may be perfonned. A 
convenient temperature for this purpose is that corresponding 
to 60" of Fahrenheit's thermometer, it being easily obtained 
at all times : and the tables of specific gravities are usually 
calculated for this temperature. When circumstances will 
not permit the experiments to be performed at the standard 
temperature, the results obtained must be reduced to this tem- 
perature, by introducing a porrection for the change of vol- 
ume which the substance would undergo if redut^ to the 
standard temperature. This correction is readily applied 
when the law of dilatation has been previously ascertained. 

690. If we wish to determine the specific gravity of a fluid, 
as olive-oil, we may immerse successively the same solid in 
water and in this fluid ; we shall thus be enabled to deter- 
mine the wMghts of equal volumes of the two fluids ; and a 
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comparison of these weights will give the specific gravity 
of the oil. For example, if the sphere of lead weighing 
eleven pounds have its weight reduced to 10.085 lb. when 
immersed in oil, the weight of the fluid displaced would be 
equal to 0.915 lb. ; and since the weight of an equal bulk of 

water was found equal lo 1 lb., we shall obtain -^- — =0,915, 

for the ratio of the weights of equal bulks of the two fluids : 
this number will therefore represent the specific gravity of oil. 

From the preceding remarks, we may infer that if two 
bodies of unequal volumes, suspended from the arms of a 
balance, sustain each other in vacuo, the equilibrium will not 
be maintained when the bodies are similarly suspended in the 
atmosphere ; the weight of the larger body being most sup- 
ported by the buoyant effort of the atmosphere. -^ 

691. The instrument usually employed for determining 
with accuncy the specific gravities of bodies, is the hydro- 
staiic bidame. This consists merely of a delicate balance, 
Iiaving a small hook attached to one of its scales, by means 
of which the bxiy can be suspended, for the purpose of deter- 
mining its weifht when immersed in a fluid. The body is 
connected with the hook by a hair or slender thread, whose 
weight is i neons derable. 

When we wish to determine the specific gravity of a solid, 
we place it in Uie sale to which the hook is attached, and add 
weights in the opposite scale until an equilibrium is produced. 
The weights thus added wilt represent the weight of the body 
in air. The body is then attached to the hook and im- 
mersed in water ; and the weight necessary to be placed in 
the opposite scale to produce an equilibrium will give its 
weight in water : the difference between the weights in air 
and water will be equal lo the weight of an equal volume 
of water, and by comparing this difference with the weight 
in air, we shall obtain the specific gravity of the substance 
under consideration. 

This process is slightly inaccurate; since the buoyant 
efforts exerted by the atmosphere upon the body when im- 
mersed in it, aud upon the weights introduced into the 
opposite scale have been neglected. But as tlie density of 
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the atmosphere is very small, this omission will not affect ibe 
resulu materially. 

When the given substance is soluble in water, we deter- 
mine its specific gravity with reference lo some fluid in which 
it is insoluble, and then compare the specific gravities of the 
(wo fluids. If the body be lighter than water, we can con- 
nect it with a heavier body, wliich will cause it to sink. 
Then, having the weights of the heavier and lighter bodies, 
\ find that of the compound in air, and having ascertained tile 
loss of weight sustained by (he heavier body and the com- 
pound when immersed, we can readily deduce the weight of 
the fluid displaced by the lighter. 

The specific gravity of a fluid may be determined by 
weighing successively the same body in this fluid and in 
water, and comparing the weights of the equal voliunes 
displaced. Or it may be ascertained by weighing the same 
vessel when filled with water, and with the fluid under con- 
sideration ; these weights, being diminished by that of the 
vessel when empty, will give the relation between the specific 
gravity of (he fluid and that of water. 

692. The hydrometer is an instrument usually designed to 
determine appro ximativeiy the specific gravities of fluids. It 
is composed of a cylinder of glass or metal, to the lower 
extremity of which a cup is attached loaded with shot or 
mercury, and terminated at top by a slender graduated wire. 
When the hydrometer is plunged into a fluid, the weight 
with which its lower extremity is loaded causes it to assume 
a vertical position, and it sinks to a greater or less depth, 
according to the specific gravity of the fluid. Hence, that 
division on the graduated stem which corresponds to the 
surface of the fluid will serve to indicate the specific gravity 
of the fluid. 

For example, if the hydrometer be immersed in distilled 
water whose temperature corresponds to 60° Fahrenheit, the 
surface of the water will intersect the stem at a certain 
division, which we shall suppose to be that marked 10: if 
plunged in wine, it will sink deeper, say to the 11th, 12th, 
or 13th division ; and if in brandy, to a still greater d^. 
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the division indicated being dependent on the quantity of 
alcohol which the brandy contains. 

The use of this instniment evidently depends upon the 
principle, tJiaC when a body is immersed in a fluid, a portion 
of its weight eqnal lo that of the fluid displaced will be sup- 
ported by the buoyant effort of tlie fluid : thus, the heavier 
the fluid, the less the depth to which the hydrometer will 
sink. 

693. The hydrometer, as improved by Nicholson, will 
serve to determine the specific gravities of solids or Jiqitids. 
The instrument consists of a hollow copper ball A [Pig- 235), 
to the lower part of which is attached a brass cup of sufficient 
weight to maintain the hydrometer in a vertical position 
when immersed in a fluid. The upper part of the ball 
carries a slender wire D, which supports a small dish C des- 
tined to receive the weights. The weight of the hydrometer 
is such that the addition of 600 grains in the dish C will 
just sink the instrument in distilled water, at the temperature 
60°, until the surface of the water intersects the stem at its 
middle point D. If, therefore, a body be placed in the dish 
C, and weights be added until the point D shall correspond to 
the surface of the water, the difference between 500 grains 
and the weights added will express the weight of the body. 
The body being then transferred to the lower dish B, it will 
be found necessary to place additional weights in the dish C, 
ia order to sink the hydrometer to the same depth : these 
additional weights will be equal to the loss of weight sus- 
tained by the body when immersed. Hence, the specific 
gravity of the solid may be readily determined. 

When we wish to determine the specific gravity of a fluid 
with this hydrometer, we immerse the instrument succes- 
sively in distilled water and in the given fluid, and ascertain 
the weights necessary to be added in each case to the dish C, 
in order to sink it lo the same level. Then, the known 
weight of the instrument added to the weights introduced 
into the upper dish will give the weight of the fluid dis- 
placed. Thus, we can compare the weights of equal volumes 
of the two fluids. 
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Of the Pressure and Elasticity of Atmospheric Air. 

694, The weight of the atmosphere was first recognind by 
Galileo. Torricefli, his pupil, denionstraled ihfl exi«teDoe of 
thia weight by the following experiment. Let AB {Fig. 836) 
represent a glass tube, 3 feet in length, filled with meicuiy, 
closed at the lower extremity and open at the upper : let liw 
finger be applied to the open extremity, and let tlie tube bo 
inverted, and its open extremity plunged in the basin of mo- 
cnry : on withdrawing the finger, the mercury will b« iauti 
to descend in the tube, leaving a certain portionof it BE {pi^, 
237) unoccupied. If the experiment be tried with lubeBof 
different leugths or different diameters, the height of ti« 
column of mercury sustained in the lube will be found, in 
each case, to be about 29 or 30 inches above the level of ll» 
fluid in the basin. This column of mercury is sustained by 
the pressure of the atmosphere, arising from its weight; 
which pressure, being exerted upon the surface CD, is suf- 
ficient to counterbalance the weight of the column. 

If the experiment be performed with fluida of diflerent 
densities, the heights at which they will be supported will ba 
found to differ : thus, if the fluid be water, whose density it 
to that of mercury as 1 to 13|, the height of the colmnti will 
be found equal to 30 in. X 13^=34 feet, nearly ; the weight 
of such column being equal to the weight of the column of 
mercury. 

695. The operation of the common siphon is also to be 
referred to the pressure of the atmosphere. 

The- siphon is a bent tube having its two branches of 
miequal lengths. The shorter branch EP {Fig. 238) being 
plunged into the fluid contained in the vessel ABCD, and the 
air being withdrawn from the siphon, the pressure of the 
atmosphere exerted upon the surface EC will cause the flnid 
to rise in the siphon ; and if the height of the point F be less 
than that at which the atmospheric pressure can sustain the 
given fluid, it will pass into the longer branch, and will be 
delivered at the point C. The current having ooimoeaoed 
in the siphon, it is maintained in consequence of the superior 
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weight of the fluid in the longer arm overcoming, in pari, the 
pressure of ihe alniosphere at the point C, and thus permitting 
the equal pressure of the atmosphere exerted upon the surface 
BC to force the fluid up the shorter branch. Hence, it is 
obmus that llie point C must always be below the surface 
of the fluid in the reservoir ABCD, in order that the siphon 
may be efl'ective. 

096, Air is an elastic fluid, which is susceptible of being 
cocnpressed into spaces which bear to each other the inverse 
ratio of the forces applied. 

This may be established experimentally as follows; Let 
A'BCE (Fiff. 239) represent a curved tube closed at E and 
open at A' ; let mercury be introduced into the tube until it 
shall stand at the same level CC in the two branches : the 
air contained in the space CE will then be of the same density 
as the exterior air. If mercury be now poured into Ihe tube 
until the part ABCD be entirely filled, Ihe length AB being 
equal to 30 inches, the column of air DE will be found reduced 
lo one-half its original bulk CE : if mercury be again intro- 
duced until it extend from A' to d, the length A'b being equal 
_^to 60 inches, the volume of air will be found reduced to a 
Kpace Ed=i,CK 

^^. This experiment establishes the law of compressibility ; 
^*fer, before the introduction of the mercury, the air contained 
in the space CE, being pressed by the weight of the atmo- 
sphere, must support a pressure equivalent to 30 inches of 
mercury. When the same volume of air is caused to sustain 
the additional pressure of a column of mercury AB=30 
inches, it is reduced to one-half its original bulk ; and by the 
further addition of 30 inches, the air is reduced to one-third 
of this bulk. Thus, it appears, that the spaces occupied by 
the same mass of air are inversely proportional to the pressures 
applied ; and since the densities of the air are inversely pro- 
portional to the spaces occupied by Ihe same mass, it follows 
titat the densities will be in tlie direct ratio of the pressures. 

If Ihe mercury be withdrawn from the ttibe, the air will 
expand and occupy the same space as it did previous to 
compressioD. 
^v 33 
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I Of Pumps for raising Water. 

697. The pump is a machine employed for the purpose of 
raising water. There are three principal kinds of pumps, 
viz. the sucking pump, the lifting pump, and the forcing 
pump. 

The sucking pump, represented in Fig. 240, consists of 
two tubes ABDC and DCHL, of unequal diameters, connected 
together; the first of these is called the sucking pipe, and the 
second the body of the pump. Within the body of the pump, 
an air-tight piston MN, having a valve opening upwards, i» 
moved throueh the space MH, which is called the play of Ihs 
piston. At the lower extremity of the body of the pump, B 
second valve A; called the sleeping valve, is placed, wbidi 
likewise opens upwards. 

The lower extremity AB of the sucking pipe being im- 
mersed in a reservoir containing water, and the piston MN 
being raised from the position MN to HL, the air contained 
in the space CN will expand and fill the space CL, its density 
and elastic force being both diminished : at the same tone, 
the air contained in the pipe AD, having a density equal to 
that of the exterior air, will, in virtue of its elasticity, exert 
upon the valve k, a stronger pressure than that arising from 
the elasticity of the rarefied air contained in the space CL: 
hence, the valve h will be forced open, and the air contained 
in the interior of the pump will acquire a density that is uni- 
form throughout, but less than that of the exterior air : then 
the pressure exerted upon the surface of the water AB being 
less than that exerted by the atmosphere upon the surface at 
other points of the reservoir, the water will rise in the suck- 
ing pipe to the level A'B', such that the weight of the column 
A'B, together with the pressure of the rarefied air contained 
in the pump, shall be equal to the pressure of the exterior 
air. The densities of the air in the body of the pump and in 
the sucking pipe having become equal, the valve k closes by 
its own weight. 

The piston being then depressed from the position HL ti> 
MN, the air contained in the space CL will be compressed 



PUMPS, 387 

into the space CN, and its density and elastic force will 
become greater than those of the air contained in the sucking 
pipe : the pressure on the upper surface of the valve k being 
BOW greatest, this valve will continue closed during the de- 
•oeot of the piston, and will intercept the commnnication be- 
tween the sucking pipe and body of the pump ; hence, the 
density of the air in the sucking pipe will remain unchanged, 
and the water will retain iho level A'B'. When the piston 
shall have regained the position MN, it will have compressed 
into the space CN, not only the quantity of air originally con- 
tained in CN, but likewise that portion which was introduced 
into the body of the pump from the sucking pipe. The den- 
ailyof the air contained in the space CN w-ili therefore exceed 
that of the exterior air, and its elasiic force will open the 
valve I : the air contained in CN will thus be restored to its 
original density. Ttie piston being raised a second time, the 
air in MD will be again rarefied, a portion of that con- 
tained in A'D will pass into the body of the pump, and the 
equilibrium will be restored by the water rising to a new 
level A"B". 

The same operation being repeated, the water will rise 
through the valve /■ into the body of the pump, will pass 
tlirough the valve 1 in the piston, and will finally be delivered 
by the spout QR. 

698. We will next examine the mechanism of the lifting 
pump. In this pump, the piston MN {Fig. 241) is situated 
below the fixed valve /,; and being depressed from the posi- 
non MN to HL, is supposed to pass below the surface a'b' of 
ihe water contained in the reservoir : the piston contains a 
valve opening upwards, through which the waier' passes, 
regaining its level a'b'- The piston being then elevated, the 
column of water a'L, which rests upon its superior base, being 
prevented from returning through the valve, will be raised 
ilirovigh a height equal lo the play of the piston, and will oc- 
cupy the space aN : at thesame time, a vacuum being formed 
below the piston, the water will be compelled to follow the 
piston in its motion by the pressure of the atmosphere on the 
surface of the water in the reservoir. But the air contained 

Jl^the space o'D being cnmorpssed by the elevation of tha 

■| Bb8 



385 HYD808TAT1CS, 

pislon, its elastic force will become greater than that of ihe 
eilerior air, and the valve k will opeii, lestoring the ait belov 
A" to its original density. The circumstances will then be 
the same as before liie first stroke of the pislon, with the ex- 
ception that a portion of water has passed above the piston. 
AVhen the piston is ag^ain depressed, the column of water aN, 
which rests upon it, will also descend, and the air contaised 
in the space 06 will therefore be rarefied. The descent of 
the water will continue until the elastic force of the rarefied 
air contained between the valve k and the surface of die 
water, together with the weight of the column of water raised, 
shall bo equal to the pressure of the atmosphere : the valve 
in the piston will then open, and an additional quotitity of 
water will pass above the piston. By repeating the process, 
a certain portion of water will pais above the piston at eacb 
stroke ; and reaching the valve k, will pass into tlie body of 
the pump, and may be delivered at any height. 

699. The forcing pump is a combination of the sucking asd 
lifUng punips. In this pump, the piston MN [Pig. 24^ ia 
without a valve, but the lateral pipe HE is provided with one 
at I, opening upwards ; and there is a sleeping valve at L, as 
in the sucking pump. The piston being raised, the water risea 
into the space MCDEF, for the reasons assigned in describing 
the sucking pump : when the piston is depressed, the water is 
forced through the valve I into the tube HG ; and by con- 
tinuing the process, it may be delivered at any height. 

700. If the dimensions of the sucking pampbe improperly 
chosen, it may happen that the water will rise only to a cer- 
tain height. For the purpose of discovering in what cases 
this wilt occur, we shall simplify the question, by supposing 
the pump to be of uniform bore throughout. Let the water 
be supposed to have been raised to the level ZX {Fig. 243), 
and the piston to move through the space ML : call 

a=LN, the play of the piston, 

6= LB, the height of the piston at its greatest elevatioa 
above the surface of the water contained in the 



TBthe distance LX. 
When the piston is raised from the position MN to HI4 the 




aif which was previously contained in the space ZN will 
occupy the space ZL, and its elasticity will therefore be 
diminished in the ratio of LX to NX ; so thai if R represent 
the elastic force of the air contained in the space NZ, and R' 
the elastic force of the rarefied air contained in LZ, we shall 
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LX : NX : ; R : R' ; 



But the air contained in the space NZ being of the same 
density with the exterior air, its elastic force will be properly 
measured by the weight of a column of water whose base c is 
equal to the surface MN, and whose height is equal to 34 feet. 
Let this height be denoted by k ; the density of water being 
supposed eqtiol to unity, and the force of gravity being denoted 
by g, we shall have 

R^chg. 
I ■ This value, substituted in the preceding equation, gives 

But it is evident that when an equilibrium subsists, the elastic 
force of this rarefied air, together with, the weight of the 
column of water BZ, must be just sufficient to counterbalance 
the pressure of the atmosphere, which lends to produce tlie 
ascent of the waler. The weight of the column of water 
ABXZ will be expressed by^cxBX, or gcx{l»—:v); and the 
pressure exerted by the atmosphere will be expressed by the 
column ^cA; hence, we shall have, in case of an equilibrium, 

-gc/i + {b^x)gc=gch ; 

or, by suppressing the common factor gc, 



if it were required that the water should rise above the 
il ZX, it would then be necessary that the atmos^hcrift 



^erel 
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pressure should exceed that arising: from the weight of the 
column ZB, and the elastic force of tlie air contaitied m the 
space ZL : we shall consequently have 

X 

Let z represent the excess of the second member of this in- 
equality; then 

X 

or, by reduction, 

~ah+bx~x' +zx=0 
whence, 



pw[m--4 



If we make z=0, the water will cease to rise, and we sbiU 
then have -^ 



=|.v^(^..)' 



These two values of x will be real so long as — exceeds uh ■ 

if, therefore, this condition be fulfilled, there will be two points 
at which the water will stop: but if, on the contrary, oi 



there can be no pomt at which the water will cease to rise. 

, Such is the condition requisite to ensure the effective per- 

' '^^ formance of the sucking pump. 

\^' ''■•''■ 701. With the lifting pump, the water can be raised to any 

height, provided sufficient force be applied to the piston. 

For, let the water be supposed to have risen to the level EF 

(Fiff. 241), the water in the reservoir standing at the level ah, 

above the piston. Then, the column included between the 

surfaces ab and MN being supported by the pressure of the 

contiguous fluid, the piston MNP will be loaded only with 

the weight of the column extending from ab to EF. 

703. But if the level of the fluid in the reservoir be sup- 
posed at a'b' below the piston, the weight P of the column of 
water included between MN and a'b' must be supported by 



AIR-PUMP. 8B1 

the pressnre of ihe almosphere exerted upon the surface of 
Ihe water in the reservoir. Hence, the pressure of the atmo- 
sphere exerted upon the upper base of the piston, through the 
column EN, will exceed l!iat which is exerted upon the lower 
base through a'N, by the weight of the coiunin w'N ; for this 
weight counteracts in part the pressure exerted by Ihe atmo- 
sphere upon the water in the reservoir. Thus, the piston MN 
being urged downwards by the weight of the column MF 
siluated above it, and likewise by the difference of the atmo- 
spheric pressures, which is equal to the weight of Ihe column 
a'N, the effect will be the same as though the piston sup- 
ported a column of water whose base is MN, and whtwe 
altitude is equal to tiie distance between the levels a'b' 
andEF. 

It thus appears, that with a sufficient effort, the water may 
be raised to any height by the lifting pump, the fixed valve 
/,,■ being supposed near the surface of the water. 

The same principles will serve to estimate the force neces- 
sary to raise the water in the sucking pump. 



V 



Of the Air-pump. 



703. In examining the properties of various s 
'is frequently necessary to withdraw thera from the action of 
the atmosphere, and it therefore becomes desirable that we 
should have it in our power to exhaust the air from a vessel 
in which the substance has been deposited. This vessel is 
called the receiver, and is usually constructed of a transparent 
eubstance, such as glass, in order that we may have an opportu- 
nity of observing the effects produced on the substance luider 
consideration by the withdrawal of tlie atmospheric air. 

704. The machine employed to exhaust the air is called 
an air-piunp, and the term vacuum is applied to the space 
from which the air has been extracted. 

705. The general principles upon which the operation of 
this machine depends, will be readily understood by a refer- 
ence to Fig. 244, A represents a section of the glass receiver 
which rests upon the plate BC, the lower edge of the receiver 
and the plate being ground exactly plane, so that their coo.- 
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(act may be as perfect as possible. The edge of Uie receiver 
being previously smeared with a litlle sweet oii, ihe air will 
be effectually prevented from penetrating between the 
receiver and plate. 

The plate BC is perforated by a cavity DE, which commu- 
nicates with the cyhiidcifal barrel CF, in which an air-tight 
piston, having a valve opening upwards, is worked by means 
of a handle H. At the bottom of the barrel is placed a second 
valve E, likewise opening upwards. 

706. Let it now be supposed that the piston has beea 
depressed until it has reached the valve E ; the air in the 
receiver, barrel, and communicating pipe being of the saaie 
density as the exterior air, and the valves being closed by 
Iheir own weight. Then, if a force be applied to raise die 
piston, the valve P will remain closed, and a vacuum would 
be left between the piston and the valve E, provided the 
weight of ihe valve E were sufficient to overcome the pres- 
sure exerted upon its under surface by the elastic force of 
tlie air contained in the receiver and communicating pipei 
this, however, not being the case, the valve E will be forcd 
open, and a portion of the air contained in the pipe and 
receiver will pass into the barrel, until the density of the air 
becomes uniform throughout. This effect will continue until 
the piston has reached its highest position, and the valve E 
will then close by its own weight. The piston being then 
depressed, the valve E will remain closed, and the air con- 
tained in the barrel being compressed into a smaller space, its 
elastic force will be increased, will become greater than that 
of the exterior air, and will finally overcome the weight of 
the valve P, causing it to open, and thus reducing the density 
of the air contained in the barrel to an equality with that of 
the exterior air : this effect will only cease when the piston 
has been forced to the bottom of the barrel. 

It thus appears that by a single ascent and descent of the 
piston, a portion of air has been withdrawn from the receiver 
and pipe of communication. The portion withdrawn will 
obviously bear the same ratio to the quantity originally con- 
tained in the receiver and pipe that the capacity of the barret 
bears to the sum of the capacities of the barrel, pipe, and 



r & Tepelitton of the same process, a second 
quantity can be withdrawn, and the operation may be con- 
tinued until the exhaustion has been carried to ihe desired 
extent. 

707. Since the quantity of air withdrawn at each ascent 
and descent of [he piston forms but a part of that previously 
contained in the receiver and pipe, it is obvious that a perfect 
vacuum can never be produced by the operation of the pump. 
The weight of the lower valve likewise opposes an obstacle 
to tlie entire exhaustion ; for, whenever the atr contained in 
the receiver and pipe shall have had ils elastic force so far 
reduced as to be incapable of raising the valve E, the pump 
will necessarily cease to exhaust. This difficulty may, how- 
ever, be obviated, by causing the valve E to open by means 
of a mechanical connexion with the piston. -u 

1 708. As it is frequently necessary to produce a very high 
degreeof exhaustion, it becomes interesting to ascertain the 
density of the air remaining in the receiver after any given 
number of strokes of the piston ; and since the portion with- 
drawn at each double stroke bears a constant relation to that 
remaining, this density may be readily estimated. Thus, if 
we denote by 6, p, and r the respective capacities of the 
barrel, pipe, and receiver, and by d the original density of the 
air, we shall have the proportion 



If 



+p+r:p-i-r 
stroke. 
In like manner, 



-.did, 



. -2 =density after the first double 



6+p+r : w + r ; : ri , ^"'"'^ : di- ^'^'' ) » =density after the 
^H ' second double stroke. 
^Hilld generally, 

For the purpose of illustrating tlie rate of exhaustion, we will 
suppose that tJie capacity of llie barrel is one-fourth of the sum 
pfthecapacitiesof the receiver and pipe; then, we shall have 



K4.,+, :„+,.. {^y : , (^J = de»Uy 



after the nth double stroke. 
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and the density after the fir^t double stroke wiU b 

b+p+r 5i 

Thus, by the first double stroke of ihe piston, one-fifth of the 
air contained in the receiver and pipe will be withdrawn, and 
the quantity remaining will be four-fifths of the original 
quantity. The density after the second stroke will, in like 
manner, be four-fifths of that after the first, or ^J of the ori- 
ginal density ; and after the third, the density will be reduced 
to tVti o'' nearly one-half. It thus appears that every three 
strokes will reduce the density nearly one-half; and conse- 
quently, that after twenty-seven strokes, Ihe air would be 
reduced to about one- five -hundredth of its original density. 

709. The preceding calculation is based upon the suppo- 
sition that the relative capacities of the barrel, pipe, and 
receiver have been accurately ascertained, and that the 
mechanical construction of the pump is perfect, neither of 
which conditions is strictly fulfilled: and as it is frequently 
necessary to know the precise degree of exhaustion that has 
been attained, it becomes important to have a gauge, or index, 
by the aid of which we may ascertain the density of the 
remaining air at any moment. The instruments commonly 
employed for this purpose are, 

1°. The barometer gauge, which consists of a straight 
glass tube about ihirty-iwo inches in length, and open at 
both extremities. The tube is placed in a vertical position, 
its upper extremity communicating with the receiver of the 
pump, and its lower being immersed in a basin of mercury. 
When the process of exhaustion has been commenced, the 
air in the tube being rarefied, the pressure of the atmosphere 
upon the surface of the mercury in the basin will cause the 
mercury to rise in the tube, and the height at which it stands 
will indicate the difference between the exterior and interior 
pressures. These pressures are in the direct ratio of the 
densities of the air. The principal inconvenience of this 
gauge arises from the necessity of having a barometer with 
which to ascertain the pressure of the exterior air at the same 
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^f^^- 5^« **<"■' harometer gauge is formed of a tube eight 
H^len inches in length, open at one extremity, and filled with 
mercury. This tube being inverted, and immersed at its 
open extremity in a basin of mercury, the pressure of the 
atmosphere upon the surface of the mercury in the basin will 
retain the tube entirely full. This apparatus being placed 
under a receiver which communicates with that of the pump, 
and the rarefaction being commenced, the short tube will 
remain (iill until the density of the air in the receiver has 
been so far reduced that its elastic force is insufficient to sup- 
port a column of mercury of a length eqna! lothat of the tube. 
The mercury in the tube will then fall, and its height at 
any moment will indicate the pressure of the air within. 
This gauge is evidently luiiit for use when only a moderate 
degree of exhaustion is required. 

3". The siphon gauge is composed of a short bent tube, 
having two parallel branches, one of which is closed, and the 
other open. The closed branch being filled with mercury, 
and the tube being placed with the bend downwards, the 
mercury will be supported in that branch by the pressure of 
ihe exterior air. The tube is then placed beneath a receiver, 
and acts upon the same principle as the short barometer 
gauge, the bend in the tube serving as a substitute for the 
basin of mercury. This, also, is only applicable when a con- 
siderable degree of rarefaction ts reipiired, 

710. The working of the piston being opposed by the 

pressure of the atmosphere on its superior surface, and this 

difficulty constantly increasing as the rarefaction proceeds, it 

has been found advantageous to adapt a second barrel to the 

pump, whose piston shall descend whilst that of the first 

barrel ascends, — and the reverse. The rods of ihe pistons 

have the form of a rack whose teeth engage in those of a 

wheel which is turned by a wincli. The pressures on the 

pistDiis are thus caused to oppose each other, and the pump 

works with much greater ease. The rapidity of the exhaus- 

tion is likewise doubled by this arrangement. 

^^ 711. If the construcCion of the pump be such as to require 

^■Hie lower valves to be opened by the elasticity of the air 

^BRnaining in the receiver, the operation of the pump will eri- 
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(lently txase whenever the rarefaction has been carri«d M 6i 
Uiat the weight of liio lower valve is sufficient to overcoine 
the elastic force of the air within. To obviate this inconve- 
nieace, the lower valves are opened and closed by the motiom 
of the piston, as shown in I-\^. 245, which represents a mc- 
tional view of one of the most approved pumps. The dis- 
position of tile several parts has been somewhat aUcred, for 
the purpose of exhibiting them more clearly. 

A represents the glass receiver resting upon Che gTOund 
glass plate BC, and communicating by the cavity DFO with 
the two pump barrels VR and V'R'. The receiver likcwiw 
comnninicates by the cavity svy with the barometer gaugs 
f/z, immersed in the vessel of mercury Jl, and with the siphon 
gauge vx. Eiaa stopcock for cutting off the communication 
between the receiver and the barrels when the exhaustion has 
been effected, and E' a second stopcock for re-adraJlling the 
external air. In the best pumps, the barrels are made of 
glass, to prevent the corrosion which would take place by ih« 
action of the oil with which the pistons are lubricated to 
render them air-tight : for simitar reasons, the pistons ut 
sometimes made of steel. The racks L and L' of the pistons 
are worked by the wheel W, which is turned alternately to 
the right and left by the winch H. The lower valves V and 
V are metallic, and have the form of a conic frustrum. To 
the back of the valve is attached a slender rod VR, which 
passes through an air-tight hole in the piston P, and carries 
near its upper extremity a small projection or shoulder. 
When the piston is raised, the friction of the valve-rod which 
passes through it causes the rod hkewise to rise, opening the 
lower valve V: but this upward motion is soon checked by 
the shoulder coming into contact with the top of the barrel, 
and the rod then slides through the hole in the piston. 
Again, when the piston is depressed, it carries with it the 
valve-rod RV, closing the valve at the bottom of the pump, 
and the descent of the piston is then continued by sliding 
along the rod. 

712. The valves of the pistons are variously constructed. 
In some instances they are metallic, resting upon a metalUti 
bed ; and in others, they are composed of strips of oiled silk, 
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iM^or parchment, stretched across an opening iu ihe pis- 
ton, and alternately allowing and preventing the communica- 
tion between the air beneath the piston and the exterior air. 
During the ascent of the piston, the valve remains closed by 
the stronger pressure of the atmosphere on its upper surface, 
and when the piston descends, the cnmpressed air beneatli ii 
will force open the valve. This latter condition will always be 
fulfilled, whatever may be the degree of exhaustion, provided 
the piston can be forced into actual contact with the bottom 
of the barrel. 

713. The pistons are usually composed of two metallic 
plates, which carry between them a packing of leather soaked 
ill oil, The distance between these plates can be varied by 
means of a powerful screw; and by the application of a proper 
degree of pressure, the packing is caused to fit the barrel 
with accuracy. 

714. By the aid of the air-pump we are enabled to exhibit 
many of the most important properties of atmospheric air: 

1°. The welgkt of the air may be shown by screwing a 
vessel provided with a stopcock to the air-pump, and ex- 
hausting the air from within it. The weight of the vessel 
will be diminished by about /j of a grain for every cubic 
inch of ait thai has been withdrawn. 

2'. The pressure aj the atmosphere is rendered evident by 
the difficulty with which the receiver is removed from the 
plate of the pumpaAer the air within it has been withdrawn, 

A small strip of bladder being stretched across the mouth 
of an open receiver, and the air exhausted from beneath, the 
bladder will be ruptured by the pressure of the exterior air. 

Two brass hemispheres, being ground so as to fit accurately 
to each other, and attached to the pump, cannot be separated 
without great difficulty after the air has been exhausted from 
(he space enclosed by them. The pressure of the atmo- 
sphere is found to be equivalent to about 15 ib. for each 
square inch of surface exposed to its action. 

3°, The elasticity of the air may likewise be shown by 
various experiments. If, for example, a bladder containing a 
small quantity of air be enclosed in a receiver, from which 
thfl air can be extracted, the elasticity of the air contained in 
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the btedder will cause it to distend when the exterior pres- 
sure is remored ; and on tlie re-&dmission of the air into tfaa 
receiver, tlie bladder will again collapse. 

If a light glass bulb, liaving an opening in its lower surfiua, 
bu loaded with weights so that it will just sink in a vessel of 
water when the bulb is partially filled with water; upon 
withdrawing the air from the receiver in which the vessel of 
water has been deposited, the portion of air contained in the 
bulb will expand, expelling a porlion of the water through 
the orifice in the bottom of the bulb. The bulb and weight 
will llms be rendered specifically lighter than water, and will 
consequently rise to the surface of the fluid in the vessel: 
upon re-admitting the air into the receiver, a portion of water 
will be forced into the bulb, and it will again sink. 

4°, The resisearice of (he air to the motion of bodies may 
be exhibited by allowing two bodies of very unequal den- 
sities to fall in Ihe exliausted receiver of the air-pump, and 
in thesame receiver after the re-admission of the air. When 
the bodies fall in vacuo, they will reach the bottom of the 
receiver at the same instant ; but when the receiver contains 
air, ihe denser body being least retarded by the resisiance 
which the air offers, it will fall through the height of the 
receiver in much less time than that required by the rarer 
body. 

Many other experiments may be contrived to illustrate the 
properties of air, but it is unnecessary to notice them in this 
place. 

0/ the Barometer. 

716. The barometer is composed essentially of a bent tube 
ABC {Pig. 246), closed at A, and open at C, and filled with 
mercury throughout the portion NMBEF. The air is sup- 
posed to have been exhausted from the space AMN, and the 
cohimn of mercury included between the planes MN and 
DFE is supported by the pressure of the atmosphere upon 
the surface F£. This column is usually about thirty inches 
in length, when the barometer is placed at the level of the 
ocean. 
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liis instrument seires to indicate the changes which 
are coDsIantly lakiiig place ia the pressure of the atmosphere ; 
for, when the pressure becomes greater, the length of the 
column of mercury which it can sustain is necessarily 
increased, and tbe mercury therefore rises in the tube AD : 
but if, on the contrary, the pressure of the air should dimin- 
ish, the length of the column will undergo a corresponding 
diminution. 

The pressure of the atmosphere at any point being that 
due to the weight of a cohimn of air extending from thai 
point to the top of the atmosphere, it follows that this 
pressure will decrease as we ascend above the earth's surface, 
and consequently, that the height of the mercurial column 
will diminish. ^ 

717. This principle has been employed to determine the . V J 
diiference of level of two places situated at unequal distances \fl\\J 
above the surface of the earth. For the purpose of investi- 
gating a formula which shall be applicable to this object, u 
shall denote by 

A' the height oflhe mercurial column at the lower station, 

A .... the height of the mercurial column at tbe upper station, 
D' and D the corresponding densities of the atmosphere at 

the two stations. 
Then, if we suppose the axis of s to be vertical, the general 
equation of equilibrium of heavy fluids as obtained in Art. 
655, will be 

Let the origin be assumed at the lower station, and let the 
coHDrdinatcs z be reckoned positive upwards ; then, as we 
ascend in the atmosphere, the pressure arising from the 
weight of the superincumbent strata will diminish, and the 

* Thia ro«uJl may be obtainei) dirretty by consideiing a column of Ihe almo- 
■plian, whose hue AB {Fig. 247) ia tbe unU of lurfacf ; the preiiure ras- 
tained lij tbia baie ia meaiured by (be Height of the culumn of sir ABDC 
(tXteiidiDg to the lup of the stmosphere ; and the eleoit-ntary pieiBUie dp will be 
lepreMDled by the weight ofii calomn baling tbe lame baic, and a belglit equal 
10 dz. The bue of Ihia clFiucntKry column bring i?quat lo Unity, Ita Toluaie 
will be eipreHed by 1 Kdz, or di, and its masa by Di: ; thuSt^Dii: repreacnts 
tbe weight which will nwaaura the elementary preature dp. This reault will 

Ely be indtpcDdeiil of Ihe particalar form given la the baae AB whicb 
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density of the air will under^ a corresponding; decrea». 
Thus, the pressure p being a decreasing function of the alti- 
tude s, dp and dz will be aifecled with contrary signs: 
henco, the preceding equation should be written 

ap=~Mgdz (412). 

If the difference of level of the two places be but slight, the 
force of gravity g may be regarded as constant ; and henoe 
we shall obtain, by integration, 

— i/t (-)■ 

But it has been shown (Arts. 631 and 696) that when the 
temperature is supposed constant, the pressure and denaii; 
are proportional to each other; hence, if P denote the pressure 
capable of producing a density represented by unity, we shall 
have 

and therefore, 

rfp=PdD: 
this value substituted in equation (413) gives 
_P /•dp 

and by effecting the integration indicated, there results 
z = logD+C. 

To determine the constant, we remark, that when z=0, the 
density becomes that which we have supposed to exist at the 
lower station, and which has been denoted by D'. Thus, the 
preceding ei^uation becomes 

0=-?logD'+C; 

eliminating C between this equation and the preceding, we 
find 



I 



z=- (log ly— log D), 



But the dcnu^M bnn^ ^oyirtuna^ \n ^hft 'QMBmns, th«y 
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will likewise be proportional to the observed altitudes of the 
mercurial column : hence, 

A : A' :: D : D',or^z=^j 

AD 

this value of ^ being substituted in that of z, we obtain 

P| A' 

.^^log^. 

A' 
The logarithm of j-, which appears in this expression^ apper- 

tains to the Naperian sjrstem : if therefore^ we represent by 

A' A' 

Log --, the tabular logarithm of -r? and by M the reciprocal of 
A A 

the modulus, we shall have 

MLog-=log--; 

and, by substitution, 

MP, A' ,---, 

2r= Log — (414}« 

718. To determine the value of the constant P, which 
represents the pressure exerted upon the unit of surface, and 
capable of producing a density of air represented by unity^ 
we remark, that the density D' at the lower station corres- 
ponds to the pressure exerted by the atmosphere at that 
point : this pressure is measured by the weight of a column 
of air whose base is the superficial unit, and whose altitude 
is equal to that of the atmosphere: but this column of air is 
equal in weight to the mercurial column whose height is A' ; 
if therefore D" denote the density of mercury, the mass of 
the column will be expressed by IxA'D", or A'D": and by 
multiplying this product by ^, we shall obtain the expression 
h'ly'gi for the weight of the column supported at the lower 
station. Such will be the pressure capable of producing the' 
density ly. To obtain the pressure P corresponding to the 
unit of density, we make the proportion 

ly : 1 : : AD"^ : P ; 
whence, 

A'D"y 
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X (1 +0.002837 cos aV') L<^ 



K^+w) 



721. Let it be supposed that the observations which deter- 
mine the height h' are made in the latitude of 46°, and at the 
level of the ocean ; we shall have 

cos 24^=0; 

and the preceding formula will give 

D"MA' z 






(419). 
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If the height z be measured trigonometrically, and the quan- 
tities A, A', t, f, T, T' be determined by taking a mean result 
of a great number of observations, the second member of this 
equation will become entirely known, and therefore the con- 

stant ■ will likewise be known. This constant has been 

thus fotud to be equal to 60346 feet : if its ralue be substi- 
tuted in that oi z, we shall obtain the following fonnula : 

«=60346 ft. (l+ ^"^Q~^ ) (1+0.002837 cos 2^) 
xLog , !!:, ^, (419 a). 
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722. The second member of this equation may be put 
under a more convenient form ; for, we have 

i±^^=.001042(/+/'-64) ; 

and if we denote by $ the difference between the temperatures 
T and "F, and change the form of the last factor in equation 
(419 a), there will result 

H^+"97^y 
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or, by developing the last term of the second member, retain- 

jcg only the first term of the development, we shall have 

^S —, ,.„_,., =Log A' -Log A-qi-M-<; 
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io which M' represents the modulus of the system. The 
numerical value of the coefllcient of i is .000044. Hence, ibe 
equation (419 o) may be reduced to 

==60345 ft. [l + .O01t)42((+C-64)](l+.0O2837 cosiW) 
X(LogA'-Log A— .000044*). 
/ 723. To apply thisformuialo the determioalioii of tbedit 
/ ference of level of two Btations, it will be necessary to observe 
' carefully the altitude of the mercurial columns at eacli siaiion, 
and the tempcrarure of the atmosphere as indicated by a 
thermometer placed in ihc shade, and a t spm e distance from 
ths barometer. The temperature of the mercury as shovn 
by a thermometer in contact with the tube of the barometer 
should likewise be noted. These observations shoitlii be 
made at the same instant, by different observers, at thewo 
stations, in ordtr to avoid iIlu errors which might arise from 
a change of pressure or temperature during the interval be- 
tween the observations. When Ihe condition of simulianeous 
observations becomes impracticable, it will be advisable lo 
make observations at one of the stations, the lower for m- 
ample, at equal intervals before and after the time of observa- 
tion at the other station. Tlien, an arithmetical mean 
between (he first and last results may be considered as nearly 
equivalent to an observation made at the instant corresponding 
to the mean between the two times, provided the interval be 
but short, and the difference between the results of the lw> 
observations inconsiderable. 

724. The general formula for the difference of level of 
two stations having been obtained upon the supposition that 
the atmosphere is in equilibrio, the results given by it are to 
be relied on most confidently wlien the observations have 
been made in calm weather. 



PART FOURTH. 



HYDRODYNAMICS. 

OF THE DISCHARGE OP FLUIDS THROUGH HORIZONTAL ORHlCEa 

725. Experience has shown, that when a fluid issues 
from a small orifice in the bottom of a vessel, the superior 
surface of the fluid maintains itself in a position sensibly hori- 
zontal, during the discharge of the fluid. Hence, if we con- 
ceive the fluid divided into horizontal strata, these strata may- 
be regarded as preserving their parallelism during their 
descent, and the particles may be considered as descending in 
vertical lines. This h3rpothesis, however, can only be re 
garded as approximating to the truth ; for, if the form of the 
vessel be not prismatic, it will be impossible for any one 
stratum to occupy the place of that immediately beneath it 
without undergoing some change in its dimensions ; its par- 
ticles will therefore be subjected to horizontal motions. More- 
over, the particles situated in the immediate vicinity of the 
orifice, being without support, yield to the pressure exerted 
against them by the adjacent particles, and thereby tend to 
deflect the latter from their vertical directions : but, in what 
follows, we shall omit the consideration of these circum- 
stances, which would greatly complicate the question, and 
which are found to produce but a slight eflfect when the form 
of the vessel is nearly prismatic. The accuracy of the 
hypothesis may be rendered evident by mixing with the fluid 
an insoluble powder of nearly the same density : the particles 
of this powder will be carried along with the fluid, and the 
paths which they describe may be readily observed. In this 
manner it will be found that the particles descend nearly in 
vertical lines until they approach very near to the orifice. 
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726. Let it be supposed that ihe ordinate z measures tfaay 
distance mo [Mff. 248) of one of Ihe fluid strata from a bori- \ 
zoiital plane AB, which will be assumed as coinciding with 
the surface of the fluid. The form of the vessel being deier- ' 
mined by the equation of its inierior aurface,/(r, y, e,)=0, ' 
we can deduce from this equation the area s of the section 
which corresponds lo the ordinate z, and by multiplying this i 
Aeclion by dz, the thickness of a siralum, we shall obtain sds 
for the volume of the stratum. This being premised, it is 
obvious that all the particles composing a single stratum will 
have a common velocity ; but the particles of ditferent sirat* 
will have different velocities ; for, the fluid being supposed 
incompressible, any one stratum in descending' through the 
height dz, in the time dt, will cause a volume of fluid eqnal 
in volume to the siralum to issue through the orifice. Bui 
if we denote by w the velocity of the fluid at the orifice Ef, 
and by k the area of the orifice, ilie space described by a par- 
ticle issuing from the orifice, in the time dt, will be expressed i 
by udt, and the quantity of fluid discharged in the same lime 
will be represented by kudt. Equating this value with that ' 
of the stratum, we shall obtain 

sdz=kudi (420) ; 

whence, 

ku^3~ (421). 

dl ^ 

727, At the expiration of the time /, the velocity of the 

stratum whose section is s will be equal to -=-, and if this 
' dl 

velocity be represented by r, the equation (421) will reduce to 

k-u^sv (422); 

whence we conclude, that the velocities v and u are in the 
inverse ratio of the sections s and k. This result might 
have been anticipated; for, the velocity must evidently in- 
crease in the same ratio that the area of the section is dimin- 
ished, in order that the quantity ol fluid passed through the 
section may remain constant. 

728. At the expiration of the time t+dt, the velocity v will 

become v-f 
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independent of their action upon each other, the incessant 
force g^ which solicits them, would communicate, in the 
instant dX^ the velocity gdt ; hence, the velocity lost by the 
stratum whose section is «, and velocity v, in the time di^ 

will be expressed by gdi—-j-'di, and consequently, the inces- 

tu 

Bant force due to this velocity will be represented by 

dv 
^"dT 

But by the principle of lyAlembert, an equilibrium would sub- 
sist in the system if each fluid stratum were acted upon by 

the force lost Ig"— t- ) which corresponds to it. This sup- 
position will convert the equation dp^Bgdz (Art. 655) into 

dp=D(g^^)dz (423). 

The quantity dp represents the diflerential of the pressure 
at that stratum of the fluid which corresponds to the ordi- 
nate z, whilst the fluid is in motion. For, the force g, which 
acts on each stratum, being resolved into two components, 

one of which -r- is just capable of producing the motion 

dv 
assumed by the stratum, the other component g-—— will 

obviously be alone efiective in producing a pressure on the 
other strata ; and the expression for dp has been obtained 
upon the supposition that these second components were 
alone applied to the fluid particles. 

The differential dv which enters into the preceding equa- 
tion must be replaced by its value deduced from formula 
(422) ; from that formula we obtain 

i;=— (424). 

s 

729. The second member of this equation contains the 
two variables u and a : the quantity u, which expresses the 
velocity at the orifice, is a function of the time, and the sec* 
tion « is A fiuiecioii of the oidinate z. ^ 
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The diSerential of v regarded as a fiinclion of s expresses 
llie difference between the velocities of two consecutive sec- 
lions, these velocities being considered at the same instant. 
But if the differential be taken witli reference to f as a vana 
Lie, we shall obtain the difference between the velocities of 
two consecutive strata which pass in succession tbrou^ tho 
same section of Die vessel. And, lastly, if we wiah lo obtain 
the difference between (he consecutive velocities of the same 
stratum, we must differentiate u with reference lo the two 
variables t and £, regarding the latter as a function of llie 
former. 

This last supposition should be adopted in 6nding the value 
of dv as employed in equation (423). We sliaJl therefore 
differentiate the second member of (424), regarding k as a 
function of t, and ,«as a function of z, which is itself a tune- 
lion of (. But the differential of (424) being in general 



it will become, when modified according to the hypolhssia 
assumed, 

s dt s' dz dt 
If we deduce the value of -~ from this expression, and sub- 
stitute it in etinaiioii (423), we shall obtain 

. T\( • k du , , ku ds dz , \ 

eliminating -,- by means of equation (420), there results 
rfp=D(ffe-t|'.^+i-«-^). 

730- This equation must be integrated with reference to x. 
We remark, however, that s will necessarily vary with z, but 

that the quantities u and -^ which represent the particular 
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dv 
values of v and -- corresponding to the orifice, not being 

1 unctions of the quantity z, they may be regarded as con- 
stant in effecting tL.3 integration. 

731. If we regard u and -r- as constant, it is obvious that 

at 

all the integrals will be taken with reference to Zj and there- 
fore apply merely to the dimensions of the vessel. But, when 

these integrals have been obtained, we may regard u and — 

as variables, and functions of L 

732. By effecting the integration, we obtain 

The velocity u which enters into this equation is equal to 

dz 
the value -p corresponding to the orifice, and will obviously 
dt 

be a function of the time. Consequently, as the quantity u 

has been supposed constant in the preceding integration, the 

time t must be constant likewise. Hence, the constant C 

will in general be a function of the time. 

733. To determine this constant, let P represent the 
pressure sustained by the superior surface CD of the fluid 
{Pig* 249), the area of this surface being denoted by y. If 

/dz 
— be taken in such manner that it shall be 

equal to zero when s becomes equal to «', this section s' wih 
correspond to an ordinate z'=01j, and the equation (425) 
will give, upon tliis hypothesis, 

C.P-D(..-*^). 

This value being substituted in (425), we obtain 

p=P+D[^(z-.')-A:g/'^+i«' {^-'^) ] .... (426), 

734. This pressure is exerted at every point of the stratmn 
whose distance from the plane AB is equal to z. If we wish 
to obtain the pressure Ct at the orifice, we denote by z" the 
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correspDtKiiiig value of the ordinate z whicli will be equal tcH 
On, &nd observe that l)ie section s will, at that point, be eqiuifl 

to k : the iulegral / — being then taken between the limilaa 

2=s' and j=z", we shall obtain, by representing this into-^ 
gral by N, and substituting these values in cqualiou (426), jl 

a-P=D[^<^.-.,-.N|+j„.(^:-i)]. .1 

735. This equation makes known the pressure at the on- ' 
fico: the first member expresses I he difference between the | 
pressuresat the orifice and at the surface. Lei these pressures 
be supposed equal, as is the case when they arise from liw 
weight of tlie atmosphere : then, ft— P will reduce to zero, 
the common factor D will disappear, and ihera will remaiu I, 

but the area k of the orifice being always supposed less than 

(be area «'of the superior surface, the fraction — will bele« } 

than unity ; if therefore, we wish to render (he coefficieot of 
u* positive, we may write this equation under the form 

glz--,')-m^-iu- (l-*^) =0 (427). 

736. If in this equation we introduce the vertical distance 
of the orifice below the surface of the fiuid, making 

z"-z'=h (428), 

we shall have 

^,_,N^;_,„.(,_*1)=0 (4ffl). 

The quantity A, which represents the distance EP (Pig- 250), 
will be constant if the surface of the fluid be supposed to be 
maintained at the same height ; but it will be variable if the 
vessel be supposed to discharge its contents without being 
replenished. 

737. In the latter case, if we make EO=o, P0=«, aDd 
EP=A, we shall have the relation 

A=fl-« (430) J 
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and the equation (429) will become 

^(a-.;2)-A:Ng-iz.> (l-^) =0 (431). 

738. If the surface of the fluid be constantly maintained 
at the same height, the quantity h will have a constant value, 
and the integral N, which will then be a function of constant 
quantities, will likewise be invariable. Thus, equation (429), 
containing no other variables than i and u, may be put under 



the form 



l!^ m ft 



from which we deduce 

bdu 



dt= 



This equation can be readily integrated by the method of 
rational fractions; for, if we make b=b'c, and a=af'c, the 
quantity c will become a factor of the numerator and de- 
nominator, and may be stricken out ; whence we obtain 

., Vdu 
a'* — w« 

The second member of this equation being resolved into 
factors, we shall have 

— du du 

which, being integrated, gives 

^^L log («'+«)-£ log («'-ti)+C; 



2a' ^ ' ' ^ 2a' 



or. 



2a' ®a'— w 

The constant G is determined by the condition that the ve- 
locity u is equal to zero at the same instant as the time t ; 
thus, the supposition of i4=0, and /=0, reduces the preceding 
equation to 

^logl+C=0; 
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^B It should be remarked, that this pressure is precisely that 

^V vhich would be exened at the point n if the fluid were sup- 

H posed at rest. 

H 743. If the terms containing k in equation (429) be neg- 

H lected as mfiniteiy small, it will reduce to 

H whence, 

■ «=V'(2^/0 (433): 

H and we therefore conclude, that when a fluid escapes from bd 

H infinitely smeill ori&ce in the bottom of a vessel, the velociiy 

H will be Ihe same as that acquired by a heavy body in falling 

B through a distance equal lo the height of tlie surface of tlie 

H fluid in Ihe reservoir above the orifice ; and since it has been 

■ shown (Art. 405) that a body projected vertically upwards 
H will rise lo a iicight equal lo that through which it mmt M 
I to acquire the i-eiocity of projection, it follows, liial if by 
I means of a curved tube, the jet of fluid be directed upwards, 
I it will rise to the level of the surface of the fluid in the 
ft reservoir. 

^' ^ 744. The expression for the velocity with which a fluid 
p_^ will Issue from an extremely small orifice in the hollom of a 

vessel may be investigated in a more elementary manDer, ai 
follows. Let EF (Fi^. 251) represent a very small orifice 
in the bottom of a vessel ABCD, which is filled with a fluid 
to the level AB, and let GP represent an infinitely thin stra- 
tum of the fluid directly above the orifice EF. Denote Ihe 
height of this stratum by dk, the entire height of the fluid 
Fl being represented by A. Then if the stratum of fluid GF 
be supposed to fal! through the height HF under the influ- 
ence of the force of gravity, it will acquire a velocity v, ex- 
pressed by 

v=^{2gxFU)=^(2gXdh). 
But if the stratum be supposed to descend through the same 
height, being urged by its weight and the pressure arising 
from the column of fluid GI, which is directly over it, the 
incessant force g', which is then exerted upon it, will be to 
thfl lorce of gravity, as FI to FH. Hence, we shall have 

g FH dh' 



Again, if u' denote the velocity acquired by tne stratum in 
desceaditig through the space FH, when urged by the force 
g', we shall have 

i by comparing this value with that of v, we find 

K by substituting tlie value of — , and reducing, there results 

s expression ia precisely the same as that which would 
k obtained for the velocity of a body falling freely through 
IB height PI. 
tT46. When the orifice, which is still supposed exceed- 
t^ly small, is pierced in the vertical face of a vessel, the 
fluid will issue in a horizontal direction, and will describe the 
arc ofa parabola, ifthe resistance of the air be neglected. The 
angle of projection denoted by » in equation (289), being in 
the present case equal to zero, we shall have tang s=0, 
cos <t=\ : these suppositions reduce the formula (289) to 
Ahy=T' ; 
Wpi equation of a parabola whose axis is vertical, and whose 
^krtex coincides with the origin of co-ordinates. 
^ 746. The distance to which the fluid will spout upon a 
horizontal plane situated at any distance below the orifice 
may be readily determined. For, let (Fiff. 252) represent 
an orifice in the vertical side ofa vessel which is filled with a 
fluid to the level EF ; and let AB represent the horizontal 
plane upon which the jet is allowed to fall. Then, the quan- 
tity h will represent the distance OF, and the ordinate CD of 
the parabola OD will be determined by making y=OC ; we 
thus obtain 

CD=i=v'(4Aj/)=2^(OFxOC). 
But the expression v'(OFxOC) is equal to the ordinate OG 
of a semicircle described upon CF as a diameter. Hence, 
we derive the following rule : The korisontat distance to 
which ajhad will spmU from an orifice in ike vertical aide of 
Dd 



I 
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a vessel, is equal to double ihe ordinale of a semioircU Af 
scribed upon the distauce inttrccpted bcCwecH the iipjier si/f^- 
face of the fluid and the horizoittal plane upon ichiek (h» 
fluid falls ; this ordinale being drawn through the point 
which corresponds to the orifice. 

When the orifice is pierced at tlie middle of the Iihg CP, 
the ordioatc OG will be a niaKiniiiin,ui!<J the distaiicfi'lo 
which the fluid will spout will therefore be the greatest. 

747. The velocily n having been delprmitjed, we can 
readily ascertain theqtianliiyoriluiddischargrd in the time/. 
P'or this purpose, we remark, that whiUl tlie sirntiim of fluid 
CD [Pig. 25U) sinks to the level MM, a vohmie of fliiii 
equal to that contained between the planes CD and M.\ ram 
pass through the orifice. But if we represent by 5 a sectioa 
of the vessel, and by dz the thickness of an ekaicuoif 
siraium, the iMegrsX fadz taken between limits CD and MX 
will express the volume of fluid discharged. If this voliioifl 
be denoted by Q, we shall have 

Q,=pdz (434): 

but-the equation (420) gives ~ """ 

sdz=kudt ; 
whence, by substitution, we obtain 

<^=fkndt. 
The value of the quantity discharged may be deduced imme- 
diately from that of the velocity. For, if de represent the 
space passed over by the fluid filament in th^ time dt, upoD 
leaving the orifice, we shall have 

udt=de: 
and if this expression be multiplied by k, the area of the ori- 
fice, we shall obtain hudt for the volume discharged in the 
time dt. Taking the integral /tuif/, we shall find the quan- 
tity discharged in the time t. 

Toeffecl the integration, we replace u by its value v'(2g'A) 
given in equation (433) : we thus find 

Q,=k^{2g)f^h.di (436). 

748- Two distinct cases may now be presented, viz. when 
A is constant, and when A is variable. The 6rst otxuis 
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when the fluid in the reservoir is constantly maintained at 
the sflnie height, and the preceding equation can then be 
integrated without difliculty, since the quantity A may be 
replaced by a constant a. 
Thus, we shall have 

a=kt^{2ffa)+C. 

The constant C may be determined by the condition that the 
quantity Q is equal to zero at the commencement of the time, 
or Cl=0, and ^=0 ; hence, 

C=0; 
and the equation therefore reduces to 

CL-=kty/(2ga) (436). 

749. If the orifice k be supposed circular, its radius being 
represented by r, we shall have 

A:=jrr*; 

and the formula will become 

CL=W{2ff)tr' ^a (437). 

The quantity «'^(2^) will be the same for all problems which 
may be proposed, and its value may be immediately deduced, 
since we have 

ir=3.14159, g'=32.1698. 
The quantity^ being expressed in feet, the values of rand a 
must be expressed iu units of the same kind, and the quan- 
tity discharged will then be expressed in cubic feet. 

750. The time t must be expressed in seconds, since the 
second has been adopted as the unit of time in determining 
the value o(g. 

751. If the fluid be water, the weight of the quantity dis- 
charged may be determined by allowing 62|lbs for every 
cubic foot. 

752. The formula (437) likewise serves to determine the 
time necessary for a given quantity of fluid to be discharged 
from an orifice in a vessel, when the fluid is maintained at a 
constant height ; for the formula gives 
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surface being generated by tbe revohilion of the parabolic 
arc AD (f^g- 2S3) about the vertical axis AB ; if we detioM ! 
by a ilie distance AB betweeu the orifice and the surface of ' 
the fluid ill its primitive position, by z the distance P^ 
and by y the ordinate PM, we &ball have the lelalion, 

y'=p(a—z) the eiptaium of 9 parabola referred to ^ 

verUx A. 
Hence, if t represent the ratio of the circumference to tlie 
diameter, (he area of the circle described with the raditis PM 
will be expressed by xy' =rp(a~z) ; and consequently, 

s-='rp(a~z) (440). 

Let this value be Eubsliluted in (439), and wo shall obtain 

or, by reduction, ' j 

758. For tlie purpose of integrating this equation, we make 
a—z=x; whence, 

f(a-z)hz=-fxidT=-ix^+Ci 
replacing x by ils value, we have 

/(a-3)*tte = -i(a-z)5 + C; 
and consequently, 

"-h^f-'^'*'' ("')■ 

The constant C is determined by making z=^0 B.nd(=iQ\ 
this supposition gives 



and the equation (441) can therefore be reduced to 

To determine the quantity discharged in a given time, we 
find in this equation the value of 



.-„(.i_^,)» 
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and substitute it for h in formula (436) : we thus obtain the 
xelation 

Tliis equation may be integrated by a process entirely similar 
to that adopted in finding the relation between z and t. r 

759. Let it be required to determine the time in which the 
water contained in a vessel having the form of a right cyl- 
inder will be discharged through an orifice in the bottom of 
the vessel. Let b represent the radius of a section of the 
cylinder by a plane perpendicular to its axis: then, s^^^wb*^ 
and the equation (439), when applied to the present case, wiL 
give 

. ir6» p dz 

Making a— z=t, then integrating the transformed equation, 
and replacing x by its value, we find 

The constant is determined as in the last example, by making 
5:=0 and ^=0 : whence we deduce 

The integral being taken between the limits z^O and zs^a^ 
we find, for the time of emptying the vessel, 

"^' <^^'- 

If we suppose, as in Art. 749, that the orifice is a circle whose 
radius is equal to r, we shall have Assrr* : this value reduces 
(443) to 

By comparing this result with that obtained in Art. 753, it 
will appear that the time necessary for the entire discharge 
of the fluid when the vessel empties itself, is double that in 
which an equal quantity of fluid would flow through the 
same orifice if the vessel were kept constantly full. ^- 

' 760. The formulas (442)and (443) will serve as a guide in^ 



the constmcilon of a clepsydra, or wBtcr-clocfc. This instre- 
ment consists merely of a vessel from which ihe watei is 
allowed to escape throngh an orifice in the bottom, and (he 
intervals of time are measured by the depressions of the 
' Upper surface. Thus, if we wish the clock to ran 12 hoors, 
we reduce the time to seconds, which ^ves 12x(60)',or 
12x360l>; and by substituting this value of ( ha fonnula 
(4J3), we can then assume arbitrarily two of the three quaii- 
titiea k, b, and a. Let the values of k and 6 be assumed ; 
that of a, the height of the clepsydra, will then result from 
formula (443). 

To discover the manner in which this height should be 
divided in order that the superior surface of the fluid may 
he. depressed through the several divisions of the scale in 
equal intervals of time, we deduce from equation (442) the 
value of (a—z), which is 



"(y-'W^'^ 



and by making t successively equal to 1 hour, 2 boun, 3 
hours, A.C., we can dptermine the corresponding values of 
a—z, which should be laid off from the bottom of the vessel. 
We can, however, readily discover the general law according 
to which the scale must be divided : for, since the vessel is 
supposed to discharge itself in r2hours,if wemake/Bl2hcs.. 
we shall have o— s=0; and consequently, 



ya- 



A(12hrs.)y(2g-)_ 



2x6» 

(12hrs-)Ay(2g-) 
2t6" 



^a. 



"When (=11 hrs., we have 

f-V(2g) (Uhrs.)A^(2ff) 

i^b' = 2^' ■=Tt^/a. 

and therefore, 

a-z=(^a-ti^fl)>=(V,)» xa. 
In like manner, when t=lO hrs. we shall find 
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Thns ihe successive values of a^z, which correspond to the 
several hours, will bear to each other the same relations as the 
terms in the scries 

«.)■,(,■,)',(,•,)"■&». 

e terms are to each other in the same ratio as the 
iqaares of the natural numbers 1, 2, 3, 6cc. Hence, if we 
divide the whole height a into 144 eiiual parts, and lay off 
from llie bottom of the vessel distances which shall be equal 
respectively to 1, 4, 9, 6ic. of these parts, we shall obtain the 
points of division in the scale which will correspond to the 
upper surface of the fluid at the expiration of the several 
hours. The form of the vessel being prismatic, the figure 
of its base may be assumed arbitrarily. 

761. When the surface of the fluid shall have arrived 
nearly at the bottom of the orifice, the quantity discharged 
will be influenced by the formation of a hollow tunnel, which 
is then found to be produced directly above the orifice : it is 
therefore advisable to employ only the first elev^i divisions 
of the scale. 

762. It usually occurs that the condition of the particles 
descending in vertical lines, and with velocities which are 
equal at every point of the same stratum, ceases to be ful- 
filled when (he surface of the fluid has arrived within 4 or S 
inches of a horizontal orifice. The fluid particles theo 
assume directions which are more or less inclined to the hori- 
zon, and the tunnel spoken of in the last article is then 
formed. When the orifice is found at a considerable depth, 
the upper surface of the fluid remains sensibly horizontal, 
and the tunnel above the orifice is no longer formed, in con- 
sequence of the greater velocity with which the fluid par- 
ticles near the orifice are compelled to flow into the vacancy 
whicli has been lefl by those immediately preceding them. 

763. This tunnel becomes much less perceptible when the 
orifice is formed in the side of a vessel. But when the upper 
surface of the fluid has nearly attained the level of the orifice, 
a slight depression on the side of the orifice begins to be 
observed. 

764. This tendency of the fluid particles towards the ori 
fioe, occasioned by ihftlr sustaining less pressurein thatdirae- 
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tion, gives rise to a contraction in the jet of fluid, which, in 
issumj^ from the orifice, assumes the form of a truncated 
pyraiiiid or cone, whose greater base corresponds to llie ori- 
fice. This diminiilion in the size of llie jet is called (he con 
(ruction of (he vein. 

With a circular orifice, the smallest section of the Quid vein 
is found at a distance from the orifice equal to the radius of 
the orifice. Beyond this point the diameter of the section 
again increases, so that the entire jet has the form of two 
truncated cones which are united by their smaller hases. 

765. The contraction of the vein likewise takes place 
when the orifice is pierced in the side of a vessel ; but il llie 
orifice be large, and be placed at a short distance bcJow the 
surface of the fluid in ihe reservoir, the j^t will be found to 
be more contracted in the vertical than in the horizonl&l 
direction. 

766. When a conical tube whose interior surface corics- 
ponds to the form of the contracted vein Is adapted to an 
orifice pierced in a thin plate, the qManiiiy discharged is fomid 
to be very nearly the same as though the fluid issued direcily 
through the orifice. Hence, we may regard the vessel as 
continued to the point at which the greatest contraction of 
the stream takes place, and consiUer the Itast seciiou as 
forming the real orifice. 

It is proved by experieuce, that the quantity actually dis- 
charged rnay be deduced fiom that calculated according to 
the theory, by simply ch.anging Ihe value of the constant k. 
Thus, if we represent by MA- the area of the orifice which has 
been calculated from a knowledge of the quantity acinaJiy 
discharged, tlie theoretic formula 

must be modified by siibsliluting MA for k: we shali thus 
obtain, for the actual discharge, 

Q=MAv(2g').Vfl- 

767. When the orifices are pierced in thin plates, the ratio 
M is found to be independent of the size of the orifice, and of 
its depth below the surface, provided that depth he not very 
soialL Hence, if we represent by Q,' the quantity discharged 
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from an orifice K at the depth a\ we shall have the pro- 
portion 

and we therefore conchide, that the quantities discharged from 
two such orifices are to each other as the products of the areas 
of those orifices, and the square roots of their depths. 

768. The number M has been found by Bossut to be about 
0.62, and the orifice A* must therefore be multiphed by this 
fraction, in order that the quantity given by the formula muy 
correspond with the results of experiment. Thus, the cor- 
rected expression for the quantity discharged will be 

Q=(0.62)V(24').V«- 
This formula is alike applicable, whether the orifice be 
pierced in the side or bottom of a vessel. 

769. When the vessel is allowed to empty itself, the cir- 
cumstances of the discharge become very complicated aAer 
the upper surface of the fluid has fallen to within a short dis- 
tance of the orifice. If, however, we only consider the ex- 
penditure previous to the arrival of the upper surface within 
a few inches of the orifice, the same correction may be 
applied to formula (439), which will thus become 

and will serve to determine the time necessary for a given 
quantity of fluid to be discharged. 

770. In applying the preceding correction to the theoreti- 
cal discharge, it has l^en supposed that the orifice was 
pierced in a thin plate : when a similar orifice is pierced in a 
thick plate, the quantity discharged is found to be consider- 
ably greater. Hence it occurs, that when the fluid is dis- 
charged through a thick plate, or through a cylindrical tube 
applied to the orifice, the coeflicient 0.62, which has been em- 
ployed in calculating the discharge through a thin plate, is 
no longer applicable. In this case the fluid adheres to the 
sides of the tube, and the contraction of the stream is in a 
great measure avoided. The lengths of such tubes, accord- 
ing to Bossut, should be at least twice the diameter of the 
orificei in cider that the contraction of the vein may be pre- 



vented. There will however be a limit to the length, proper 
to be given to such tubes, since the friction of the fluid 
against the sides of the tube will necessarily increase wilh 
lis length. 

771. The quantities discharged by cylindrical lubea are 
proportional (o the products of the oriticesby the square tooU 
of their depihs, as in the case of apertures pierced Id a lliin 
plate ; but the coefficient M, by which the area of the orifice 
must be multiplied for the purpose of reducing the theoretical 
discharge lo that given by experiment, has been found trf 
Bossut to be about {f, or, more accurately, 0.8L, when a short 
cylindrical lube is applied lo the orifice. Thus, the forcaalii 
(436), which serves to determine the quantiiy discharged &an 
a reservoir in which the fluid is maiulained at a constaU 
height, will become, when corrected for the case of a cylin- 
drical tube, 

or, if we replace k by its value m-', r denoting the radius of 
1(6 section, the formula may be written 

772. When the vessel is supposed to empty itself by u 
orifice to which a cylindrical tube has been adapted, we can 
still employ the coefficient (0.81), provided ^ve only consider 
the circumstances of discharge previous to the arrival of the 
upper surface of the fluid at such a level that the tunnel 
begins to be formed above the orifice. 

773. By adapting tut«s of different forms to an orifice 
pierced in the side or bottom of a vessel, the quantity of fluid 
discharged is generally found to be more or less increased. 

The following table presents a view of the relative quan- 
tities discharged in some of the simplest cases. 
1°. Theoretical discharge in a given time through 

an orifice pierced in a thin plate - - - - 1.00 
2°. Actual discharge in the same time through the 

same orifice 0.62 

3°. Discharge through a cylindrical tube, whose 

length is equal to two diomaterB of tb« 

orifice 0^1 
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charge through a conical tube having the 
form of the contracted vein, the larger base 

being regarded as the orifice 0.68 

. Discharge through the same tube, regarding the 

smaller base as the orifice 1.00 



0/lhe Motion of Water in Pipes. 7^ 

' 774. Let AB {Pig. 254) represent a cylindrical pipe, by 
means of which the water contained in the reservoir R is 
transferred to the reservoir R', and let il be supposed that 
the current has assumed a uniform motion : it is proposed to 
investigate a formula by means of which the quantity of 
water delivered at the point B, in a given time, may be 
estimated. 

Let GC'iyD represent an elementary stratum of the flftid 
included between two consecutive transverse sections. Then, 
since the motion is supposed to have become uniform, the 
forces which tend to accelerate the motion of the element Ciy 
must be precisely equal to those which are exerted upon the 
element in a contrary direction. The force exerted upon 
CD', urging it in a direction from A towards B, is the com- 
ponent of the weight of this element, in a direction parallel 
to the axis of the pipe : and the forces which urge it in an 
opposite direction are, 1°. the difference of the pressures 
exerted upon the faces CC and DD' ; and, 2". the resist- 
ance arising from the friction of the fluid against the sides of 
the pipe. 

775. If p denote the mean pressure, referred to the unit of 
surface, in the section CC, the corresponding pressure in the 
section DD' will be expressed by p+dp, and if we denote by 
a the area of the transverse section of the pipe, the entire 
pressures upon the sections CC and DD' will be respectively 

adp, a{p + dp). 
These pressures being exerted in contrary directions, the ele- 
mentary stratum CD' will be acted upon by a force equal lo 
their difference adp. 

The resistance arising from the friction against the sides 
of the pipe will be directly proportional to the surface of the 
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fluid in contact with the pipe, and wilt likcwiae be depends j 
iijioti llie velocity of ilie ciineui. ll«iicc, if v denote itm 
velitciiy, c thu ciicii inference of tlie seciiou, aud s the dtiiaiiee 
of tlie Keclion CC from ilie extremiiy A, llie distance CD will 
be expressed by t/s, and Ihe resislance expeiieiiced by the 
etemeut CD', in consequence of friciion, will be 

cds . «(t)) ; 
in which ^{v) represents a certain function of v, to be asce^ 
tained by cxpenmenl. 

7i'ti. To obtain an expression for the force which aclsia 
the direction from A towards B, we shall suppose the densil; 
of water to be equal lo unity, and resolve the weight of (lie 
clement which iH eifpressed by ^.ur/jt into Hvo cfmpoiieiitj, 
respectively parallel aud perpendicular to (lie axis of ibe pipe. 
Then denoting by t tlie angle included between the axis and 
the horizon, ihc component of the weight parallel to llie axij 
will become g^.i.mi.ath. But if z represent the vertical 
co-ordinate of llie point C referred to A as an origin, dz will ' 
represent the differcuco of level of the points C and D ; mi 
we shall have • - -wU 

— =sin t, s . sill e . ads="adz 
da 

And since an equilibrium must subsist between lliis force aud 

Ihe forces exerted in an opposite direciioti, we have 

gadz = ad// -f cds ■'Pi")', 
and by integration, 

gaz~ap + cs.iplv)+C. 
To determine the value of tlie ciinsiant G, we suppose llie 
pressure at the origin A to be equal lo a known quantity P : 
we sliall then have/* — P, z—0, s=0; and therefore 

C=- -P. 
miminating C between these two equations, we obtain 

gaz=a(j>-V)+C3.0{v). 
And by taking the integral between the limits s=0, and 
^=Ai3=/, the entire length of the tube, denoting by P' the 
pressure at the lower extremity, and by z' the co-ordinate of 
the point B, there results 

g.az'=a{V-?)+ct.9{v) (444). 



MOTION OF WATER IN PIPES. 431 

777. It has been found by experiment, that the function 
^(t;) may .be expressed by two terms which are respectively 
proportional to the first auid second powers of the velocity: 
thus, we shall have 

b and b' representing constant quantities. 

This value of ^(t;), being substituted in equation (444), 
gives 

cl 
but if the diameter of the pipe be denoted by D, we shall 
have 

and therefore, 

778. The pressure P at the upper extremity of the pipe 
may be regarded without material error as that due to the 
depth EA of the point A below the suriface of the fluid in the 
reservoir R. Strictly speaking, the pressure P is somewhat 
less than that due to the depth EA, since these pressures be- 
come equal ouly when the orifice is infinitely small (Art. 742) ; 
but the difference is inconsiderable when the velocity of the 
fluid is not great In like manner, the pressure at the point 
B may be supposed due to the depth E'B of the point B below 
the surface of the fluid in the reservoir R' : hence, if A and A' 
represent the respective depths EA and E'B, we shall have 
(Art. 655) P=g^A, F—g-A'; and by substitution we obtain 

bv + b'v^ = iug 2 — . 

If we divide each member of this equation by g, and put, 
for brevity, 

b 6' ?^-AM^_z. 

g g ' 

we shall obtain 

iit;+|it)«=jD* (446). 

Tlie vtiluAB of « and ^ may be regarded as known, since 



4Xa BYDIIODTHAMIC*. 

they result immedialely from those of a and 6, which are sup- 
posed lo be delennined by observalion ; and the value of k 
will likewise be given when the length of the pipe, the differ- 
enc« of level of its two exIreraitJes, and the difference of rhe 
pressures at those points are previously given. Hence, the 
velocity v in a pipe of a given diameter can be readily cal- 
culated. 

779. The numerical values of « and ^ have been found by 
Prouyto be 

•=0.00017, p=0.000106; 

tnd the preceding equntion therefore becomes 

0.00017i- + 0.000106u' =iDft. 

If we neglect the first term, which is generally admissible 
when the velocity v is not extremely small, the formula will 
reduce lo 

r=48.56^(Dft). 

7E0. Let U denote the quanlity delivered at the pointB 
in a second of time, and *■ the number 3.1416; we shall hsTB 

^ 4 "' "",0" 

and by substituting this value of v in equation (445), there 
results 

or, if we neglect the term containing the first power of v, sn^ 
make —y—fi", we shall obtain 

a=iv/ ("■*)■ 

The numerical value of — is 38.12 ; and the formula tlierfr 

fore reduces lo 

a =38. 12^/(0 U). 
In this investigation the dimensions are supposed to be 
expressed in English feet. 
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